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Abstract. We consider the anisotropic quasilinear elliptic Dirichlet problem

N po(z)—2

- E D'a;(x,u, Vu) + |u|s(x)71u =f+ )\M in Q,
i=1 |z|Po (=)

u=20 on 0f,

where (2 is an open bounded subset of RN containing the origin. We show the existence of
entropy solution for this equation where the data f is assumed to be in Lt () and X is a
positive constant.
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1. INTRODUCTION

In the recent years, the anisotropic variable exponent Sobolev spaces have taken
its place in the mathematical literature. This impulse is essentially due to their
applications in nonhomogeneous materials that behave differently in different space
directions, we can refer here to the electrorheological and thermoelectric fluids that
have multiple applications in brakes shock absorbers, robotics and space technology
(see for example [4], [23]).

In [11], Boccardo et al. have studied the nonlinear anisotropic elliptic equation

N
pi—2
Sl - e
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where €2 is an open bounded subset of RY, N > 2, and the right-hand side f is a
bounded Radon measure. They have proved the existence and regularity of solutions
in the anisotropic Sobolev spaces VVO1 P (Q). The critical regularity was obtained under
the assumption of |f|log(1 + |f|) € L*(2). In [13], Cirstea and Vétois have proved
the existence of weak solutions to the problem (1.1) where the data f is assumed
to be a Dirac mass at 0. We refer also to [28] where the author has proved the
existence of nonnegative weak solutions in anisotropic Sobolev space for the elliptic
and parabolic cases, where the right-hand side is assumed to be a Carathéodory
function f(z,u, Vu). We refer the reader also to [27].
In [14], Di Nardo and Feo have considered the quasilinear elliptic problem

N N N
(12) = Gai(e,u, Vu) + 3 Hiw, Vu) = f =Y g in
’ =1 i=1 i—1
u=0 on 0%;

they have proved the existence and uniqueness of weak solutions for this anisotropic
elliptic Dirichlet problem, where the data is assumed to be in the dual space.

Di Nardo, Feo and Guibé have studied in [15] the existence of renormalized solu-
tions for some class of nonlinear anisotropic elliptic problems of the type

N

- Z@x (ai(z,u)|0z;u

i=1

Pi=29, u) = f —divg in Q,

with f € L1(Q) and g € H LPi(Q); the uniqueness of renormalized solution was

concluded under some local Llpschltz conditions on the function a;(z, s) with respect
to s (see also [3]).

In the framework of variable exponents Sobolev spaces, Wittbold and Zimmer-
mann have proved in [29] the existence and uniqueness of renormalized solutions for
the quasilinear elliptic problem

(1.3) B(u) —diva(z, Vu) — ZleF in Q,

u=0 on 0},

where the data f is assumed to be in L(£2). In [9], Bendahmane et al. have considered
the nonlinear elliptic equation

N
d (| Ou (Pi®)=2 du
- s(z)—1, _ .
(1.4) ; 0z; (‘ oz 3%) + |ul u=f inQ,
v=0 on 01,
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with f € LY(Q2) and p;(-) being continuous functions for i = 1,..., N; they have
shown the existence of solution in the anisotropic variable exponents Sobolev spaces.
Also, the authors have proved the corresponding results for the nonlinear anisotropic
parabolic case. In [12], Cianchi has considered the quasilinear anisotropic elliptic
problem

(1.5) { — div(a(z,u, Vu)) = f(z,u) in €,

u=20 on 0,

where the datum f(z, s) is a Carathéodory function verifying some growth condition.
He has proved the existence of weak solutions in the anisotropic Orlicz—Sobolev
spaces, which he established via symmetrization. We refer also to [25], where the
author has shown the existence and regularity of weak solutions for the data in
L™(Q) with m > 1, also to [5] for the existence of weak solutions, and to [2] for the
solutions in the sense of distributions, and [21] for the renormalized solutions.

For some elliptic problems with singularity on its right-hand side, we refer the
reader to [1] where the authors have studied the nonlinear elliptic problem

{—Au:l: |Vu|?> = )\# +f inQ,

u=20 on 0,

(1.6)

with A > 0. They have proved the existence of positive solutions for the problem (1.6)
in the absorption case (+|Vu|?) with f € L}(Q). In the reaction case (—|Vu|?), the
non-existence of solution is proved even in a very weak sense. Porzio has studied

in [26] the existence of weak solutions for the quasilinear elliptic problem
{ —div(M (2, u)Vu) + v|ulP~tu = a% + f(z) —div(F) in ©Q,

u=0 on 0,

(1.7)

where p > N/(N — 2) and a is a positive constant, the Carathéodory function M (x, s)
satisfies the growth and coercivity conditions. For the case of nonlinear and non-
coercive elliptic problems, we refer the reader to [19], [20].

In this paper, we consider  to be an open bounded subset of RV, N > 2, contain-

ing the origin, and let p;(-) be some measurable functions on Q2 for any i = 0,1,..., N
where
(1.8) po(x) = max{p;(z), i=1,2,...,N} a.e. in Q.
We will study the existence of entropy solutions for the anisotropic quasilinear elliptic
problem
po(x)—2

Au A |u* @ty = f + /\M in £,
(1.9) | |po (=)

u=20 on 01,
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with A > 0, f € L1(Q) and

N(po(x) — 1) 1
N —po(z) " po(z) —1

(1.10) s(z) > max( ) a.e. in Q.

