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OSCILLATORY AND NON OSCILLATORY CRITERIA
FOR THE SYSTEMS OF TWO LINEAR FIRST ORDER
TWO BY TWO DIMENSIONAL MATRIX
ORDINARY DIFFERENTIAL EQUATIONS

GEVORG AVAGOVICH GRIGORIAN

ABSTRACT. The Riccati equation method is used for study the oscillatory and
non oscillatory behavior of solutions of systems of two first order linear two
by two dimensional matrix differential equations. An integral and an interval
oscillatory criteria are obtained. Two non oscillatory criteria are obtained as
well. On an example, one of the obtained oscillatory criteria is compared with
some well known results.

1. INTRODUCTION

2 . 2
Let P(t) = (p(®)’ 4y Q) = diag{au(. (O}, RO = (re()? .
S(t) = (sjk(t))j w—, De real valued continuous matrix functions on [to; +00). Consi-
der the matrix linear system
' =Pt)2+Q()V;

(1.1)
U =R+ ST, t>t.

Here ® = ®(t) = (¢jk(t))j,k:1’

differentiable matrix functions on [tg; +00).
Remark 1.1. The general case Q(t) = S(t) diag{qi(t), g2 (t)}S~1(t), t > to, where
S(t) is an invertible continuously differentiable on [tg; +00) matrix function, can

be reduced to the case Q(t) = diag{qi(t), g2(t)}, t > to, of the system (1.1]) by the
linear transformation

d=St)d,, V=80, t>t.

U=U(t) = (zpjk(t))j 4 are unknown continuously

in .
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Definition 1.1. A solution (®(¢), U(t)) of the system (1.1)) is called oscillatory if
det ®(t) has arbitrary large zeroes, otherwise it is called non oscillatory.

Definition 1.2. A solution (®(¢), ¥(t)) of the system (|1.1)) is called oscillatory on
the interval [t1;t2], (to <t < t2 < +00) if det ®(¢) has at least one zero on [ty;ts].

Definition 1.3. A solution (®(t), ¥(¢)) of the system (1.1)) is called prepared (or
preferred) if ®*(¢)W(t) = U*(¢)P(¢), t > to, where * is the transpose sign.

Definition 1.4. The system (1.1)) is called oscillatory, if its all prepared solutions
are oscillatory.

Definition 1.5. The system (1.1)) is called oscillatory on the interval [t1;ts],
(to < t1 < ta < +00) if its all prepared solutions are oscillatory on the interval
[tl; tz] .

Study of questions of oscillation and non oscillation of solutions of linear systems
of matrix equations, in particular of the system , is an important problem of
qualitative theory of differential equations and many works are devoted to them
(see for example [1], [3], [I0]—[14]). In most of cases in the works [I], [3], [10]-|T4]
and others on the matrix coefficients of the system are imposed conditions ensuring
some symmetry property of corresponding matrix Riccati equation (the hamiltonian
systems), namely if Y (¢) is a solution to corresponding Riccati equation then the
transposed matrix function Y*(¢) is a solution of the last one as well. In this work
we study the conditions on the coefficients of the system , for which the last
one has oscillatory and non oscillatory solutions. We impose conditions on the
coefficients of the system for which the hamiltonian structure of it can not be
kept.

2. AUXILIARY PROPOSITIONS

In this paragraph we prove two lemmas and represent a lemma and a theorem,
proved in other works. They will be used in the next paragraph for proving
oscillatory and non oscillatory criteria for the system .

In what follows the solutions of equations and systems of equations we will
assume real valued. In the system make a change

(2.1) U=Y()®, t>to,

where Y'(t) is a continuously differentiable matrix function of dimension 2 x 2 on
[to; +00). We will get:

' = [P(t) + Q)Y (1)]®;
[Y/(t) + Y(OQR)Y (t) + Y () P(t) — S()Y (t) — RE))® =0, t>to.

(2.2)

Consider the matrix Riccati equation

(2.3) Y +YQU)Y +YP()—SHY —R(t)=0, t>tg,
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where Y = (yjk(t))ikzl. From (2.2)) is seen that if Y;(¢) is a solution of Eq. (2.3)
on [t1;t2)(to < t1 < ta < 400), then (P1(t), Y1(¢)P1(t)) is a solution to the system
(1.1) on [t1;ta), where @y () is any solution to matrix equation

(2.4) ' =[Pt)+Qt)Y1(t)]®, teE[t1;ta).

