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KYBERNETIKA — VOLUME 55 (2019), NUMBER 3, PAGES 495-517

SOLUTIONS OF SEMI-MARKOV CONTROL MODELS
WITH RECURSIVE DISCOUNT RATES
AND APPROXIMATION BY ¢-OPTIMAL POLICIES

JUAN GONZALEZ-HERNANDEZ AND YOFRE H. GARCiA

This paper studies a class of discrete-time discounted semi-Markov control model on Borel
spaces. We assume possibly unbounded costs and a non-stationary exponential form in the
discount factor which depends of on a rate, called the discount rate. Given an initial discount
rate the evolution in next steps depends on both the previous discount rate and the sojourn
time of the system at the current state. The new results provided here are the existence and
the approximation of optimal policies for this class of discounted Markov control model with
non-stationary rates and the horizon is finite or infinite. Under regularity condition on sojourn
time distributions and measurable selector conditions, we show the validity of the dynamic
programming algorithm for the finite horizon case. By the convergence in finite steps to the
value functions, we guarantee the existence of non-stationary optimal policies for the infinite
horizon case and we approximate them using non-stationary e—optimal policies. We illustrated
our results a discounted semi-Markov linear-quadratic model, when the evolution of the discount
rate follows an appropriate type of stochastic differential equation.

Keywords: optimal stochastic control, dynamic programming method, semi-Markov pro-
cesses

Classification: 93E20, 49120

1. INTRODUCTION

The theory of discrete-time discounted semi-Markov control models (SMCMs) has been
widely developed in many directions. The first assumptions to guarantee the existence
of optimal policies in this type control models was initially formulated on finite spaces
by [6], [15], [16], [20], later, on denumerable state spaces and compact control spaces
in [5], [8 (also know as Markov chains), and generalized to Borel spaces by [3],[I7].
Applications and other contributions can also be seen in [I8], [19],[11], [13], [7], [14],
and the references therein. However, there are very few SMCMs with a non-constant
discount factor. A work with some similar conditions was proposed by Zagst in [23],
where a particular separable Bayesian SMCM is considered on Borel spaces with variable
discount factor that depends of the observation and the control. He proves the existence
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of non-stationary optimal policies under the so-called Blackwell- sufficiency order of
probability measures.

We consider here a discounted SMCM in discrete-time where the discount factor has
an exponential form and depends on a non-stationary rate which is obtained recursively
from an initial discount rate and is dependent of the control. We refer to this model
as discounted Semi-Markov Control Model with recursive discount rates. The discount
rates in each step are obtained by applying a different recursive function, depending
on the previous discount rate and a non-negative random variable which represents the
current sojourn time of the system. More precisely, if the initial state and the initial
discount rate are xg and ¢, respectively, then recursive relation of the discount rate in
this SMCM takes the form

Tnt1 = E[Rp(Tny0nt1) | TnyTnsan], n=0,1,2,..., (1)

where F is the expectation respect to the random variable d,,+1 on (0, c0) that represents
the sojourn time of the system state at step n conditioned by (z,, 7, a,). The above
dependence can be used in the modeling of semi-Markov control systems where the
discount rate is oscillating around an ideal value. So this model be more realistic than
the case when the discount factor is considered as constant; for example, to find optimal
actions of big investors or monopolies.

The main contribution focuses in give conditions and prove on both the existence
of non-stationary optimal policies as the possibility of approximation with e—optimal
policies for this type of discounted case when the horizon is finite or infinite.

