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Geometry of Mus-Sasaki metric

Abderrahim Zagane, Mustapha Djaa

Abstract. In this paper, we introduce the Mus-Sasaki metric on the tangent
bundle T'M as a new natural metric non-rigid on T'M. First we investigate
the geometry of the Mus-Sasakian metrics and we characterize the sectional
curvature and the scalar curvature.

1 Introduction

The geometry of the tangent bundle 7'M equiped with Sasaki metric has been stud-
ied by many authors Sasaki [16], K. Yano and S. Ishihara [18], P. Dombrowski [7],
A. Salimov, A. Gezer and N. Cengiz (see [2], [8], [12], [13], [14]) etc. The rigidity
of Sasaki metric has incited some geometers to construct and study other metrics
on T'M. J. Cheeger and D. Gromoll has introced the notion of Cheeger-Gromoll
metric [3], this metric has been studied also by many authors (see [1], [4], [5], [6],
9, [10], [11], [15], [17)).

In this paper, we introduce the Mus-Sasaki metric on the tangent bundle 7'M
as a new natural metric non-rigid on 7'M . First we investigate the geometry of the
Mus-Sasakian metrics and we characterize the sectional curvature (Theorem 4 and
Theorem 5) and the scalar curvature (Theorem 6 and Theorem 7).

1.1 Basic Notions and Definition on T' M

Let (M, g) be an m-dimensional Riemannian manifold and (T'M, 7, M) be its tan-
gent bundle. A local chart (U, x’)lzln on M induces a local chart

(W_I(U), ‘ria yi)izl,..‘,n
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on TM. Denote by Ffj the Christoffel symbols of g and by V the Levi-Civita
connection of g.

We have two complementary distributions on 7'M, the vertical distribution V
and the horizontal distribution #, defined by:

v(gc,u) = Ker(dw(%u)) = {alaiyi a' € R}
9 z i
H(Lu) - { oxt (z,u) JFZ 8 (z u): @< R},

where (z,u) € TM, such that T, ,\TM = H(zu) ® Vizu)-
Let X = X' 821' be a local vector field on M. The vertical and the horizontal
lifts of X are defined by

. 0
vV _ 7
X' =X a7 (1)
) (0 0]
H _ % _ % _ Tk
X _Xéxi_X{Bxl yr”ak} (2)
For consequences, we have (d‘z )H = 611 and( )V = z,then( 5aTs d?/ ) 1,

is a local adapted frame on 17T M.

Proposition 1. (see [18]) Let (M,g) be a Riemannian manifold and R its tensor
curvature, then for all vector fields X,Y € T'(TM) and p € T>*M we have:

XAy ), = (X, Y] — (R (X, Y)u)"
X7 YY), = (VxY),,
XV, YV], =0,

where p = (z,u).

Definition 1. Let (M,g) be a Riemannian manifold and K: TM — TM be a
smooth bundle endomorphism of T'M. Then the vertical and horizontal vector
fields VK and HK are defined on TM by

VK:TM —TTM

(2,u) = (K (u)",
HK: TM —TTM

(,u) > (K (u)",

locally we have

VK - yinaiyj - y"(K(%))V 3)
e g ()
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2 Mus-Sasaki metric.
Definition 2. Let (M, g) be a Riemannian manifold and f: M xR — (0, 400). On

the tangent bundle T'M, we define a Mus-Sasaki metric noted g;? by
g?(XH YH)(:Lu) = gx(Xv Y)
g?(*XH YV)(m,u) =0

fS(X 7YV)(w7u) = f(d?,’l")gx(X, Y)

where X,Y € T'(TM), (z,u) € TM and r = g(u,u). The function f is called
twisting function.

Q

Note that, if f =1 then g? is the Sasaki metric [18].

Lemma 1. Let (M,g) be a Riemannian manifold, then for all + € M and u =
u' € T, M, we have the following

a i
XH(g(uvu))(w,u) =0
Xv(g(u7u)(m’,u) = 29(Xa u)a:
XV(Q(Y7 u)(w,u) = g(X7 Y)’I'
Proof. Locally, Lemma 1 follows from formulas (1) and (2). O

From Lemma 2 we obtain

Lemma 2. Let (M,g) be a Riemannian manifold, F: R?> — [0,+o00], a: M —
(0,+00) and B: R — (0,400) be smooth functions. If f(z,r) = F(a(x), 5(r)),
then we have the following

XY (1o = 28/ (1102 (X, 0) 20 (), B(r)

oF oF

X () ey = gogradyy o, X) 5 (ale), B(r)) = X(a) 5 (az), 6(r)

where (x,u) € TM and r = g,(u,u).