Obviously on the strength of (2.1) and (2.2)) if (®(¢), ¥(¢)) is a solution of the
system (1.1)) and det ®(¢) # 0, t € [t1;t2), then Y (t) = ¥(¢)®~1(#) is a solution
to Eq. (2.3) on [t1;t2). Let Yo(¢) be a solution to Eq. (2.3]) on [t1;12).

Definition 2.1. We will say that [t1;¢2) is a maximum existence interval for Yy (¢),
if Yy(t) cannot be continued to the right of t5 as a solution of Eq. ([2.3)).

Lemma 2.1. Let Yy(t) be a solution of Eq. (2.3) on [t1;t2), and let t3 < +00. Then
[t1;t2) cannot be the mazimum existence interval for Yo(t) provided the function
t

f(t) = [tr[Q(T)Yo(7)]ldr, t € [t1;t2), is bounded from below on [t1;ts).

Proof. Let ®y(t) be a solution to the equation
(2.5) ' =[P(t)+Qt)Yo(t)|®, t>to,
with ®g(t1) # 0. Then by Liouville formula

t

(2.6) det @(t) = det Py(t1) exp { /tr [P(T) + Q(T)Y()(T)]dT} #0,
t1
t € [t1;t2). Recall that for any solution ®o(t) of the linear matrix equation
=AM, t>t,
where A(t) is a square continuous matrix function, the Liuville’s theorem states
that (the Liuville’s formula)

t

det @y (t) = det Dg(to) exp { /tr(A(T))dT}

(see [9, p. 47, Theorem 1.2]). Let (®(¢), U(t)) be the solution of the system (1.1)

with ®(t1) = ®o(t1), W(t1) = Yo(t1)®o(t1). Then by ([2.2)~(2-5) and the uniqueness
theorem

(2.7) )= Bo(t),  B(t) = Yo(H)@o(t), 1€ [trita).

From the conditions of the lemma and from it follows that | det Uy (t)| > e,
t € [t1;t2), for some € > 0. Then since det \Tlo(t) is a continuous function from it
follows that det ®(t) # 0, t € [t1;t3), for some t3 > to. Therefore Yy (t) = W(t)®1(t)
is a solution to Eq. on [t1;t3). By we have Yy(t) = Yy(t), t € [t1:t2).
Hence [t1;t2) is not the maximum existence interval for Yy(¢). The lemma is
proved. ([
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Let a(t), b(t), c(t), c1(t) be continuously differentiable functions on [tg; +00).
Consider the Riccati equations

(2.8) Y 4 at)y? +b(t)y +c(t) =0, t>to;
(2.9) Y +at)y’ +b(t)y +c(t) =0,  t>to;

Theorem 2.1. Let Eq. (2.9)) has the solution y1(t) on [t1;t2) (to < t1 < ta < +00),
and let a(t) > 0, c(t) < ci(t), t € [t1;t2). Then for each ywy > y1(to) Eq.(2.8) has
the solution yo(t) on [ti;t2) with yo(to) = y(o), and yo(t) > yi(t), t € [t1;t2).

A proof for a more general theorem is presented in [4] (see also [3]).
Let us write Eq. (2.3) in the expanded form. We have:
(2.10)

Y+ au()yi + ann Dy + q2(B)yr2y21 + pa1(H)yr2 — s12(t)yar — ria(t) =
Yo + q2(t)y3s + aza(t)y2e + q1(t)yr2y21 + pr2(t)yar — s21(H)yrz — rao(t) =
Y12 + (1 (Dy11 + q2()y22 + a21(t)]y12 + pra(t)yir — s12(t)ye2 — r12(t) = 0;
Yo + @)y + a2(t)y22 + ar2(t)]y21 + pa1 () ya2 — s21(t)y1n — r21(t) =0,
where a;ji(t) = pj;(t) — spr(t), 4,k = 1,2, t > ty. Denote:
t t
I (m;t) = /exp{ - /akk(é)dé}rkk(s)ds, t>1>ty, k=1,2.