The rest of paper has been organized as follows. In Section 2 we introduce the
components of the SMCM, the sets of histories and admissible policies, the regularity
condition to guarantee that the process does not collapse in finite time, and the canonical
construction. In Section 3, the value function and the optimal control problem with finite
horizon are defined. Also, to guarantee the existence of non-stationary optimal policies
for the SMCM, the inf-compactness, continuity respect to controls, and the regularity
condition assumption are supposed. The existence of a non-stationary optimal policy
for finite case is obtained from a version of the Dynamic Programming Theorem. In
Section 4 we discussed the case of SMCM, of the finite horizon value functions to the
discounted optimal value with infinite horizon. We also prove the non-stationary optimal
policy can be approximated by non-stationary e—optimal policies. In Section 5, we give
an example of a recursive discount rate whenever the discount rate evolution follows
a stochastic differential equation (SDE). Finally, in Section 6, a semi-Markov linear-
quadratic model is presented as an example.

2. CONTROL MODEL

Let X and Y be Borel spaces. A stochastic kernel on X given Y is a function P(- | -)
such that P(- | y) is a probability measure on X for each y € Y, and P(4 | -) is a
measurable function on Y for each fixed A € B(X). The Borel sigma algebra of subsets
of X, denoted by B(X), is the smallest sigma algebra that contains the open sets of X.
The function f : X — Y is measurable if for any open set B on Y, the inverse image
f~Y(B) is a Borel set in X. For any measurable set X, we denote by P(X) the collection
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of all probability measures over on X. P(X) is a Borel space when X is a Borel space
(see for instance [2], or [4, chapter 7]).
The SMCM we deal with is

M= (X’, (Ra|n=0,1,2,... 5, A {A@,r) | (z,7) € X'}, F, Q,D,d), 2)

where:

e The set X' := X X [dy, ds], where X is the Borel state space. The interval [dy, da],
where 0 < d; < ds, is the discount rate space. The transitions of system state
in the time occur in the steps n = 0,1,2,... The holding time of SMCM at any
state, between step n and step n + 1, is a random variable §,, which takes values
on (0,00). In addition, dy := 0 and T, := g + - - - + I, represents the accumulated
time up to step n, n =0,1,2,...

e {R,|n=0,1,2,...} is a sequence of measurable functions (called the recursive
discount rate functions)

Rn : [dl,dg] X (0,00) — [dl,dz], n = O7 1,2, .
From which generates in each period the discount rate according to .
e A is a Borel space and represents the set of controls.

e The family {A(z,r) | (x,7) € X'} of non-empty measurable subsets of A, where
A(z,r) is the subset of admissible controls for (x,r) € X', such that,

K:={(z,ra) | a € A(z,r), (z,r) € X'}, (3)
is a measurable subset X’ x A.

e The continuous function ¢t — F(t | z,a,z’) is a probability distribution function
for each (z,a,2') € X x A x X, and we assume that F(¢ | -) is jointly measurable
for each real number t.

e The stochastic kernel @ on X given K is the transition law between states.

e The measurable function D : X x A — R, denotes the immediate cost that the
system incurs when the state is x,, and a control a, is chosen. The measurable
function d : X x A — R stands for the holding cost of the system at sate x,, when
the discount rate is r,, and the control is a,,.

Form of F' and @) we can define the distribution function of the sojourn time 6,41 of
system conditional to (2,7, an) € K (see [22], Section 1.2 ) as

G(t| n,Tn,an) = P(0pt1 <t | 2p,mn,an) = /F(t | a:n,an,x/)Q(dx/ | Tny7Tnsan) (4)
X
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fort € R, n =0,1,2,..., 2’ € X. To simplify the notation we will denote by @, ,,
n = 0,1,2,..., the transitions between the pairs state-discount rate in each step that
now can be write as

@nJrl(B X F | xn7rn7an76n+1) = Q(B ‘ xnyrn;an)IF[Rn<rn76n+1)}> (5)

Be®B(X), Fe %([dl, dQ]), n=20,1,2,..., where Ir(-) is the indicator function on the
set F.

Assumption 2.1. The set K contains the graph of a measurable function f from X’
to A, such that, f(z,r) € A(z,r), for all (z,r) € X'.

For the SMCM , the total holding cost function between step n and step n + 1 is
given by

oot
(T, Ty n) = D(xp, ap) + d(y, an) // e " dsG(dt | Tp, i, an), (6)
00

forn=0,1,2,...