In the following, we consider f(z,r) = F(a(z), 3(r)), where F: R? — [0, +00],
a: M — (0,400) and 5: R — (0, +00) are smooth functions.

Lemma 3. Let (M, g) be a Riemannian manifold. If f(z,r) = F(a(x),8(r)) and
V (resp. V) denote the Levi-Civita connection of (M, g) (resp. (T'M, g?)), then we
have: '

97 (VxnYH ZH) = g3 (VxY)H, Z1)

G} xn¥?, 27) =~ gF (R, V)Y, 27)
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g (VxnYV, 2" = gf(g(R(u, v)x)", ZH)

G TxnyV, 2Y) = 63 (550 T2 Ly 4 (viv)V 2Y)
g (Vv Y ZM) = gf((gR(u,X)Y)H, ZH)

gi (Vv Y, ZV) = gf(%Y(a)ag;FXv, ZV>

GF(Ta ¥, 27 = g (~ 20X, ) 2L (grad(e)”, 27))

(9(X, )YV +g(Y,u) XV —g(X,Y)UY,Z")

The proof of Lemma 3 follows directly from Kozul formula, Definition 2, Lemma 1
and Lemma 2.
As a direct consequence of Lemma 3, we get the following theorem.

Theorem 1. Let (M, g) be a Riemannian manifold. If f(z,r) = F(a(z), 8(r)) and
V (resp. V) denote the Levi-Civita connection of (M, g) (resp. (T M, g}?), then we
have:

(VxnY), = (Vi) - %(Rw(x, Yyu)”

@xnr ) = (@O0 + 10D (R ) %)™+ L) 2 (o), 8) vy

@ vy = D (v )+ Ly 00?0 (0w, 5 )

@7 = B0 0(a),80) 02 (V. U)XY + (X 0D — 0u (X, 1)
— 50X 2 (a(2), 50) (arad s )

for all vector fields X,Y € T'(TM) and p = (x,u) € TM, where R denotes the
curvature tensor of (M, g).

From Definition 1 and Theorem 1 we have:

Proposition 2. Let (M,g) be a Riemannian manifold and V be the Levi-Civita
connection of the tangent bundle (T M, g}i) equipped with the Mus-Sasaki metric.
If K is a tensor field of type (1,1) on M, then:

_ 1 v
(Vs HE) g = H(VxK) (@,u) = 5 (Rx (X, Kx(u))u)

D (R ) )

(a(@), B(r))(VE)y

(ﬁXHVK)(z,u) = V(VxK)(.T, u) +

1 OlnF
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(T VK ey = (K ) — 500 (X Ko (0)) 20 (). B(0) (g )
+80) 2L (alw), 509 [ (), w) XY

+gI(Xﬂ U)(VK)P - gr(X7 Kf(u))UIY}

where (z,u) € TM and X € T(TM).

3 Curvatures of Mus-Sasaki metric.

Theorem 2. Let (M, g) be a Riemannian manifold and (T M, gf) its tangent bundle

equipped with the Mus-Sasaki metric. If R (resp. ﬁ) denote the Riemann curvature
tensor of M (resp. TM ), then we have the following formulae.

Rieon (X727 = { L0, R )0+ L2002 (0w, 50 R Y)
1 81nF(R(Y,Z)u+1Y(a)8lnF

B ZX(Q) 4 0s

Os
+ {R(X, Y)Z + JC(”"T’T)R(u, R(Z,Y)u)X

R(X, Z)u}:

i @R(u, R(X, Z)u)Y + f(xT’T)R(u, R(X, Y)U)Z}f
(5)

RXH YyHYzV = {R(X,Y)Z - @R(X, R(u, 2)Y)u

+ @R(Y, R(u, Z)X )u

,, OInF
+A(r)—,
f(x,7)

2

X(a)

[9(Z, u)R(X, Y )u — g(Z, R(X, Y )u)u] }V o
(VxB)(w.2)Y = (VyR)(u, 2)X

alnFR(u,Z)Yf %Y(a)é)lnF
s

H

R(u, Z)X}

+

+
—_ N =

- —g(R(X, Y)u,Z)ai%F gradM(a)}

[\)