The Leray-Lions operator A acting from WO1 P! (')(Q) into its dual, is defined by the
formula

N
(1.11) Au = —ZDiai(x,u,Vu)
i=1
where a;: QxRxRY s RN are Carathéodory functions fori = 1,..., N (measurable

with respect to z in €2 for every (s,¢) in R x RY and continuous with respect to (s, ¢)
in R x RY for almost every z in ), which satisfy the following conditions:

N
(1.12) sz, 5,€)] < 6(1@(@ FlPO Y g pi<z>1>7
i=1
N
(1.13) ai(@,s,6)& > a)y_ |G
=1 i=1

for any € = (£1,...,&n) and & = (&],...,&y) in RY, we have

(114) (a’i(ma S,f) - ai(xa Sagl))(gi - g;) >0 for g’b # 5:;

for a.e. z € Q and all (s,£) € R x RY, where K;(z) € LPi)(Q), and «, 3 are two

positive real numbers.

Remark 1.1. The assumption (3.1) is essential to ensure that |a;(x,u, Vu)|

’ N .
belongs to LP:()(Q). In the case of Au = — Y D%a;(x, Vu), the condition (1.12) will

=1
pi(x)—l),

thus the existence of an entropy solution will be guaranteed by following the same

be written as

(L.15) las(a, )] < /3(&-(@ +3le

way, without using the additional assumption (1.8).

Note that, in view of the growth condition (1.12), to show that the Carathéodory
functions |a;(x, u, V)| belong to L¥i¢)(Q) for any u € Wol’p(')(Q), it is necessary to
have u € LP:()(Q) forany i = 1,..., N, which is verified by taking the condition (1.8).
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For the case where the Carathéodory functions a;(z, £) verify the assumption (1.15),
then |a;(x, Vu)| € LPi0)(Q) for any u € Wol’ﬁ(')(Q).

In this paper, we have assumed that the data f belong to L(£2), then the elliptic
equation (1.9) is not in the dual space W’l”?(')(ﬂ), thus the existence of a weak
solution have no sense. To overcome this difficulty, some mathematicians have used
the notions of entropy and renormalized solutions, which are more adapted for this
category of problems. Note that the entropy solutions were introduced by Bénilan
et al. in [10], and the notion of renormalized solutions by DiPerna et al. in [17], [18].

The difficulties in proving the existence of entropy solutions stem from the fol-
lowing fact: Since the exponents p;(-) are assumed to be measurable functions, the
Poincaré and Sobolev inequalities are not verified, therefore, the operator Auw is
not coercive in the anisotropic variable exponent Sobolev space WO1 PC) (Q), defined
below. To overcome this difficulty, we use the penalization term |u|?°(*)=24/n in ap-
proximate problems (3.4). Moreover, the singular term |u[Po(®)=2¢/|z[Po(®) creates,
in general, a hindrance to the existence of solutions. We overpass this difficulty by

s(z)—1

using the regularizing effect of the term |u| u to remove the non-existence effect

produced by the Hardy potential.

This paper is organized as follows. In Section 2 we introduce some preliminary
results including a brief discussion on the anisotropic variable exponent Sobolev
spaces, and we recall some technical lemmas. Section 3 will be devoted to showing
the existence of entropy solutions for our anisotropic p(z)-quasilinear elliptic equation
with Hardy potential (1.9).

2. PRELIMINARY
Let © be a bounded open subset of RY, N > 2, we denote
C+(Q) = {measurable function p(-):  — R such that 1 < p~ < p™ < N},

where
p~ =essinf{p(z): z€Q} and p" =esssup{p(x): v € Q}.

We define the Lebesgue space with a variable exponent LP()(Q) as the set of all
measurable functions u: € — R for which the convex modular

Op( () = / julP™) da
Q
is finite. If the exponent is bounded, i.e. if p* < oo, then the expression
lullpcy = inf{X > 0: oy (u/X) <1}
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defines a norm in LP()(Q), called the Luxemburg norm. The space (LPO)(Q), [|[l,¢))
is a separable Banach space. Moreover, if 1 < p~ < pT < oo, then LP() (Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to ') (Q), where
1/p(z) + 1/p'(xz) = 1. Finally, we have the generalized Holder type inequality:

/ uv dx
Q

for any u € LP()(Q) and v € LP ()(Q).
The Sobolev space with a variable exponent W1P()(.) is defined by

1

1
(2.1) < (F + W) el vl

WhPO(Q) = {u € LPO(Q) and [Vu| € LPO(Q)},
which is a Banach space equipped with the norm

lulltpcy = llullpey + [Vullpe)-

The space (WHP0)(Q),||-||1 (.)) is a separable and reflexive Banach space. We de-
fine Wol’p(')(Q) as the closure of C§°(2) in WP()(Q). For more details on variable
exponent Lebesgue and Sobolev spaces, we refer the reader to [16].

Now, we present the anisotropic variable exponent Sobolev spaces used in the
study of our quasilinear anisotropic elliptic problem.

Let po(-),p1(*),-..,pn(:) be N + 1 variable exponents in C4(£2). We denote

ou

()= (po(-)s...,pn(), D°uw=wu and Diuz(‘)xi

fori=1,...,N,
and if we define

(2.2) p=min{py,p,,...,Px}

then p > 1. The anisotropic variable exponent Sobolev space Wl’ﬁ(')(Q) is defined
as
WhP(Q) = {u e LPO)(Q) and D'u € LP)(Q) for i =1,2,..., N},

endowed with the norm

(2.3) [[ul

N
Lo = YD)
1=0

We define also Wol’ﬁ(')(ﬂ) to be the closure of C§°(Q) in W1HP()(Q) with respect to
the norm (2.3). The space (Wol’p(') (), [Jul[1,5.)) is a reflexive Banach space (cf. [24]).