Lemma 2.2. Let the following conditions hold
(A) Qk(t) 2 07 k= 172; Tl?(t) Z 0 (S 0); T21(t) S 0 (Z 0); pQI(t) Z 0 (S 0)7
s12(t) >0 (<0), t > to;

(B) there exist infinitely large sequences §o i = to < &1 < -+ < &g < -+
(k =1,2) such that

(2.11) /exp{ /T [akk(s)+qk(s)Ik(gm,k;s)]ds}rkk(T)dT20,
Em,k Em,k

G[gm,ldgm—o—l,k), m:O,l,Q,..., k:1,2.

Then for each yxro > 0, k = 1,2, y120 < 0 (> 0), y210 > 0 (< 0) Eg. (2.3)
has the solution Yy(t) = (y?k(t))ik:l on [to; +00), satisfying the initial conditions
y?k(to) = Yjk,0, jak = 172; and

(2.12) detYy(t) >0, t>tp.
Proof. Show that

(2.13) Yo (t) >0, tetnT), k=1,2,
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where [to;T') is the maximum existence interval for Yy (). Suppose that it is not so.
Then from the initial conditions is seen that

(2.14) Yo (t) >0, teto;Th),

(2.15) y% (T1)y32(T1) =0,
for some Ty € (tp; T). By virtue of the third and fourth equations of the system

(2.10) we have:

t) =exp { = [l (Tt () + a2(r)e(r) + an()ar

t T

< [ohatto) =[x { [[mha(6) + ax(s)utals) + an(s)]as}
(2.16) X (p12(7)y(1)1(7) — 512(T)y22(T) — 7“12(7))617} b€ [to;T);

t
0 =exp { ~ [la(rohi(7) + a(r)ufa(r) + ana(rlar
to

T

< [ (to) - / exp { [10005) + a(6)s8als) +ana(s)] s

to to
(2.17) X (p21(’7')y82(7') — S91(T)y11(7) — Tgl(T))d’T} , tefto;T).
From here from the conditions of lemma and from it follows that
(2.18) yia(t) 20 (S0),  yh(H) <0 (20), teltoTh).
Consider the Riccati equations
(2.19) Y+ a(O)y + are(t)y — ree(t) = t>to,
(220) o'+ ae(y? + arr(Oy + La(yh sk (1), y5 g 1 (1), 1) = t>to,

k=1,2, where Li(u,v,t) = gz—r(t)uv + ps_k ks (t)u — sk,3,k(t)v - rkk(t), u, v € R,
t > tg, k = 1,2. From the conditions (A) of lemma and from (2.18) it follows that
(2‘21) Ly, (yl(c),ka(t% ygfk,k(t)v t) < _Tkk(t) ) le [tO; Tl) , k=1,2.

Let yy(t) be the solution of Eq. (2.19) with yx(to) = yL(to) > 0, (k = 1,2). Then
on the strength of Theorem 4.1 of work [5] from the conditions (B) of lemma it
follows that y(t) exists on [to;T) and

(2.22) u(t) >0, teltyT), k=1,2.

Obviously by - ) the function Y, (¢ ) is a solution to Eq. on [tg;T), (k= 1,2).

Then by virtue of Theorem . 1| from and (2.22) it follows that y9, (t) >
yr(t) > 0,t € [to; T1], k = 1,2, which contradicts 2.15)). The obtained contradiction
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proves (2.13)). Show that 7" = +oc0. From the conditions ¢x(t) > 0, t > tg, k = 1,2
(a part of (A)), and from (2.13) it follows that

(2.23) /tr[Q(T)YO(T)]dT >0, teeT).

Suppose T' < +oo. Then by Lemma from (2.23) it follows that [to;T) is not
the maximum existence interval for yo(t). The obtained contradiction shows that
T = +o00. From here, from the conditions (A) of lemma, from (2.13)), (2.16]) and

O

(2.17) it follows (2.12)). The lemma is proved.

Remark 2.1. The conditions (B) of Lemma are satisfied if in particular
T”kk(t)>0 t>tg, k=1,2.
Lemma 2.3. Let Eq. . ) has a solution on [t1;+00) for some t1 > to, and let
a(t) >0, ¢(t) >0, t > to, (T) exp{— fb (s)ds}dr = +oo. Then Eq. [2.8) has
to

a positive solution on [t1;+00).

