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Abstract. Let R be an associative unital ring and let a ∈ R be a strongly nil clean
element. We introduce a new idea for examining the properties of these elements. This
approach allows us to generalize some results on nil clean and strongly nil clean rings. Also,
using this technique many previous proofs can be significantly shortened. Some shorter
proofs concerning nil clean elements in rings in general, and in matrix rings in particular,
are presented, together with some generalizations of these results.
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1. Introduction

All rings in this paper are assumed to be associative with identity. An element

a ∈ R is said to be nil clean (strongly nil clean) if there exist an idempotent element e

and nilpotent element n such that a = e+n (and en = ne). A ring itself is (strongly)

nil clean if every element in this ring is (strongly) nil clean. This class of rings was

introduced in [5] as a particularly interesting subclass of (strongly) clean rings.

It is well known that a is strongly nil clean if and only if a(a − 1) is nilpotent.

Although this condition was known even before the introduction of this terminology

(probably the first proof can be found in [6]), it has not been widely used in investi-

gation of nil clean elements. Some recent uses may be found in [4]. For other proofs

of this condition, the reader may wish to consult the recent papers [7] and [8].

It is the purpose of this short note to advertise the use of this condition by showing

how one can use it to find much shorter proofs of some of the previous results
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concerning nil clean elements, even in a more general case. We also give a new proof

of this condition which we think is interesting per se.

2. Strongly nil clean elements

We start this section with a simple lemma.

Lemma 2.1. Let S = Z[X ]/〈(X(X − 1))n〉. If we denote by x the class of X in

this quotient ring, then x is (strongly) nil clean.

P r o o f. Let us consider two ideals I = 〈X〉 and J = 〈X − 1〉 in the ring Z[X ].

Since 1 = X +(1−X), these ideals are co-prime. Therefore In and Jn are co-prime

as well. Chinese remainder theorem gives us

Z[X ]/(In · Jn) ∼= Z[X ]/In × Z[X ]/Jn,

where the isomorphism is given by: x = X + In · Jn 7−→ (X + In, X + Jn). But

(X + In, X + Jn) = (0 + In, 1 + Jn) + (X + In, X − 1 + Jn)

shows that the element (X + In, X + Jn) ∈ Z[X ]/In × Z[X ]/Jn is nil clean and so

is the element x. Since S is commutative, it is trivially strongly nil clean. �

From this lemma it is easy to prove that an element r ∈ R is strongly nil clean if

and only if r(r − 1) is nilpotent.

Theorem 2.1. An element r ∈ R is strongly nil clean if and only if r(r − 1) is

nilpotent.

P r o o f. Of course, if r is strongly nil clean, it is easy to show by direct compu-

tation that r(r − 1) is nilpotent. The other direction is the interesting one.

Let us consider a homomorphism f : Z[X ] → R given by f(X) = r. By the

assumption, there exists n > 1 such that (r(r− 1))n = 0. This means that f induces

a homomorphism f : Z[X ]/〈(X(X − 1))n〉 → R such that f(x) = r. Since x is

strongly nil clean, so is r. �

We now prove a key lemma. If R is a ring, by N(R) we denote the set of all

nilpotent elements in R and by Z(R) we denote the center of that ring.

Lemma 2.2. If an element a ∈ R can be written in the form a = d + zc, where

c ∈ R, d ∈ N(R) and z ∈ N(R) ∩ Z(R), then a ∈ N(R).

88



P r o o f. Since d and z are nilpotent elements, there exist positive integers m,n

such that dm = zn = 0. Let us show that aN = 0, where N = mn. When we develop

aN = (d + zc)N in the sum, any term of this sum is a product of d’s and (zc)’s of

various order. Since z is central, any term is of the form zk times the product of d’s

and c’s. If k > n, this term is 0. So, let us assume that k < n. In the ‘worst’ case, our

term is of the form zn−1dk1cdk2c . . . dkn−1cdkn , where k1 + . . .+ kn = N − (n− 1) =

mn−n+1 = (m−1)n+1. By Dirichlet’s (or pigeon hole) principle, at least one of ki
is greater than or equal to m and then this term is equal to zero. So, aN = 0. �

The following corollary points to the way this lemma will be used in the discussion

of strongly nil clean elements.