304



Lemma 2.1. We have the following continuous and compact embedding:
> if p < N then Wy PO(Q) s LUQ) for q € [p, p*[ where p* = Np/(N —p),
> if p= N then Wol’ﬁ(')(Q) < L1(Q) for all q € [p, o0],
> if p> N then Wy P (Q) e L°(Q) NCO(9Q).

The proof of this lemma follows from the fact that the embedding W, 7 (')(Q) —
WO1 ’B(Q) is continuous, and in view of the compact embedding theorem for Sobolev

spaces.

Proposition 2.1. The dual of Wol’ﬁ(')(Q) is denoted by W*I”?(')(Q), where
() = (h()s-..,p() and 1/pi(-) + 1/ps(-) = 1 (cf. [8] for the constant expo-
nent case). For each F € W~ ()(Q) there exists F; € LP«()(Q) fori =0,1,..., N,

N

such that F = Fy — Y. D'F;. Moreover, for any u € Wol’ﬁ(')(Q), we have
=1

N
(Fou)=>_ / F;D'udx.
i=0 /&

We define a norm on the dual space by

N N
1Py ey = inf{z |Fillp(y: F=Fy—>» D'F; with F; € Lpi<~>(sz)}.
=0

i=1
We set
761’5(')(9) := {u: Q@ — R measurable, such that Tj(u) € Wol’ﬁ(')(ﬂ) for any k > 0}.

Note that a measurable function w verifying Ty (u) € WO1 P (')(Q) for all £ > 0 does
not necessarily belong to WOM(Q) However, for any u € 761’11(')((2) it is possible to

define the weak gradient of u, still denoted by Vu.

Proposition 2.2. Let u € 761’5(')(9). For any ¢ € {1,...,N}, there exists a
unique measurable function v;: € — R such that

Vk>0 DiTk(u) =Vi-X{|u|<k} &€ TE€E Q,

where x o denotes the characteristic function of a measurable set A. The functions v;
are called the weak partial derivatives of u and are still denoted by D'u. Moreover,
if u belongs to W' (), then v; coincides with the standard distributional derivative
of w, that is, v; = Du.
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The proof of Proposition 2.2 follows the usual techniques developed in [10] for the
case of Sobolev spaces. For more details concerning the anisotropic Sobolev spaces,
we refer the reader to [8] and [15].

Lemma 2.2 ([6]). Let g € L"0(Q) and g, € L™(Q) with ||gn|l.) < C for
1 <r(z) < oo. If gn(z) = g(z) a.e. in Q, then g, — g in L") (Q).

Lemma 2.3 ([7]). Assuming that (1.12)—(1.14) hold, and letting (un)nen be a
sequence in Wol’p(')(Q) such that u, — u in Wol’p(')(Q) and

(2.4) / (Jtin [P 200, — [P =20 (0, — u) dze
Q

N
+ Z /Q(ai(x,un, Vn) — a;(2, un, V) (D'u, — Du)dx — 0,
i=1

then u, — u in Wol’ﬁ(')(ﬂ) for a subsequence.

3. EXISTENCE OF ENTROPY SOLUTIONS

Let Q be a bounded open subset of RN, N > 2, containing the origin, and let

pi(-) € C4(Q) for i = 0,1,..., N, where
(3.1) po(z) = max{p;(z), t=1,2,...,N} a.e. in Q.

Definition 3.1. A measurable function u is an entropy solution of the Dirichlet
problem (1.9) if

a2

we @), Ju™ e L'(Q), e L'(Q)

|x|p0($)

and

N

(3.2) Z/ ai(x,u, Vu) - DTy (u — @) dz + / 5@ =Ty, (u — ) da
=179 Q

|u|Po(®) =2y,

é/ka(u—go)dx—i-)\ Ti(u — @) da
Q

o |z

for any ¢ € Wol’ﬁ(')(ﬂ) N L>(£).
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Our main result is the following;:

Theorem 3.1. Let A > 0 and f € L'(2), assuming that (1.10) and (1.12)—(1.14)
hold true. Then there exists at least one entropy solution u for quasilinear elliptic
problem (1.9), such that u € WS’Q(')(Q), with

(3:3) G0 = (6l vax() and 1<) < 29N gy

Proof of Theorem 3.1.

Step 1: Approximate problems. Let (fn)nen= be a sequence of smooth functions
such that f, — f in LY(Q) and |f,| < |f| (for example f,, = T,,(f)). We consider
the approximate problem

|Tn(un)|p0(x)_2Tn(un)

s(z)—1 —
(3.4) Aptp, + [Ty (un)] Tn(up) = fn + @ F 1/

)

N
where A,,v = — 3" da;(x, T, (v), Vv)/Ox; + |[v[Po®) =2y /n,
i=1

We consider the operator G, : Wol’ﬁ(')(ﬂ) — W*I”?(')(Q) given by

T ( pO(’”)_QTn
(Gpu,v) /|T [*@=1T, (u /| (u)vdx

|z[Pot) 4+ 1/n

for any u,v € VVO1 P! (')(Q). Thanks to the generalized Holder’s type inequality, we
have

|T (u)[Po®)—1
85) NGl < [ plar o [ DO g,

()

/|v|da:+)\np0 / | dz < Collvl
Q Q

Lemma 3.1. The bounded operator B, = A, + G, acting from Wol’ﬁ(')(Q) into
W—1P'()(Q) is pseudo-monotone. Moreover, B,, is coercive in the following sense:

(Bpv,v)

— 00 as ||lv]|,5.) — oo forv e Wol’ﬁ(')(Q).
Ioll1.50)

Proof. In view of Holder’s inequality and the growth condition (1.12), it is easy
to see that the operator A,, is bounded, and by (3.5) we conclude that B,, is bounded.
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For the coercivity, we have for any u € WO1 P! (')(Q),
(Bpu,u) = (Anu, u) + (Gnu, u)
N
_ Z/ as(x, To(w), Vi) D da +/ T ()| ] e
—Ja

T, (w)|Po(@)—1
/|u|p0(’”)d | T (u) [Pt )| lu| de

o lz[Pe@ +1/n
2&2/ |D'u
i=0 78

p
> a fullf 5y — e +1) = Crllull )

) +
pi(x) dz _|_/ |Tn(u)|s(x)+1 dx — 2 nPo H]-pr)(~)||u||1,ﬁ(~)
Q

with a = min(a, 1/n). It follows that

(Bhu, u)

— 00 as ||ul|15.) = 0.
l[ull1 ()

()
It remains to show that B, is pseudo-monotone. Let (ux)ren be a sequence in
Wol’p(')(Q) such that
up — U in Wol’ﬁ(')(Q),
(3.6) Buuk = Xn in W17 0/(Q),
lim sup(Bpuk, ug) < {Xn,u).

k—o0

We will prove that
Xn = Bnu and  (Bpug,ug) = (Xn,u) ask — oc.

In view of the compact embedding Wol’ﬁ(')(ﬂ) —— LE(Q), we have ur, — u in LE(Q)
for a subsequence still denoted as (ug)gen-

As (ug)ken is a bounded sequence in Wol’ﬁ(') (), using the growth condition (1.12)
it is clear that the sequence (a;(z, T, (ug), Vug))ren is bounded in LPi()(Q), hence
there exists a function o; € Li()(Q) such that

(3.7) ai(z, Tn(ug), Vug) = ¢; in L”;(')(Q) as k — oo.
In view of Lebesgue’s dominated convergence theorem, we obtain

(3-8) T ()" T (ur) = [T ()" T () in LPO(Q),
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and

| T (uage) [P )2 T () ) [Po®) 2T, (u)

3.9 in L7()(Q).
(3.9) |a;|po(x) +1/n |x|po(x) +1/n m ()
Also, we have

L [pot@)—2 L@ =2, iy 1reO)
(3.10) E|Uk| up — E|u| u in LPoY)(Q).

For any v € Wol’ﬁ(')(Q), we have

(3.11) (Xn,v) = lim (Bjug,v)

k—o0

k—o0

= lim Z/ a;(z, T, (uk) Vuk)D’vdx

+ lim / T (us)|* @ 1T, (ug Jv dae

k—o0

+ lim —/ ug|Po®) =2y, v dz

k—oo N
| T (i) [P0 92T (une)
k—oo  Jo |z|Po(®) +1/n

N
= Z/ i Divdx—l—/ T () |*® =T, (w)v da
— /o Q

T po —2T,
/|u|p0 2y vdr — /| u)l (u )vdx.
|a;|po(x) +1/n

Having in mind (3.6) and (3.11), we obtain

vdx

(3.12) limsup(B,(ug),ug) = hmsup{Z/az (z, Ty (ug), Vug)D g dae

k—o0 k—o0

+/ | T (g ) [* )T (i Yuge da + E/ kP da
Q

1 |T ug) [P 2T, (uy,) e
|z[Po(@) +1/n Uk

< Z oiDudz + [ |T(w)*® 1T, (u)ude
= Ja Q

|u|p0(x) dz — |T )P 2T )udx.
|z[Po(®) 4+ 1/n
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Thanks to (3.8) and (3.9), we have

(3.13) / 1T ()" =T (g A — / I, ()" =1, (w)u da,
Q Q
and
(3.14) |T )70, () dx—>/ Ta (PO T (w) o
’ |z|Po(®) +1/n |z[Po(@) +1/n ’
Therefore

N
; 1
(3.15) 1imsup<2/ai(x,Tn(uk)7vuk)Dzukdx+H/ |uk|p°(’”)dx)
=179 Q

k—o0
N A 1
< Z/ piD'udx 4+ —/ u[Po(®) dy.
=179 Ja
On the other hand, in view of (1.14) we have
N . .
(3.16) Z / (ai(z, Ty (ug), Vug) — a;(z, Tn(ug), Vu)) (D'up, — D*u) dx
—Je

1
T / ([P =2y, — [ufPo ) =20) (g, — ) dar >0,
nJo

hence

Q

N
; 1
Z/ai(x,Tn(uk),Vuk)Dzukdx—f——/ g [Po®) da:
=179 "
al 1
> Z/ ai(m,Tn(uk),Vuk)Diudx—l—E/ |uk|p0(x)_2ukuda:
=179 Q

N
. . 1
+ Z ai(z, Tn(ug), Vu)(D'ug — D'u)de + = [ |u[Po® 20 (uy, — u) da.
—1 /9 nJa

In view of Lebesgue’s dominated convergence theorem we have T),(ux) — T, (u) in
LPiO)(Q), thus a;(z, T, (ur), Vi) = ai(z, Tn(u), Vu) in LPi0)(Q), and using (3.7) we
get

N
; 1
likrgiorgf(;/ﬂai(x,Tn(uk),Vuk)D%ukdx+E/Q|uk|po(m) dx)

N
- 1
> E eiDudr + = [ |u[Po® daz.
Q nJa
i=1
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Having in mind (3.15), we conclude that
al . 1

(3.17) lim <Z/ a;(z, Ty (ug), Vug) D uy, dx—|——/ |ugPo®) dx>
i=1 /9 nJa

k—o0
N
i 1 (@)
= Z piD'udr 4+ = [ |uPo"™ da.
=19 nJe

Therefore, by combining (3.11) and (3.13)—(3.14), we obtain
(Bpuk, uk) = (Xxn,u) ask — oco.