The proof is presented in [6].

3. OSCILLATORY AND NON OSCILLATORY CRITERIA

Denote:
Fy(t) = {Tkk(t) — (D3-nae(t) = s,3-x(1))*/(dgs-k (), gz—r(t) # 0;
Tk (t) a3-k(t) =0,
t > 1o, k=1,2. Let j(€ {1,2}) be fixed. Consider the Riccati equation
(3.1) Y+ a0y +ag(t)y - Fi(t) =0, t>t.

The solutions y(t) of this equation existing on some interval [t1;t2) (to < t1 < t2 <
+00), are connected with the solutions (¢(t),1(¢)) of the system of scalar equations

{¢' =p;j(t)e + q;(t)v;

3.2
(3.2) Y= F;(t) +s5;()Y, t>to,

by relations (see [7])
t
(3:3) 9(t) = o(ta) exp { / (a5 (Ny(r) +pis(D]dr ), (1) £ 0, (1) = y()o(1),
ty
te [tlgtg).
Definition 3.1. The system (3.2 is called oscillatory if for its each solution
(6(t),v(t)) the function ¢(t) has arbitrary large zeroes.

Definition 3.2. The system (3.2) is called oscillatory on the interval [t;; 2] if for
its each solution (¢(t),v(t)) the function ¢(t) has at least one zero on [t1;ts].
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Theorem 3.1. Let the following conditions be satisfied:

(I) qk(t) Z 0, k = 1,2, and ’Lf q;g,j(t) = 0, then pgijj(t) = Sjygfj(t), t Z to,’
(IT) the system (3.2)) is oscillatory.

Then the system (1.1) is oscillatory.

Proof. Let (®(t), ¥(t)) be a prepared solution to the system (1.1)). Suppose that
(®(t), T(t)) is not oscillatory. Then det ®(t) # 0, t > T, for some T > ty. Let
2 . .

Yo(t) = (y?k(t))j,kzl =U(t)®L(t), t > T. By (2.1) Yp(t) is a solution of Eq. (2.3))

on [T; +00). Then by (2.10) Y;(t) satisfies to the following Riccati equation
(34) ¥+ a0y’ +a Oy + L5 (1,05 ,,;0),t) =0, t>T
(the definition of £; see below (2). Since (®(t), ¥(¢)) is a prepared solution we have

Yo(t) =Y (), t > T. From here and from the conditions (I) of theorem it follows
that

(3.5) Li(ygs—(t)ys_;;(t),t) > Fy(t),  t>T.
Consider the Riccati equation
(3.6) Y 4+ ¢y 4 aj(ty — Fj(t) =0, t>T.

Let y;(t) be its solution with y;(¢) > y?;(T). Then using Theorem [2.1| by applying
(3-5) to the equations (3.4) and (3.6) we will conclude that y;(t) exists on [T'; +00).
Therefore by (3.1)—(3.3]) the functions

t

¢;(t) = exp { /[Qj(T)y(T) +pjj(7)]d7}a ¥;(t) =y (t)e;(t), t =T
T
form the solution (¢;(t),v;(t)) of the system on [T;+00), which can be
continued on [tg; +00) as a solution of the system . It is evident that ¢;(t) has
no arbitrary large zeroes which contradicts (II). The theorem is proved. O

By analogy can be proved

Theorem 3.2. Let the following conditions be satisfied:

(I*) qk(t) >0,k=1,2, and Zf q?,,j(t) = 0, then pgfj’j(t) = Sj,gfj(t), te [tl;tg]
(to <t <ty < +00);

(IT*) the system is oscillatory on the interval [ty;ts].

Then the system is oscillatory on the interval [tq;ts2].

Remark 3.1. The restrictions (I) on Q(¢) in Theorem means that Q(t) is
nonnegative definite meanwhile in the works [I], [3], [T0]-[I4] and others the
corresponding coefficient is positive definite.