2.1. Interpretation

Suppose the initial state and the initial discount rate of the system are zy = x and
ro = r respectively. The initial discount rate rq € [d1,ds] is given. The initial control
ap = a € A(xo,70) is chosen. Therefore, the system generates the immediate cost
D(zg, ag) at time Ty, and remains in the state zop = = during a (non-negative) random
time 01 := T1 — Tp with distribution G(- | z,r,a). Additionally, the system generates
the initial cost d(z, ap) of sojourn during the time interval [Ty, T} ) in the state xg when
control ag was selected. Then, the total holding cost function between step n = 0 and
n=1Iis

oot
c(xo,70,a0) = D(x0,a9) + d(xo,ag) // e~ "%dsG(dt | xo, 70, a0), (7)
00

and the system is moved to state x; = y according to the distribution Q(- | o, 70, ao)
at time T} = Ty + 01. The discount rate of step 1 is

r1 = E[Ry(ro,61) | zo, 70, ac], (8)

where Ry is the discount rate recursive function. This evolution continues in the same
way throughout the horizon.

2.2. Histories and Policies

The set of admissible histories at step n is denoted by H,, and is defined in the usual
way
Hy:=X', H,:=(Kx(0,0)"xX', n=1,2,..., (9)
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where K is defined in . An n—admissible history h,, € H,, is a vector
(20,705,000, 01, T1,T1,01,02, .« .y Tp—1,Tn—1,n—1,0n, Tn,Tn), (10)
with (z;,7;,a;) €K, for i =0,...,n—1, and (z,,r,) € X'
Definition 2.2. (Policies of SMCM) Let M be the SMCM (2).
(a) A policy is a sequence of stochastic kernels m = {7, }nen on A given H,,, such that,
Tn(A(zp, ) | hn) =1, Vh, € H,,n=0,1...
The set of all policies is denoted by II.

(b) A policy 7 is a Markov policy if exists a sequence of stochastic kernels {¢y, }nen on
A given X’ that satisfies

Tn(D | hn) = 6n(D | @n,7n),

for all h,, € H,, D € B(A), and n € N. The set of all Markov policies is denoted
M.

(¢) A Markov policy 7 is non-stationary deterministic if exists a sequence of stochastic
kernels {gp }nen of measurable functions (or selectors) g, : X’ — A such that

¢n(D ‘ xann) = ID[gn(xnyTn)]v

for all (zp,,7,) € X', D € B(A), and n € N. The set of all deterministic policies is
denoted D.

Clearly D ¢ M C II.

2.3. The canonical construction of an SMCM

Let (Q,§) be the measurable space of all trajectories where Q := (X’ x A x (0,00))*°
and § is the respective o-algebra of subsets of Q. The subset Ho, := (K x (0,00))* of
Q) is the set of all admissible trajectories.

Given a policy 7 = {m,} and the initial pair (zg,r9) € X', the Ionescu Tulcea
Theorem ( see [4], Proposition 7.28) guarantees the existence of a probability measure
PT on (Q,F) such that

P;r (dxod’l“odaod51d$1d’r‘1da1d52 . )
:= v(dxo, dro)mo(dag | 2o,70)G(dd1 | xo, r0,a0)

- Qy(dzy,dry | o, 70, a0, 61)m1(day | x1,m1) -+,

where v is an arbitrary initial distribution for (xg,rg). PJ satisfies the following prop-
erties:

For all B € B(X), F € B([dy,d2]), D € B(A),t € R, and h,, € H,, n=0,1,...