Now, by (3.17) we can prove that

N
lim (2; /Q(ai(x, T (ur), Vug) — a;(z, Ty (ur,), Vu))(D'uy, — D'u) da

k—o0

1=

+o A(|uk|po<x>—2uk P @20y — ) da:) o,
and so, by virtue of Lemma 2.3, we get
up = u in Wol’ﬁ(')(Q) and D'up — D'u a.e.in Q.
Then
ai(x, Tp(uk), Vug) = a;(x, Tp(u), Vu) in Lp;(')(Q) fori=1,...,N

and thanks to (3.8)—(3.10), we obtain y, = Bpu, which concludes the proof of
Lemma 3.1. O

In view of Lemma 3.1, there exists at least one weak solution u,, € Wol’ﬁ(')(Q) of
the problem (3.4) (cf. [22], Theorem 8.2).

Step 2: A priori estimates.

Lemma 3.2. Let u,, be a weak solution of the approximate problem (3.4), then
the following regularity results hold true:

(3.18) ue Wy (@) with ¢(-) = (s(-),q1(),-...an ("))
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where the exponent s(-) verifies the condition (1.10) and 1 < ¢;(z) < pi(x)s(x)/
(s(x) 4+ 1), almost everywhere in Q2. Then

1Dy, [P ”"’”’ s(pi(z) — ¢i(2))
1 x < 1 B e—
(8.19) Z/ [CEST AR e
(3.20) /|D Tio(u,) [P @ de < C(1 + k)? VE >0,

with C' a positive constant that does not depend on k and n.

Proof. Let 6 > 1 which will be chosen later. We consider the function (¢):
R — R defined by
o(t) = (1 — ;) sign(t).
(1+ et
It is clear that ¢(u,) € Wol’ﬁ(')(Q) N L (). By taking ¢(uy) as a test function
in (3.4) we get

B a;(x )y Vi) - Diuy, S(x) 1
6-1) Z/ 1+|Un|) dz —|—/ |75 (un)| T (un)p(uy) de

1
+1 / P20 ()

(0T )
/fn U, dx—i—)\/ |x|P0 gy o(uy) dz.

Since ¢(uy,) have the same sign as uy,, the third term on the left-hand side of the
previous inequality is positive. Also, we have |¢(-)] < 1 and in view of (1.13), we
obtain

Dlunp‘() s(x
(321)  a@—1 Z/ |1+|u| dx+/|T ()@ | 1) | dz
n

|Tn(un)|”0(’”)_1
o lalm@ +1/n

<A\

dx—f—/ |f] de.
Q

It is clear that

1 1

2 Sl Ay o lual > R = max(2/C070 - 1.,
Unp

Thus, we have

1 / 1
— T (un)]*® dz < / Ty (un)]*™® (1 = ————— ) da
2 ) oy ) oy T (1 = )

1
< | | To(un))@ (1 — ————— ) da,
/Q' () <1+|un|>9—1) !
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which implies

/ (T (1)) da = / T, ()@ da 4 / T ()@ d
{lun|<R} 2 J{jun|>R}
<—W|M+/HMMWWO———¥L——%M
2 Q (14 Jun|)?—t

Using (3.21), we deduce that
(3.22) (8 Z/ Dhun® L /|T DF@ da
1+|Un|

o [T P2
R LRV de+ [ |f|da.
Q

o

We have s(z) > po(z) — 1, in view of Young’s inequahty we obtain

|T |po(x) 1 1 s(2) dz
/ |x|;00(9€) dr < 4 Q|T"(“”)| do +Cy o [z[F@Pe@/G@=po@+1)

with Cy a positive constant depending only on s(-), po(-) and A. Thus, we obtain

(3.23) a(9—1)z Dl un [

P (1 + [un|)?

ot dz
S §R 21+ CQ/Q |zz|5(2)Po(@)/(s(2)—po()+1) + /Q |f] dz.

Under the assumption s(z) > N(po(z) — 1)/(N — po(z)), the integral

dx
o, e @@ /G -po@+1)

pi()

dz + - /|T (un)]*™ d

is finite. Therefore (3.19) is deduced. Moreover, we have
(3.24) / Ty ()™ daz < C.
Q

Taking ¢;(-) € C1(Q) such that 1 < ¢;(z) < p;(z) for i = 1,..., N, by virtue of
the generalized Holder’s inequality we get

(3.25) Z/|Dz

|D'L i(x)
QI
d(E X ZH 1+ |Un| 9q,(;c)/p7($)

3 ||(1 + |un |)9q7,(x)/p1:(x)

pi(-)/aqi (")

pi()/(Pi() =i ()
v
|Du pi(x) q; /p;
<2 dr+1
Z(/ A+ fua? 7

1-q; /pf
" (/ (14 fu]) @0/ 0@ -0:@) g 4 1) .
Q
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We now choose 6 > 1 such that g;(z)0/(p;(x) — qi(z)) < s(x) a.e. in §, such a real
number 6 exists if

s(@)(pi(r) — ¢i(x))

1< (@)

that is  ¢;(z) <

Combining (3.23)—(3.25), we obtain the desired estimates (3.18).
To get (3.20), we have thanks to (3.19) that

N N
i=179 i=1 7 {lun|<k}
N .
| D, [P (®)
<(1+ k) ] e Y
D DY A T

Step 3: The weak convergence of (Ti(un))n in Wol’ﬁ(')(ﬂ). To show the weak
convergence of (Tx(up))y in Wol’p(')(Q), we begin by proving that (u,), is a Cauchy
sequence. Indeed, thanks to (3.20), we can obtain

Pi®) dy < C(L+k)? + k79 |Q| for k > 1.