Remark 3.2. Suppose p12(t) = —s21(t), p12(t) = —s21(t), a12(t) = a1 (¢), r12(t) =
r91(t), t > to. Then by (2:10), if Yy(¢) is a solution of Eq. on some interval
[to;t1), then Y (¢) is a solution of Eq. on [to;t1) too. On the strength of the
uniqueness theorem from here it follows that if Yo(¢o) = Y (to), then Yy (t) = Y5 (¢),
t € [to;t1). Therefore taking into account we conclude that if (®(¢), ¥(¢)) is a
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solution of the system with det ®(tg) # 0, D*(to) ¥ (to) = ¥*(to)P (o), then
O* ()W (t) = ¥*(t)P(t), t € [to;t1). Obviously the last equality will be satisfied on
the whole interval [to; +00), provided we additionally require that P(t), Q(t), R(t)
and S(t) be analytical functions on the some domain of complex plane containing
the half line [tg; +00). From the given restrictions above on P(t), Q(t), R(t) and
S(t) is seen that the system can be not hamiltonian. So the system can
have prepared solution not only in the case when it is hamiltonian but also in the
other cases.

Example 3.1. Consider the matrix equation

(3.7) "+ K(t)® =0, t>tg.
aq sin 1t + ag sin pot %

where K(t) = ( b cos it ),ahaz,oz, My p1, H2

Ta aq sin p1t + a9 sin pot
are some real nonzero constants and a > 1, p1 /e is irrational. This equation is
equivalent to the system with P(t) = S(t) =0, R(t) = K(t), Q(t) = I where
I is the identity matrix of dimension 2 x 2. Therefore for this equation the system

(3-2) has the form

¢ =1
’l/)/ = 7((11 sinu1t+a2 sinugt)d), t 2 to .
which is equivalent to the scalar equation
¢" + (ay sin it + ag sin pat)p =0, t>t.

This equation is oscillatory (see [8, Corollary 3.4]). Therefore the last system is
oscillatory too. By virtue of Theorem from here it follows that Eq. (3.7) is
oscillatory. The eigenvalues AL (t) of the matrix K (¢) are equal

|b cos pt|
te 7
From here is seen that the Theorems 5 and 6 of work [3], and the Theorems 1, 2

and 3 of work [2] are not applicable to Eq. (3.7). The remaining theorems of these
works and the results of works [I], [L0]-[14] are not explicit for applying them to

Eq. (3.7)) (it is hard to guess can we apply them to Eq. (3.7))).
Corollary 3.1. Let the conditions (I) of Theorem be satisfied and let

A+ (t) = ag sin it + ag sin pot + t>tg.

(1) ?’mqj(T) exp | —t]" a35(s)ds bar = ?[—ij} exp {tfajj(s)ds}dT — oo,

Then the system (1.1) is oscillatory.

Proof. On the strength of Theorem it is enough to show that the system
(3.2) is oscillatory. Suppose that the system (3.2]) is not oscillatory. Then by

(3-1)—(3.-3) Eq. (3.1) has a solution on [t1;+00) for some t1 > to. Set W(t) =
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t
—F;(t)exp { [ aj; (T)dT}, t > t1. In Eq. (3.1)) make the change
t1

t

y:zexp{—2/ajj(7')d7'}7 t>t.

t1

We will come to the equation

(3.8) dHUD2+WEH) =0, t>t,
t

where U(t) = q;(t) exp { — [a;;(7)dr}. Show that
ty

+o00 t s
(3.9) / U(r)exp { / U(s)ds / W(Q)dC pdr = +oo.
t1 t1 t1
t t t
On the strength of (III) we have: [ W (r)dr = — [ F;(1)exp{ [ a;;(s)ds}dr >0,
t1 ty (51
t > t, for some to > t1. By (III) from here it follows (3.9). In Eq. (3.8]) make the
change

¢
z:u—/W(T)dT, t>t.
ty

We will get
(3.10) o + Ut — 2U(t)/W(T)dTu+ U(t)[/W(T)dT]Q —0, t>h.