P ((z0,m0) € BXx F) =v(B x F), (11)
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Py (In+1 € B | hn,an) =Q(B| zn,Tn,an), (12)

Pl ((Zn41:Tn41) € BXF | By @y 0pg1) = Q1 (B X F | Ty, T Gy 1), (13)
Pl (an € D | hn) =mn(D | Zp,m0), (14)

Pr(0p+1 <t hn,an) =Gt | Xpn,Tn,an). (15)

For each 7 € T and v € P(X’) the stochastic processes {x,, 7, an,0pnt1}, n =0,1,...,
defined on
(.5, 7))

is called the semi-Markov control processes. Denote by P(’; " when v is concentrated

at (z,r) and the conditional expectation operator associated with P(”xm) is denoted by
s

Ef, -

Assumption 2.3. (Regularity condition) There exist real numbers ¢ > 0 and v > 0
such that
G(y|z,ra)<1—¢ forall (z,7,a) € X' x A. (16)

Definition 2.4. For each (z,r,a) € K, let us define

Az, r a) /e”Gdt|mra) (17)
0
and A
1—
T(x, 7 0) = w. (18)

From and , the total sojourn cost function @ can be rewritten as

c(z,r,a) = D(x,a) + 7(x,r,a)d(z,a), (z,r,a) €K (19)

Remark 2.5. Note that, by , is valid for all ¢, > 0, n=0,1,2,...

n

P(51 S t1,52 S t2, - 75n+1 S tn+1 | hn) = HG(tH-l | xi,m,ai) . (20)
=0

Proposition 2.6. Suppose that the Assumption holds. Then for any n=1,2,...

(i) p:=supA(z,r,a) < 1.
K
(ii) PF, {26 —oo]—l V(z,r) € X'.

Proof. Let e and v satisfy Assumption [2:3]
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(i) By Riemann-Stieltjes formula (integration by parts)

8 8
/ f@)dg(t) + [ g®)df(t) = f(B)g(B) — f(@)g(), (21)

[e3

and using the functions f(¢t) = e " and g(t) = G(t | x,7,a), and the values
B8 =00, a =0, we obtain

/ e "G(dt | x, 7, a) +/ G(t|x,ra)(de ") = 0.
0 0
Hence
Az, r,a) = / e "G(dt | z,7,a)
0
= r/ e "G(t | z,7,a)dt
0
gl
= r/ e "G (t | z,7,a)dt
0 o0
+ T/ e "G(t | m,r,a)dt.
8!
By the regularity condition we obtain
8! 8!
r/ e "Gt | w,ra)dt < r(1 - e)/ e "tdt (22)
0 0
< (1 - €)<1 - e—r'y)7
and since G(t | z,r,a) <1,
r/ e "Gt |z, 7, a)dt S/ e "dt (23)
gl 8!
<e

)

for all (x,r,a) € K. Then, combining and we have
Alz,rya) <(1—€e)(1—e")+e™ ™
=1—¢e(1—e"")
<1 —e(l—e ™)
for every (z,7,a) € K, and hence
pi= s%p Az,rya) <1 —e(l—e M) < 1.

(ii) Let # € II and (zo,ro,a0,01,21,71,a1,02,...) € Hy. Since that for all n =
0,1,2,..., the discount rate r, € [dy, ds],

Bl

H A(xn,rn,an)]

n=0
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= E(Tra:,r) H /e_rntG(dt | xnvrman)
n=0 0

= E(Trm’r) H EEFIJ,) [e—TntSnJrl | xn,rn,an]]

Ln=0

o0
> E(ﬂwﬂ H EE;W) [e—d26n+1 | xn,rn,an]]

)
eXP{_Zd25n+1} |Z‘0,TQ,GQ,JZ1,T1,CL1,"']] ’ (24)

n=0

= Bl | Eler)

where the last equality is consequence of . On the other hand, by part (4),
A(x,r,a) < p <1 forall (x,r,a) € K, then