N
;/ﬂ | DT (u,)

Therefore, the sequence (T} (uy))n is bounded in VVO1 & (')(Q), and there exists a sub-
sequence still denoted by (T)(ur))n such that

520 {nwwwkmmﬂmx

Ti(un) = m  in LE(Q) and a.e. in .

On the other hand, we have

N N
Z/ | DV (g, ) |72 ) dx)Z/(|DiTk(un)|E—1)dx
=179 i=17¢

= VT (un) 5 — NIQ.

Thanks to (3.20), we deduce that there exists a constant C'3 that does not depend
on k and n, such that

(3.27) IV Tk (un)llp < Csk?2 for k > 1.
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Thanks to the Poincaré type inequality, we obtain

(3.28) k meas{|u,| > k} = |Th (up)| dz < / | Tk (uy )| dz
{|un|>k} Q

< C4||Tk(un)|‘g < C5HVTk(un)||g < CGICG/E-

Choosing 6 small enough (1 < 6 < p), we conclude that

(3.29) meas{|u,| > k} < Cq —0 ask — oo.

kl—@/g

For all 4 > 0, we have

meas{|un, — Upm| > 0} < meas{|u,| > k} + meas{|u,| > k}

+ meas{|Tx(un) — Ti(um)| > d}.

Let & > 0, using (3.29) we can choose k = k(e) large enough such that
(3.30) meas{|up| > k} < and  meas{|un,| > k} <

Wl ™
Wl Mm

On the other hand, thanks to (3.26
sequence in measure. Thus, for any k > 0 and 0, > 0, there exists ng = no(k, d, )
such that

~

we can assume that (Ty(un))nen is a Cauchy

(3.31) meas{|Tx(un) — Tk (um)] > 0} < Vm,n = ng(k,9d,¢€).

Wl Mm

In view of (3.30) and (3.31), we deduce that for any ¢, ¢ > 0, there exists ng = ng(d, )
such that
meas{|un, —um| >0} <e Vn,m = ne(d,e),

which proves that the sequence (u,), is a Cauchy sequence in measure and then
converges almost everywhere to some measurable function u. Consequently, we have

(3.32) Ti(un) = Th(w) in Wy (),
and in view of Lebesgue’s dominated convergence theorem, we obtain

(3.33) Tr(un) = Ti(u) in LP°O)(Q) and a.e in Q.

Step 4: Strong convergence of truncations. In the sequel, we denote by &;(n),
i =1,2,..., various real-valued functions of real variables that converge to 0 as n
tends to infinity.
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Let h > k > 0, take z,, := uy, — Th(un) + Tk(un) — Tk(uw) and wy, := Tog(2,). By
using wy, as a test function in the approximate problem (3.4) we obtain

N
Z/ai(x,Tn(un),Vun)Diwndx—i—/ T (1) 2@ 7T, (g, )y, da
=179 Q

)
1 |u Po@) =2y, 0, dz = A |T PO, (u”>w dr + [ fownda

For M = 4k + h, it is clear that D'w, = 0 on the set {|u,| > M}, and w,, have the
same sign as u, on the set {|u,| > k}, therefore

N
/ ai(z, Tas (tn), VT (un)) Diw, dz + / | T (1) 5@ 71T, (), daz
{lunl<M} Q

1
+—/ |un|p0(z)*2unwn dz
n {‘“n‘<k}

T (u |po(x) 2T, (un) /
wp dz + nwn dz.
S Ry o

In view of Young’s inequality, we have

|Tn(un)|p‘)(”)_1

A
{lun|>k} |$|p0($) +1/n

|wn | dz

|wn|

s(x)
</{|u - [T (un)[* |wn | d + C7 /{u WNrrorcicos —7m e,

and since wy, = Tk (un) — Tk(u) on the set {|u,| < k}, we have

(3.34) Z / (2, Tag (), VTar () Diwy, da:
‘“n‘<M}

+-J/ (T ()P T (1) (T (1) — Ti(w)) dz
{‘“n‘<k}

+1/ T (1) P22 T (1) (T (1) — Ti () dt
{Jun|<k}

< Telun P2 Txl) 7, 1) — Tiw) d
S Juni<iy |[Po®) +1/n s *

|wn|
* /Q Juin dz + Cr /{u oy [P @D

Now, we will study each terms in the previous inequality.
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For the second and third terms on the left-hand side of (3.34), in view of Lebesgue’s
dominated convergence theorem, we have

| T (1) [ T () = [T ()"~ Tio(w) i LY(Q),

and
[T () [P0 2T () — | T () P2 2Ty (w)  in LN(Q),

and since Ty (uy) — Ti(u) weak-+ in L°°(£2), we have

(3.35) e1(n) = /{ . T (1) 5T () (T (1) — Th(w)) dz — 0 as n — oo,

and

1
(3.36) 2(n) = = / | T () [P @ 2T () (T () — Tio(w)) dzz — 0

n {lunlgk}

as n — oo.
Concerning the terms on the right-hand side of (3.34), we have
| T () [P~ T (un)

3.37 € = T, — T d
(330 o= [y T T =T

Ti(u,) — T
gkﬁ*l/ de_ﬁ) as n — oo;
{Jun|<k} |2[Po(®)

also, we have

(3.38) ; frnwndx = /Q f Tor(u — Th(u)) dz + e4(n),
and
(3:39) /{|un|>k} |x|po<x>s(x>|/cjsn<|x>—po<x>+1> de
- /{u|>h} |x|po|£2>§<($/?sg(Zzzlnn do +&5(n).