118 Abderrahim Zagane, Mustapha Djaa

2 n
R vy 2Y = {3 X0 S (2,01 +9(v,0)2 — (v, 2)0]

agngm(Y Z)(VxU) — ig(gradMa R(u, Z)X)alnF

0s
2 \4
— B'X(a)g(Y, u)aatlgF 74+ Zo(Y. 22 (R(x, grad,, a)u) }

Os
{23 [z, u) (R Y)X) + o) (B, 2)X)] g

2
X(@)gu(Y, 2) 5 (grady )

Y

)L x gradyg o) — g, u)%F( (1,2)X)
)X)

H

(7)

ROCY )2 = (GRG2)Y TR0 R Z)u X (2000) T

2 @ 0s
1 0?InF 1/0lnF\2 1 OlnF
+ §X(Q)Z(a)( 0s2 + 5( 0s ) )Y - §(VXZ)(O[) 0s Y
"(r) Oln 4
+ PO IRE (v ) R, 2~ g (v, BOX, 23u)U] )

) : )
+ {%X(a)a—ljR(u, Y)Z + f(j ") Z(a) I;SFR(U, Y)X

fz,r)

1O 9 Ry, ¥) 2~ o (v ROC 2)u) O rady ()}

Riano (XY Y127 = {3 014X, U)R(u, ) Z — (v, U) R, X) 2] + FROX,Y) 2

L {R(u X)R(u,Y)Z — R(u,Y)R(u, X)Z

02InF
!
+ {6 2 5
fOlnF

+ Z ds |: (grad]w a, R(u7 Y)Z)X

—_
——
& m

[9(X,w)Y — g(v,u)X]

— g(grad,; a, R(u, X)Z)Y} }:
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~ OlnF ?InF
\4 14 vV _ " /\2
Roy(XV,¥V)2¥ = {2[8" = + (8)* 55— [9(X, we (2, U)Y

—9(X,u)g(Y, Z)U — g(Y,u)g(Z, U)X + g(Y,u)g(X, Z)U

w30 o x 2y~ g(v.2)X]

ot
£ (07 (P o ug(2.0)% — oy, 0)(x, 2)U

—9(X,w)g(Z,U)Y + g(X,u)g(Y, Z)U
— g(¥, D)lJul*X + g(X, 2)]jul*Y ]

fr/O0InF\2 v
S(55) lerady al?[g(x, 2)Y —g(v.2)X |}
I F OF -
{8555 [9(Y 2)9(X ) = 9(X. 2)g(Y. )] grad
ga— [ (X, Z)R(u,Y) grad;; a — g(Y, Z)R(u, X) grad,, a}
a H
+ 0 S oV, u)g(X, 2) — g(X, u)g(¥, 2)] aradys 0}
(10)
for all (x,u) € TM and X,Y,Z € T'(TM).
Proof. Let
Ki: TM —TM
ur— R(Y, Z)u.
Then we have:
VxuVyuZH =Vyu(Vy 2)H — %%XHVKl
1 1
= (VxVy2)" = S(R(X,VyZ))" = 5 (VxR(Y. Z)u)"
f g1 dlnF
= (e, Ra(Y. Z)u) X) " = S X(a) 5 =V
. 1 1
VxnVynZ" = (VxVy2)" = S(R(X. Vy Z)u) — S[(VxR)(Y, Zyu]”
1
~ 5[R(VxY, Z)u+ RV, VxZ)u]” (11)

Oln
_ %(Rg;(u,Rw(Y, Zyu)x)" - iX(a) asF
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VynVxuZ? = (VyVx2)7 - %(R(Y, Vx2Z)u)" - %[(VyR)(X, Zyu]”

_ % [R(Vy X, Z)u+ R(X,Vy Z)u]" (12)

Oln
_ g(Rl.(u,Rw(X, 2)y)" - iym) gsF

6[X,Y}HZH = (V[X’Y]Z)H — %[R([X, y]’Z)u]V _ f(z,r)

OlnF
Z(a) 0s

(R(X,Y)u)".

!
2

From (11), (12), (13) and the second Bianchi identity
(VxR)(Y,Z)+ (VyR)(Z,X)+ (VzR)(X,Y) =0

we obtain the formula (5).
The other formulae are obtained by a similar calculation. 0

From Definition 2 and Theorem 2 we get

Theorem 3. Let (M, g) be a Riemannian manifold and (T M, gf) its tangent bundle

equipped with the Mus-Sasaki metric. If R (resp. ]A%) denote the Riemann curvature
tensor of M (resp. TM ), then we have

GF RO Y YT XM = o(ROX, Y)Y, X) — 2 R(Y, X)u?