H Azg, rk,a) < p", Vn.
k=0

n
Thus, [] A(zk, Tk, ax) tends to zero as n — oo, and therefore

k=0
Ef H (TnyTn, Gn ] =0. (25)
By @) and
0<E}, . GXp{*d2 Z%} | 20,70, a0, 21,71, a1, - 1 )
n=1
S EZTLT‘) H A(xnarn7an)]
n=0
=0,

and by no-negativity of the exponential function

Pl

Zén:oo] =1, V(z,r)e X', well

3. THE FINITE HORIZON SEMI-MARKOV CONTROL PROBLEM

Let us consider the SMCM in and assume the admissible set of policies II to be
nonempty. Define the function J : II x X’ — R by

J(m,z,r) = Ef,

Z e xn,rn,an)] , (@) e X', (26)
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where Sy := 0, and
n—1
Sn = Zri&qu, 77,21,2,.... (27)
=0

The measurable function J is called the expected discounted total cost with recursive
discount rate, or simply, the discounted total index.
The expression

J*(x,r) = irﬁf J(m,z,7r), (x,7)€ X', (28)

denotes the discounted optimal value of the system when the optimization horizon is V.
The semi-Markov control problem consists to finding the policy 7* such that

J(r*, ) = T (x,r), (z,7)€ X"

Now we introduce the semicontinuous - semicompactness conditions (see [I2] subsection
3.3) on the SMCM that guarantee the existence of measurable selectors and, furthermore,
the existence of optimal policies:

Definition 3.1. A function v : K — R is called inf-compact on K| if for each (x,r) € X’
and z € R, the set

{a € A(z,r) :v(z,ra) <z}
is compact.
Assumption 3.2.

1. For each (z,7) € X', the total sojourn cost ¢ is such that c(z,r,-) is lower-semi
continuous function on A(z,r), bounded below and inf-compact on K.

2. For each n = 0,1,2,... the transition law @n+1 is strongly continuous, that is,
the function
s (2,7,0) = [ 011 @y’ | 2.7, (29)
X/

is continuous and bounded on K, for every measurable bounded function u on X".

Note that by Assumption and the continuity of F', the functions A(z,r,-) and
7(z,r,-) are continuous for all (z,r) € X'.

Assumption 3.3. There exists a policy 7 € II such that J (7, z,r) < oo for any x € X
and r. The set of policies that satisfy this condition is denoted by IIY.

3.1. Dynamic programming algorithm

The Semi-Markov control problem with finite horizon IV is solved with the next version
of the Dynamic Programming Theorem:
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Theorem 3.4. Let, for (z,r) € X',

In(z,r) = aEI_Egslr) c(z,r,a), (30)

and forn =0,1,..., N — 1,

Julw,r) = min [e(e,r,a) + / / ¢ 1 (y, Ru(r,0))G(dt | 2,r,0) (31
acA(x,r
X0
! Q(dy ‘ z,T, G,):|,

for (x,7) € X'. Under Assumptions the functions J, are measurable for each
n=20,1,2,..., N, and exist measurable selectors f,, € D, such that

Jn((E,T’) :C({E,T, fn) + // e_TtJnJrl(yv Rn(rv t)) X G(dt | T,T, fn) (32)
X0
' Q(dy | z,T, fn)v
for n=0,1,..., N — 1. Then, the deterministic non-stationary policy

7T* :{f07f17"'7fN*1}

is optimal and the optimal value J* coincides with Jy, that is,

T (z,r) = Jo(z,r) = J(n*,z,7), VrelX. (33)

Proof. The existence of measurable selectors f, for each n =0,1,2,... is consequence
of Theorem 7 in [I0] part(ii) with appropriate changes. In this proof, Ef, . is denoted
only by E™, when (zg,79) = (x,7). Let us consider a policy 7 = {m,} € I, and the
functions

My(m,z,7) = E’T[c(zN,rN,aN) | ey =x,ry =7 (34)

and forn =0,1,..., N — 1,

M, (m,xz,r) = E"

N-1
Z e Sic(xs, i, a;) (35)
i=n

+ eSn*SNc(zN,TN,aN) | z, =z, 7 = 7’] .