By combining (3.34)—(3.39), we deduce that

N
(3.40) > / ai(z, Tar (un), VTar (un)) Diw, dz
i=1 {|u,,|§M}

< /Qngk(u—Th(u)) dx

|Tor(u — Th(u))|
e /{u|>h} @@ @ o@D 9% €6()-
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On the other hand, we have wy, = T} (uy) — Tk (u) on {|u,| < M}, then

N
(3.41) Z / ai(x, Tar(un), Vs (un))Diw, do
{lun|<M}

N
= >~ [ @i i), 9T (1)) = (e, Ti), VL)

X (DT (upn) — D'Ty(u)) dz

N
+Y /Q (2, Ty (), VTk(u)) (D Ti () — DTy (u)) dz

N
+)° / a;(x, T (un ), Vi (tn)) D' Ty (1) da
i—1 Y {lun|>k}
+Z/ (z, Tas (wn), Vs () Diw,, da.
k<|un|<M}

For the second and third terms on the right-hand side of (3.41), thanks to Lebesgue’s
dominated convergence theorem, we have Ty(u,) — Ti(u) in LP:()(Q), then
ai(z, Ty (un), VI (w)) — ai(z, Tip(u), VIi(u)) in L”;(')(Q), and since DTy (u,) —
DTy (u) in LPi()(Q) it follows that

(3.42) 2 (n) = / (2, T (), VT (1)) (D' T () — D'Ti(w)) d — 0 as 1 — 0o,
Q
and since a(z, s,0) = 0, we get

(3.43) / 05(2, T (), VT (1)) D' T (1)
(unl>k}
= / ai(x, T (un), 0) DTy (u) dz = 0.
(un >k}

Concerning the last term on the right-hand side of (3.41), thanks to (1.12) we have
that (a;(x, Tar(un), VT (tn)))n is bounded in LPi()(Q), then there exists a function
@; € LPi0)(Q) such that |a;(z, Tar (un), VI (un))| = @i in LPiO)(Q). Tt follows that

(3.44) lim ai(x, Tar(un), Vs (uy)) Diw, da
nreo {k<|un|<M}

= lim ai(x, Ty (un)a VT (u’ﬂ))
0 J k< |un [KMIN{| 20| <2k}

x (D'uy, — DTy (un) — DTy (u)) dz
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> — lim |ai(z, Thr(wn), VT (un))] |DiTk(u)| dx
nTreo {k<‘“n|<M}

> —/ @i |D'Ty(u)| dz = 0.
{k<|ul<M}

By combining (3.40) and (3.41)—(3.44), we get

N
(3.45) Z/Q(ai(x,Tk(un),VTk(un))—ai(%Tk(un%VTk(u)))

x (D'Ty(uy) — D'Ty(u)) dz

dx
= /{|u>h} Jidee2hes /{|u>h} @@ @@ T o8-

Since N (po(x) — 1)/(N — po(x)) < 5(z), we have po(2)s(z)/(5(z) — polz) + 1) < N,
then 1/|z[Po(@)s(@)/(s(@)=po(2)+1) ¢ [1(Q).
By letting n and then h tend to infinity in the inequality above, thanks to (3.33)

we can obtain

N
(3.46) nh_{r;o (Z/ﬂ (ai(z, T (un), VTk(un)) — ai(x, Ti(un), VI (w)))

x (D'Ty(upn) — D'Tx(u)) dz

+/ (T () P 72T () — T () [P (w))
Q
X (Th(upn) — Tr(u)) dx) =0.

In view of Lemma 2.3, we conclude that

Ti(up) = Ti(u) strongl inWl’ﬁ(')Q7
(3.47) { k( n) k( ) gly 0 ( )

Diu,, — D'u a.e.inQfori=1,...,N.

Step 5: The equi-integrability of the nonlinear functions. Now, we shall show that

(3.48) |Tn(u")|5(m)71Tn(un) - |’U:|S(x)71u in LI(Q)7
1
(349) H|“n|p0(”)_2un -0 in LY(Q),
and
|Tn(un)|Po(x)*2Tn(un) |u|p0(z)72u
(8.50) (@) o L9
|z[Po(®) +1/n |z|Po
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In view of Vitali’s theorem, it suffices to prove the uniform equi-integrability of these
functions. By taking T4 (un — Th(un)) as a test function in (3.4), we can obtain

az/ Diu

P da 4 / (T (1) [*| T (1, — T ()]
h<|un\<h+1} {lun|Zh}

1
+ _/ |un|po(x)—1 dz
L {lun|>h+1}
|Tn(un)|p0(””)*1 /
<A —— T (up — Th(uy))|dz + n|dx.
/{uwh} |z[Po@) +1/n Tl (un)) {|un|>h}|f |