Since by assumption Eq. (3.I)has a solution on [t;;+00), from the above sub-
stitutions is seen that Eq. (3.10) has a solution on [t1;400) as well. By vir-
tue of Lemma from here from (3.9) and from the inequalities g;(t) > O,

¢
ulf W(T)d7]2 >0, t >ty it follows that Eq. (3.10) has a positive solution ug(t)
ty

¢
on [t1;400). Then z(t) = ug(t) — [ W(7)dr is a solution to Eq. (3.8)) such that

t1

(3.11) wo(t) > /W(T)df, P>t

ty

From (3.8) it follows that

(3.12) z0(t) = zo(t1) —

:*\“
d
—~
2
N
[=XN\]
—
2
ISH
\]
|
\
=
\]
S—
QL
\]
-
Vv
~
=
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From here and from (3.11)) we have:
¢
(3.13) 0< /U(T)zg(T)dT <o(t), t>th.

t1
(20(t1) = up(t1) > 0). Taking into account (III) from here we will get:
t t
[20(t1) — [U(1)23(T)dr — [ W(T)d’l']2 >1,t>T, for some T > tg. From here and
t1 tl

+oo
from (3.12) it follows that 23(¢) > 1, t > T. Therefore by (III) [ U(7)2¢(r)dr >
T
+oo
| U(r)dr = 400, which contradicts (3.13)). The corollary is proved. O
T

Corollary 3.2. Let the conditions (I*) of Theorem [3.9 be satisfied and let
to T T

(IV) [ min[q;(7) exp{— [ a;;(s)ds}, —F;(7) exp{ [ a;;(s)ds}]dr > =.
t1 t1 t1

Then the system (1.1) is oscillatory on the interval [tq;ts].

Proof. On the strength of Theorem it is enough to show that the system (3.2])
is oscillatory on the interval [t1;t2]. In ([3.2]) make the changes

t
o= exp{fpjj(r)dT}pSinﬁ;
ty

(3.14) :
¢ =exp{ [ s;;(T)dr}pcosf t>tg.
t1
We will get:
p'sinf + 6 pcosh = Q;(t)pcosh;
(3.15) i)
p'cost —0'psin® = R;(t)psinb, t > tg,

¢ ¢
where Q;(t) = exp{—tf a;;(T)dr}q;(t), R;(t) = exp{tf a;;(T)dT }F;(t), t > to (the
function a;;(¢) is defined below (2.10)). This system is equivalent to the system
in the sense that to each nontrivial solution (¢(t), v (t)) of the system
corresponds the solution (p(t),0(t)) of the system with p(t) > 0, t > tg
defined by . Let us multiply the first equation of the system on cos
and the second one multiply on sin  and subtract from the first obtained equation
the second one. We will get:

(3.16) 0'p = p[Q;(t)cos® 0 — R;(t)sin® 0], t>to.

Let (¢o(t),0(t)) be a nontrivial solution of the system (3.2)) and let (po(t),00(t))
be the corresponding (by (3.14) to (¢o(t), 1o (t)) solution of the system (3.15]).
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Then po(t) # 0, t > tg, and therefore by (3.16) the following equality takes place
06(t) = Q;(t) cos® Oy(t) — R;(t) sin” ()
1
= 51Q5(6) = B; (1) + (Q;() + R;(1)) cos 260 (1)] ,

t > to. From here it follows

0(1) > 3 [Q5(0) — Ry(#) — 1Q5(0) + Ry(0)l] = min{Qs(0), ~Ry ()}, £ 210

Let us integrate this inequality from ¢; to ¢ Taking into account the conditions of
the corollary we will get:

Oo(ts) — Oo(t1) > / min{Q; (r), —R,(r)}dr > .

Due to (3.14) from here it follows that ¢o(¢) has at least one zero on [t1;t2]. The
corollary is proved. O

Remark 3.3. Let tg <n1 < (1 <...mm < (... be a infinitely large sequence
and let the following conditions be satisfied:
(IVin) qi(t) > 0, and if g3—;(t) = 0, then p3_;(t) = sj,3-;(t), t € [Nm; Gnl, k= 1,2;

Cm T T
[ min[g;(r)exp{— [ aj;(s)ds}, —F;(r)exp{ [ aj;j(s)ds}]dr >m, m=1,2,....

"]‘m, l

Then on the strength of Corollary the system (1.1) is oscillatory. From the
+o00

conditions (IV,,) m =1,2,... is seen that outside of the set |J [m;(m] the func-

m=1
tions ¢ (t) and go(t) can take values of arbitrary sign and therefore the nonnegative
definiteness of Q(t) on [tp; +00) can be broken.