Corollary 2.1. If a = b + zc, where c ∈ R and z ∈ N(R) ∩ Z(R), then a is

strongly nil clean if and only if b is strongly nil clean.

P r o o f. We compute:

a(a− 1) = (b+ zc)(b+ zc− 1) = b(b− 1) + z(bc+ cb+ zc2 − c).

The claim now follows from Lemma 2.2. �

As an interesting corollary we also give the following one (cf. Lemma 2.4 and its

proof in [2]).

Corollary 2.2. Suppose that R is a commutative ring and n > 1. Then

Mn(N(R)) ⊆ N(Mn(R)).

P r o o f. We express matrix A = (aij) ∈ Mn(N(R)) as the sum: A =
∑

i,j

aijEij =
∑

i,j

(aijIn)Eij , where Eij are elementary matrices (having 1 at the position (i, j) and 0

elsewhere). Since aijIn is a central nilpotent, the result follows by the repeated use

of Lemma 2.2, starting with the zero matrix. �

3. Strongly nil clean matrices

The criterion we used is also rather convenient for discussing the problem whether

a given matrix is strongly nil clean. Let us give a few examples.
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In [2] this question was discussed for matrix rings over the commutative ring

R[X ]/〈X2−1〉, whereR is a commutative unital local ring such that char(R) = 2. See

Theorem 2.5 and Theorem 3.2 from [2]. In the next theorem, we give generalization

of these results without the assumption on the ring being local and for all n (in [2]

the result was proved for n ∈ {2, 3, 4}).

Theorem 3.1. Let R be a commutative unital ring with char(R) = 2 and A(x) ∈

Mn(R[X ]/〈X2 − 1〉), where x is the class of X in the quotient ring. Then A(x) is

strongly nil clean if and only if A(1) ∈ Mn(R) is strongly nil clean.

P r o o f. Every element in R[X ]/〈X2 − 1〉 is of the form c + dx for some

c, d ∈ R. Of course, A(1) stands for the matrix (aij(1)). Since R has character-

istic 2, 0 = x2 − 1 = (x− 1)2, so the element x− 1 is nilpotent. Therefore

A(x) = (cij + dijx) = (cij + dij) + (x − 1)(dij).

So, A(x) = A(1) + ((x − 1)In)D, where D is the matrix (dij). Since (x − 1)In is

a central nilpotent, the result follows from Corollary 2.1. �

Remark 3.1. Since the characteristic ofR is 2, the ring R[X ]/〈X2−1〉 is actually

isomorphic to the ring R[X ]/〈X2〉.

Remark 3.2. Note how the use of Corollary 2.1 allows us to give a short proof

for all n avoiding complicated calculations from [2].

The following theorem shows the importance of Lemma 2.2 and Corollary 2.1, in

the sense that one easily proves the results from [3] (cf. Theorem 4.3), with a slight

generalization. Namely, the condition that the ring is projective-free can be dropped.

Theorem 3.2. LetR be a commutative ring with identity, S = Mn(R[[X ]]/〈Xk〉),

where k > 1, and A(x) ∈ Mn(R[[X ]]/〈Xk〉), where x is the class of X in the quotient

ring. Then A(x) is strongly nil clean if and only if A(0) ∈ Mn(R) is strongly nil

clean.

P r o o f. We have: A(x) = A(0)+xB(x) = A(0)+(xIn)B(x) for some B(x) ∈ S.

Since xIn ∈ N(S) ∩ Z(S), the claim follows from Corollary 2.1. �

Remark 3.3. Actually, R[[X ]]/〈Xk〉 ∼= R[X ]/〈Xk〉.