Thanks to Young’s inequality, we have

|Tn(un)|po(x)—1

A
(unizhy Z[P0@ +1/n

T (un — Th(un))| do

1
<! / (T, (1)@ | T4 1ty — T (1)) dz
{lun|>h}

7302 ~ i)
T /{u,, |>h} |p|s(@)po(@)/(s(x)=po(2)+1)

dz,

it follows that

L T () [P0 )1
—/ Ty (1) |°®) dx-f—)\/ KR
3 Mjunlzht1) {un|zht1} 2[P0@ +1/n
1
S M et
n {lun|>h+1}

Ty (tn — Th(un))| /
< 208/ dz + fnldx.
(un|>h) || s (@)po(@)/(s(x)=po(z)+1) {|un|>h}| nl

Thus, for any n > 0, there exists h(n) > 0 such that

-1
(3.51) / T (1) 5@ da + / w dz
{lun|Zh(n)} {un|=h(n)} |z|po®) +1/n

+ l/ 1 [P0 da < 7
T J{|un|=h(n)}

On the other hand, for any measurable subset E C €2, we have

[\

|Tn(un)|p0(x)71

3.52) [ [Tn(un)|*) d
©.52) [ [T e [ Lt

1
dx+—/ |t | PO @1 d
nJg
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Ty () [P0 ()1
/E | h(n)(un)| z+ 5 |x|p0(‘”) +1/n

1
41 / (T 1) [P0 e + / T, () da
nJg {lun|=h(n)}

-1
+/ wdx+l/ |un|po(x)—1 de.
{lunlzh(my [P +1/n 1 {Jun|2h(n))

Due to (3.47), there exists 5(n) > 0 such that: for any F C 2 with meas(E) < (n)

dz

| T () () [P0 ()1
g lz[Pe@ +1/n

1 - n
— [T W)@ de < L
+n/E| h(n) (n)| <y

(3.53) / T ()@ d +
E

Finally, by combining (3.51), (3.52) and (3.53), one easily has

(z)—1 1
() | T (un )P - po(z)—1
(3.54) / [T (un) | dx + S @ T 1 da:—i—n E|un| dz <n
with meas(F) < B(n). We deduce that (|7, (un)[*@ 1T, (wn) )n, (Jun|P®)~2u,,), and
(I (un)|PO @ =2T, (uy,) /(2P0 ®) 4 1/n)),, are equi-integrable, and

| T (u )|S(I) 'T, (un) = |U| lu aee. in Q,

—|un|p°(“’)*2un —0 ae. in
n

and
[T () [P 2T () [P0 20

2@ T+ 1/n 2o a.e. in €.

In view of Vitali’s theorem, the convergences (3.48)—(3.50) are concluded.

Step 6: Passage to the limit. Let ¢ € Wol’ﬁ(')(Q) NL>®(Q) and M =k + ||¢||co-
By taking T (u, — ¢) as a test function in (3.4), we get

(3.55) Z/ ai(x, Tn(un), Vun) DTy (u, — ) da
/ Ty () |*® =T, (1) T (1, — o) da

—/ |un|p0(’”)_2unTk(un —¢)dz

B T, ()P ) 2T, (1)
)\/ |x|P0($) ey Tr(u, — ) dx + A foTk(un — ) da.
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On the one hand, we have {|u, — ¢| <k} C {Jun| < M}, hence

/ a;(z, T (un), Vun)DiTk(un —p)dz
Q
— / i, Tar (1), V1 () (DT (1) — D' @)y

_ /Q (i@, Tar (un), VTar () — ai(@, Tar (un), Vo))
X (D' (un) = D'9)X{ju, —g|<h} AT
" /Q ai(, Tar (un), Vo) (D' Tar (un) = D'O) X, — <k} A2
It is clear that
Hm [ a;(x, Tar(un), Vo) (D' Tar (un) = D' ©)X{jun—p|<ky 42

n—oo Q

= /Qai(m’TM(u)vvso)(DiTM(u)_DiQO)Xﬂufap\gk}dx-

According to Fatou’s lemma, we obtain

N
(3.56) lim inf Z/ ai(z, T (un), Vun)DiTk(un —¢)dx
n— oo Q
=1
N
> 3 [ (@l Tarlw), VT (w) - aie. Tas (), Vo)
i=17%
X (DiTM(u) - Di@)Xﬂuﬂp\gk} dz

N
+ Z /Q a’i(xv TM(“)? VSO)(DZTM(U) - Diw)X{\u—aﬂgk} dz
=1

|
.MZ‘

/Q i, Tar (), Va1 (w)) (D' Tyr () — DY@ (fupicry

i=1

Il
_MZ

/ ai(z,u, Vu) DTy (u — @) dz.
Q

=1

On the other hand, we have Ty (u, — ¢) — Tk(u — ) weak-+ in L>°(Q2) and thanks
to (3.48)—(3.50), we deduce that

(3.57) / Ty () |* @ 7T, () T (w4, — ) daz — / Ju*@ Ty (u — ) de,
Q Q
1
(3.58) — / |un|p°(“’)*1unTk(un —p)dz — 0,
n.Jo
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T () [P0 =2T, (u,, po(x) =2y,
(3.59) /l n)l (u) T (un, dx—>/ ful Tr(u — ) dz,

|x|po($) +1/n |x|po(x)

and

(3.60) / JuTi(un — @) dar — / STi(u — @) da.

Hence, putting all the terms together, we conclude the proof of Theorem 3.1. 0
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