S prvH VYV H?i 2 281nF271 2 2‘927F
g (R Y)YV, XH) = LIX(@PIY 2 (=) = 5K @RIV 255
L2y gradyy 0. X) + L RO V) X2
B 889 X gradyr «, 1 u,
~ OlnF 0*InF
g7 (RO Y)YV, XY) = 2f 855 + (802 | [20(X, w)g(Y, u)g(X.Y)
— IVIP1g(X, w2 = [ X|2lg(; w)]
OlnF
/ 2 2 2
+ 18 5 [l9 X VR — IXI2Y )]
Oln F\?2
+ 180 () [IXIPlg(Y, ) = 29(X, wg(Y, wg(X, Y)
+ IVl w2 = XY I ull® + 9(X, ¥) 2ljull?]
f?/0InF\2
L (555) Neradas all?[lo(X V)P — 1 XIP1Y1?).

for any X, Y € I'(TM).
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By Theorem 3 and definition of sectional curvature tensor we get

Theorem 4. Let (M, g) be a Riemannian manifold and (T M, g?) its tangent bundle

equipped with the Mus-Sasaki metric. If K (resp. K ) denote the sectional curvature

tensor of M (resp. TM ), then for any orthonormal vector fields X,Y € T'(TM),
we have

K(X" y") = K(X,Y) - ﬁHR(X,Y)uHQ.

Oln F\2 0*F
RO yY) = Hre )P+ xR (50 ) - ix@Pss

- %%EQ(VX grad,; o, X)
K ,OIF L ops
KXV, YV)= fﬂ ;t [Ig(x u)? + [g(Y,u)| ] W(%) I erad,, al?
)2 /0In F\2 .
- O (2N 1l - 19X, 0 — o] - 528

Theorem 5. Let (M, g) be a Riemannian manifold of constant sectional curvature

and (T M, gf ) its tangent bundle equipped with the Mus-Sasaki metric. If K denote

the sectional curvature tensor of T'M , then for any orthonormal vector fields X,Y €
(T M), we have

- 2
ROy == 28 [0 4 gy,
=l yvy _ IA 2 1 p(OIFN2 1 2327F
KX YY) = gl X0 4+ 31X (@) (555 ) = 551X (@)

1 oF

fﬁgg(vxgradMa,X)

SV vy 20 F 1 0?InF 9 o] B OlmF
RV YY) = =295 + (80 =5 [l wl + g (Vou)] = 2=

OO (28 EY [l = 9, P ~ lov- ]

1/0InF\2 9
(555 leradyal

4

The proof of Theorem 5 is deduced from the Theorem 4 and the following
equations

R(X,Y)Z = Mg(X, 2)Y — g(Y, 2)X)
[R(X, Y )ul* = A [g(X, u)® + g(Y, u)?]
[R(u, Y)X|* = Ng(u, X)?

for all (z,u) € TM and X,Y,Z € T(TM)
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Theorem 6. Let (M, g) be a Riemannian manifold and (T M, gf) its tangent bundle
equipped with the Mus-Sasaki metric. If o (resp. &) denote the scalar curvature
of M (resp. TM), then for any local orthonormal frame (E,...,E,,) on M, we
have

5:J+2—3f Z ||R(Ei;Ej)U||2 %%—Ftrace[g(vgradkla,*)]
i,j=1
oF O?F  (m—1) /0F\2
+ @[5 () - 5~ Vi (3) ]

4om—-1)1,,0InF 0 ?InF  (m—2) OlnF
- AR o+ 0 g+ e () Tl
3 m(m—l)ﬁ,alnF

e at

Proof. Let (E,..., Ey) be local orthonormal frame on M, then

1 1

(E{I,.. EH E}/ﬁ

m \/? EK)

are a local orthonormal frame on T'M. Localy we obtain
m

> IR, ENE;|* = > g(R(u, E;)Ej, R(u, E;)Ej)

i,j=1 i,j=1

= Y wuug(R(Ey, E)E;, E,)g(R(E), E))E;, E,)
i,7,k,l,s=1

= Y wug(R(E), Es)Ey, E;)g(R(E;, Es)Ey, E;)
i,7,k,l,s=1

> 9(R(E;, Es)u, g(R(E;, E)u, E;)E;)

i\4,5=1

m

> IR(E, Ej)ul® (14)