M, represents the expected value from step n up to N. As J(rm,z,7) < oo, then M, is
finite for n = 0,1,2,..., N — 1. For n = N, from definition , we obtain

My(m,z,r) = E"[c(zn,TN,an) | xn = 2, 7N = 7]
> JIn(z, 7).
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We shall prove that for n =0,..., N
Mn(ﬂ',I,’l’) > JN(:E7T)3 V(n,r) € X'

We proceed by backward induction. Suppose the validity of backward induction hypoth-
esis: that is, for all (z,7) € X’

My (myz,r) > T (z, 7). (36)
Then,

M(ﬁxr)

=E" Z eSnSic(xy,riy a;) + €5 TN e(an, T, an) | T = @, =

=E7 |c(xn, rn,an) + Z eSnSic(xy, i, a;)

i=n+1

+ eS"_SNc(xN,rN,aN) | zp, = x, 7, = r]

=E"|c(xp,Tn,an)

+FE

N-1

—Tn0n Sni1—5S; Sni1—S

e " “( E et T ie(xy, 1y, @) + €77 Nc(xN,rN,aN)>
1=n+1

A !
Tng1 =&, g1 = Ro(7,0n41), Gng1 = a] Ty =T, Tp = r]

- / l%r, a)+ / Ele™""+ My 1 (m, 2, Ra(r,1)) | 2,7, a]
A

X

-Q(da’ | x, 7, a)] ma(da | z,7)

Z/[m // (& Bolr )G | 27 a)

Q' | o7, a>] Tn(da | 2,7)
A(z,r)

2min[xra+ /e Jni1 (2, Ry (r, t)G(dt | z,7,a)
X0

-Q(dx' | @7, a)}

= Jp(z, 7).
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Hence, for all (z,7) € X',
M, (m,z,7) > Jp(x,7), n=N—-1,...,0,
and
J(m,z,r) = Mo(m,x,r) > Jo(z,r) = J(7*, x,r).
Then
J*(x,r) = irelfHJ(ﬂ',m,r) > J(r*, x,r).

The other inequality is follows by the definition of J*. This proves the Theorem. g

4. THE INFINITE HORIZON SEMI-MARKOV CONTROL PROBLEM
Consider the SMCM . The expected discounted total cost with recursive discount
rate infinite horizon is defined by

o0

Vi(m,z,r) = Ef, Ze_s"c(xn,rn,an) , (37)

n=0

for the initial pair (xo,79) = (z,7) and the policy 7 € II, where S, is given in and
c is the total sojourn cost @
The optimal value function with infinite horizon is

V*(x,r) = iIl'llf V(m,z,r), zelX. (38)
The infinite horizon semi-Markov Control problem is to find a policy 7* such that

V(r*,z,r) =V*(x,r),
holds for all z € X. In such a case, 7* is an optimal policy. The existence and measur-
ability of V* are obtained by convergence of semi-Markov control problems with finite
horizon [9]. Thus, the conditions used in the finite horizon case are also assumed here.
We introduce the following additional notation.

Definition 4.1. Let m and n be the non-negative numbers, such that m < n. For the
discount rate r = r,,, the expected total cost from step m up to step n is defined by

KZ(va?T) = EZ‘.—TO,TO) Z ei(Stism)C(xhat) ‘ I = Xy, T'm =T, (39)
t=m

for any m € I and « € X. The value function from step m up to step n is
Vit (x,r) = irﬁf Vi(m,z,r), VeeX, r=ry,. (40)
The semi-Markov Control problem from step m up to step n is to find a policy 7(™™)*

II such that
Vs (M gor) = V(e r), Vo e X, r=rp. (41)

For m =0, Vi*(m,x,r) := V"™(m,z,7). Let m be fixed,

Vin(m,z,r) == lim V(7w z,7).
n— oo
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Assumption 4.2.

1. There exists a policy = € II such that V(m, z,r) < oo for any (z,7) € X’. The
family of policies that satisfies this condition is denoted by IT'.