Let us now investigate triangular matrices. By UTn(R) we denote the subring

of Mn(R) consisting of all upper triangular matrices, i.e. A = (aij) ∈ UTn(R) if

and only if aij = 0 for i > j. Of course, analogous results hold for lower triangular

matrices as well.

Theorem 3.3. Let R be an associative unital ring. A matrix A ∈ UTn(R) is

strongly nil clean if and only if all of its diagonal components are strongly nil clean.
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P r o o f. (⇒) If the matrixA = (aij) is strongly nil clean, then (A(A− In))
m = O

for some m > 1. But the diagonal components of this matrix are (aii(aii − 1))m and

so the elements aii are also (strongly) nil clean.

(⇐) Let us assume that all of aii’s are strongly nil clean. Therefore there exists mi

such that (aii(aii − 1))mi = 0 for all 1 6 i 6 n. If we take m = max{m1, . . . ,mn},

we get that the matrix (A(A − In))
m is an upper triangular matrix with zeros on

the diagonal. This matrix is nilpotent: we have that ((A(A − In))
m)n = O. �

Corollary 3.1 (Proposition 3.1 from [1]). Let R be an associative unital local

ring. A matrix A = (aij) ∈ UTn(R) is strongly nil clean if and only if for all

i : aii ∈ N(R) or aii − 1 ∈ N(R).

P r o o f. From the previous theorem, we know that A is strongly nil clean if and

only if for all i : aii(aii − 1) ∈ N(R), so for all i there exists ni such that

(3.1) ani

ii (aii − 1)ni = 0.

Since R is local, it follows that for all i : aii ∈ M or aii − 1 ∈ M , where M is the

unique maximal (left) ideal. So, it follows that for all i : aii−1 ∈ U(R) or aii ∈ U(R).

Therefore from (3.1) it follows that aii ∈ N(R) or aii − 1 ∈ N(R). �

The fact that we investigate whether or not the matrix A(A−I) is nilpotent points

out to another useful criterion for matrices.

Theorem 3.4. Let R be a commutative unital ring and A ∈ Mn(R). Let us

suppose that a polynomial f(t) ∈ R[t] is such that

f(t) ≡ tk(t− 1)l mod N(R)[t],

where k + l > 0 and that f(A) is a nilpotent matrix. Then the matrix A is strongly

nil clean.

P r o o f. Since f(A) = Ak(A−In)
l+g(A), where all the coefficients of g are nilpo-

tent elements, it follows that Ak(A − In)
l is nilpotent. This implies that A(A− In)

is nilpotent as well and the matrix A is strongly nil clean. �

This theorem is actually a slight generalization of Theorem 2.7 from [3].

Corollary 3.2. Let R be a commutative unital ring and let f(t) ∈ R[t] be a poly-

nomial such that f(t) =
m∏

i=1

(t − αi), where {α1, . . . , αm} ⊆ N(R) ∪ (1 + N(R)).

If f(A) is nilpotent, then the matrix A is strongly nil clean.
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P r o o f. For simplicity of notation, let us assume that {α1, . . . , αk} ⊂ N(R)

and {αk+1, . . . , αm} ⊂ 1 + N(R). Then for 1 6 i 6 k : αi ≡ 0 mod N(R) and for

k+1 6 i 6 m : αi ≡ 1 mod N(R). So, f ≡ tk(t− 1)m−k mod N(R)[t] and the result

follows from Theorem 3.4. �

Corollary 2.8 and Corollary 2.9 from [3] follow as special cases (for n = 2, 3).

This method is especially useful when we have some information on the charac-

teristic polynomial χA of the matrix A. Namely, the results in Theorem 3.4 and

Corollary 3.5 from [2] and Corollary 2.10 from [3], which were proved there for ma-

trices of order 3 or 4, are valid for matrices of any order. This follows directly from

Theorem 3.4 and Corollary 3.2.
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