ij=1

From Theorem 4 and definition of scalar curvature, we have

if(EHEH ZKEHEV f12zf<(EiV,Ejv)
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Jln F\?2
P 24 J 24 , 2
G=0 Z 3 (e, Byl + fuzl[ IR, BB + 5B (Cae)
1 ,02F 1 9F
- ﬁ|Ez(a)| D52 ﬁgg(in grad,, aaEi)}
2 ,,8lnF 1 0?InF 2 9
zgl{f[ o+ (B2 [l9(Be ) + 9By, )]
B'OlmF ()2 /0lmF 5 2 5
o+ S () (Il = la(Bs ) = lo(Ey 0]
1/0InF\2 )
+1 (5 )||gradMa||}
(15)
- 3f 1 i m OlnF
=0 YyneE B+ 5 O IR BB + Jrl @)l (755 )
i,j=1 zj:l
m 0*’F m OF
~ gl @5 — 53 % tracelg(Veraa, o)
1 gdm—1)r,,0InF 10 0?InF 9 p oK
a8 e 8 g Il mlm - 1) =
(8")? (9InF\? o m(m—1) (0lnF\2 ,
+ (S5 ) m = Dm = 2) )2 + = (S ) grady ol

—o— > Lp, Bl +

0’F
0s?
,0InF
ot

(s

—1) [5
—1)(m —2)

+(8)?

m

5 2 IR BB + 32l rad@)] (5

zj:l
m OF
- f2os

OlnF

)

trace[g(Vgrad,, @ *)]

,?InF 5 m(m-=1) ,
S Il =

ot?

OlnF
ot

m —

f3

@2 (Z2EY e - ™

1) (alar;F

i ) Il gxadys al?

Using formula (14) we deduce

3f

g

0+

7,7=1
m 0*F
~ fallarad(@) *G

_A4(m ,0InF

S IREE, JulP + ¢l grad(@)*

7 2[s
—1)(m —

ot
(m

Oln F\2

5 )

m OF
f2
+(8')?

tI‘aCe[g(VgradM «, *)]

[ lul® -

8 InF
ot?

OlnF
ot

1)

m(m —

f3

B/
OlnF

f3

2 62 (28 Y e -

) Il gradyy o

m(m — 1)
412 (35
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~ 3f

m OF
o Z |R(E;, E;)ul|® — ——trace[g(vgradMa, *)]

1,j=1 f2 0s
1 oF , O*F —1) f0F\2
+ el [0 = G~ i (5)

— n 2n m — n
A D [0 E | (g L D) (TR

I
q

13
m(m—1) ,0lnF
I S =

Corollary 1. Let (M, g) be a Riemannian manifold of constant sectional curvature A
and (T M, g;?) its tangent bundle equipped with the Mus-Sasaki metric. If ¢ denote
the scalar curvature of T M, then for any local orthonormal frame (E,..., E,,)
on M, we have

(2—3f)

m OF
Aull?] - 77y racelg(Varad, )]

+ el @)1 57 Cf)—ia—(ng§DT

4(m — OlnF *nF -2
_ (n}g 1)[6// at +(ﬁ/)2 at2 +(m4 )(ﬁ)(

m(m — 1)5,81nF
f3 ot
Proof. Taking account that o = m(m — 1)\ and for any vector fields X,Y,Z € TM

az(m—l)A[er

(16)

)

then we obtain

Y IRE:, Ejul® =3 Y Nl9(Ej,w)Ei) — g(Ei,w)E))|?

ij=1 i#j
i,7=1
=X > (lg(Es, )l + g(Ei, W)
)
i,7=1
= 2(m — 1)A2|Jul? (17)
From Theorem 6 and formula (17) we deduce
~ 2-3 OF
5= (m-— I)A[m + M)\HUH } - %— trace[g(Vgrad,, @, *)]
OF ?F  (m—1)/0F\2
+ el [57(50) - 5~ i (5)

— n 2 n m — n (18)
“fg”wﬁ;F+wvi;F+ 022 2 (PN

m(m—1) ,0lnF

_f3ﬁc')t
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O

Theorem 7. Let (M, g) be a Riemannian manifold and (T M, gf) its tangent bundle
equipped with the Mus-Sasaki metric. If f = const then (T M, g? ) has a constant

scalar curvature if and only f = % and (M, g) has a constant scalar curvature, or
(M, g) is flat.

Proof. From Theorem 6 we have

=0+ C230 S IR, B

i,j=1
then & is constant if and only o = const and f = % or R=0. O

Corollary 2. Let (M, g) be a Riemannian manifold and (T M, g*fg) its tangent bundle
equipped with the Mus-Sasaki metric. If f = % then 0 = o.
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