Remark 3.4. Let P(t) = S(t) =0, Q(t) = —R(t) = I, t > 0, where [ is the
identity matrix of dimension 2 x 2. It is evident that in this particular case the condi-
tions (T*) of Corollary are satisfied on the arbitrary interval [¢1;¢2](C [0; +00))
and the condition (IV) is fulfilled only if t5 — ¢; > 7. It also is evident that for this
case (Po(t), ¥o(t)), where ®g(t) = diag{sint,sint}, ¥o(t) = diag{cost,cost}, is a
prepared solution to the system . This solution is not oscillatory on [e; 7 — €]
for each ¢ € (0;7). Therefore in the inequality (IV) we may not replace = by a
number less than 7.

Example 3.2. Consider the system

' =K(t)V;
U =V(t)®, t>to,

where
K1(t) = diag { max{sint,0}, max{sin¢,0}},
Vi(t) = diag { min{sint, 0}, min{sint, 0} } ,
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t > to. Obviously for this system the conditions (I*) of Corollary are not fulfilled
for all [t1;2](C [to; +00)). Therefore Corollary [3.2] cannot be used to establish
oscillatory behavior of the system (3.17)). It is easy to verify that for the system
(3:17) the conditions of Corollary [3.1] are fulfilled. Therefore the system (3 is
oscillatory.

Example 3.3. Consider the system

' = Ky(t)V;
(3.18) 2(H);
U =—K(t)®, t>0,
where K(t) = diag{Asint, Asint}, ¢ >0, A > 7. Obviously the conditions (I) of
Corollary [3.1] for this system are not fulfilled. Therefore it cannot be applied to the
system (3.18)). It is not difficult to verify that for t; = 2wm, to2 = 7(2m + 1) the

conditions of Corollary are fulfilled for all m = 1,2, .... Taking into account
Remark from here we conclude that the system (3.18]) is oscillatory.

Theorem 3.3. Let the conditions of Lemmal[2.3 be satzsﬁed Then for each solution

2
(D(t),0(t)) = ((gbjk( ))j Py (wjk( )) _ ) of the system with det ®(tg) # 0,
0 — ¢11(t0)¢22(t0) P12 (to) P21 (to) >0, yO — P22(to)Pii(to)— wzl(t0)¢12(to) >0,

Y11 det @(to) det ®(10)

yO — 1/’12(750)(2511(c{fst)q)zlz(l]l)(to)¢12(to) >0 (S 0), 0 — wm(t0)¢2251t§t)<1>2i23(t0)¢21(tO) <0
(> 0), the equality

(3.19) sign [det ®(t)] = sign [det ¥(t)] #0, t>to.

takes place. Therefore (®(t), U(t)) is non oscillatory.

2

Proof. On the strength of LemmaEq. (2.3) has the solution Yy(t) = (yjk(t))j o1

on [to; +o00) with y;x(to) = y3, Jj,k = 1,2, and
(320) det Yo(t) >0, t>1.
Since by ([2.4]) ®(¢) is a solution to the matrix equation

' = [P(t) + Q()yo®)]¥, t>to,
according to Liouville formula we have

t

(3.21)  det ®(t) = detcp(to)exp{/ r[P(7) + Q(7)Y; ()]df}?é Lt .

to

By (2.1) the equality ¥(t) = Yy (¢)®(¢t), t > to, holds. From here from (3.20) and
(13.21)) it follows (3.19)). The theorem is proved. O
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Denote:

Li(rst) = j / a;5(C)dC b Fy(s)ds

t t

fQ(T;t) = — /exp{ — /a3_j,3_j(C)d<}F3_j(S)dS, t Z T Z to .
Theorem 3.4. Let the following conditions be satisfied:
(C) Qj(t) Z O, Q3_j(t) S 0 cmd Zf Qj(t) =0 then pj73_j(t) = 53_j)j(t), Zf
q3—j(t) = 0 then p3—; ;(t) = sj3—;(t), t > to;
(D) there exists infinitely large sequences &o ) =to < &1k < -+ <Emp < -+,
k=1,2 such that

D) [ exp{ [ [ays(s) + ay(6)Fs (6w 8)]ds}Fy (7)dr 2 0, ¢ € [ Empnn),

§m,1 §m,1
t T ~
(D2) [ exp{— [ [as—j3-;(s) + a5—j(s)2(&m.2; 5)|ds } F3—(T)dr <0,
57n,2 £7n,2

te [fm,Q;g'rn—&-l,Z), m=12..

Then for each prepared solution (®(t),¥(t)) = ((djk(t ))] > (Vik(t ))jkzl) of the
system with det ®(tp) # 0,

o _ Yii(to)oaa(to) — v12(to)d21(to)
i = det @ (to) =0,
W, = 7/’22@0)%1(321@(1?02)1(750)@512@0) <0 the inequality
(3.22)  det®(t) £0, 1>t

takes place. Therefore (®(t), ¥(t)) is non oscillatory. Moreover if ¥, > 0, y9y < 0,
then

(3.23) sign det ®(¢) = —sign det U(t) 0, t>to.
Proof. Let Y (t) = (y;(t ))jk:1 be the solution of Eq. (2.3) with Y (ty) =

U (tg)®@ 1(tg), where (®(t), ¥U(t)) is a prepared solution to the system (1.1]), sa-
tisfying the conditions of the theorem, and let [tp; T') be the maximum existence
interval for Y'(¢). Show that

(3.24) T=+400.
By (2.10) y;;(t) and ys—_; 3—;(t) are solutions to the equations
(3.25) Y+ a0y + agi Oy + L(y53-5 (), ys—5.5 (1), £) = 0,

(3.26) Y — q3—j ()Y + as—j3—;(O)y + L3—j(ys—j; (1), y;,3—; (1), 1) =0,
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for each t € [to;T), respectively. From the conditions (C) it follows that the
following inequalities are satisfied:

(3.27) L;(X,X,t) <Fi(t), Ls_;(X,X,t)<—Fs_;(t), X€ER, t>t.

(for g;(t) #0 (gs—;(t) #0) the F;(t) (Fs—;(¢)) is the maximum for the quadratic
trinomial £;(X, X,t) (L3—;(X,X,t)) of variable X € R). Show that

(3.28) det ®(t) £0, te [to;T).
By (2.4) ®(¢) is a solution to the matrix equation
' =[P(t)+ QWY ®)P, t€ [to;T).

By virtue of Liouville formula from the condition det ®(¢p) # 0 of theorem it
follows (3.28]). Therefore by (2.1) and the uniqueness theorem Y(t) =U(t)d~1(1),
Y (1),

t € [to; T). Then since (®(t), U(t)) is prepared we have Y (t) = t), teto;T).
Hence

(3.29) yi2(t) =y21(t), te€te;T).

Let y1(t) and yo(t) be the solutions to the equations

(3.30) Y +q; ()Y +aj )y + F(t) =0, t>to,

(3.31) Y = a3 ()Y +az_ja—j(t)y — Fs—;() =0, t>to,

respectively with y;(tg) = y2(to) = 0. By virtue of Theorem4.1 of work [5] from (C),
(Dq) and (D2) it follows that y1(t), y2(t) exist on [tp; +00) and are nonnegative

for all ¢ > ¢y Moreover if yi(to) > 0, k = 1,2 then yi(t) > 0, t > to, k = 1,2.

Using Theorem 2.1] to the pairs (3.25), (3.30) and (3.26), (3.32) taking into account

(3-27) from here we will get:

(3.32) yi(t) Zyi(t) 20, yoot) < —pa2(t) <0, t€[te; 1),

and if y?; = y11(to) > 0, B = yaa(to) < 0, then

(3.33) yiu(t) >0, ya(t) <0, telto;T).

Suppose T' < +oo. Then from (C) and (3.32)) it follows that the function f(t)

t
[ t[Q(M)Y (7)]dr, t € [to;T) is bounded from below on [tg;T). By Lemma [2.
T

from here it follows that [tg;7T') is not the maximum existence interval for Y (¢).

The obtained contradiction proves (3.24). From (3.24)) and (3.28)) it follows (3.22)),
3.23

_

/-\

and from ((3.24)), (3.28) and (3.33) it follows (3.23)). The theorem is proved. O
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