Definition 4.3. Let € > 0. A policy 7. € II' is e—optimal if

V(re,z,1) < iné1 V(m,x,r)+€ V(z,r) € X'
e

Lemma 4.4. Let z € X, r =r,, and m =0,1,2,... Under Assumptions [3.2] and [£:2]

lim V*(z,r) =V, (z, 7). (42)
n—oo
Proof. Let us define, for each k =0,1,2,..., the measurable functions on X’
u(z,7p) == inf  c(x, 7y, a), (43)
a€A(z,rk)
and for n=1,2,...
u(z,rg) = j{lf : c(z, T, a) + // e (D (y, Ry (rk, teg) (44)
acA(x,r
X0

-G(dtgyr | 2,1, 0)Q(dy | x,rk,a)]

We shall show that u"(z,r,) = Vi*(z,rg) for all n = 0,1,2,..., k = 0,1,2,..., and
x € X. It is proved by induction over n.
For n = 0, note that

u®(z,r) < VF(m z,ry), Voell, € X, k=0,1,2,...
Taking the infimum over II,
u®(z,ry) < VE(z,m), k=0,1,2,... (45)

On the other hand, by the measurable selector condition (see Theorem , there exists
for each k =0,1,2,..., a selector f? such that
u®(a, 1) = ez, rr, fil (2, 71)) (46)
= Vk:k (ﬂ-k’k7 x, Irk)

> ka* (1‘, Tk)v

where 7%* represents the policy 7% = {mo,...,Tk—1, f2, Tk+1,- .. }. Then, by the in-
equalities and we conclude that ka* =u® for every x € X and k =0,1,2,...
Let us now assume for each k£ = 0,1,2,..., that the induction hypothesis holds for n,

i.e.,
Un(,I,T’k) = Vk:(n-‘rl)*(xvrk)a k= Oa 1727 R
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Then, for each k = 0,1,2,..., there exists a measurable selector f;' such that

WPz, ) = ofe, e f7) + / / 1D () Ry (e trg)
X0

. G(dtk-i-l | xark7fl?)Q(dy | .T,’I”k,a),
k=0,1,2,... and the policy

ﬂ-k’n = {7T07'--77Tk:717f]?a"'7f]8+naﬂ—k+’n+la--~}

satisfies
Vi (ahm a,ry) = Vit (e, ), k=0,1,2,. ..

For n + 1, we obtain
u" M (z, ) < Vk"+1(7r,x,rk), Vrell, ze X, k=0,1,2,...
and taking the infimum over II,
u" T (x, ) < Vk(nJrl)*(a:7 re), k=0,1,2,... (47)

Again, by the measurable selector condition there exists, for each £k = 0,1,2,..., a
selector ,?'H such that

o0
un+1(x7rk) = C(.’ﬁ,rk, l:;H_l) +// ef’"’“t’““u”*l(y,Rk(rk,tk+1))
X0

. G(dthrl | T, Tk, ]?Jrl)Q(dy | x»mﬁa)»

_ Vvkn+1(ﬂ_k,n+17 z, Tk)

> Vk(nﬂ)*(x,?“k),

k,n+1

where 7 is the policy

kn+1l __ n+1 n 1 0
™ _{7T07~-'77Tk7717fk afk+1?"'5fk+n?fk+n+177rk+2;-~-}-
Hence, V"' (z, 7)) = u"+1(x,7y) for any € X, k=0,1,2,... and n =0,1,2,...
By construction of u™

0 <u™(x,ry) = Vi (x,rg) < u T (x,r) < ViE(x,m), for k,n=0,1,2,...

Then there exists a measurable function Uy, over X’ such that Uy (z, 1) < V¥ (@, i), k =
0,1,2,... and u™ 1 U}. Note by the convergence of u™ to Uy, u™ = Vk(n)* for all k, all
n and V7 | 0, k — oo. Additionally, for all £ is valid for the sequence of selectors

10 = {fu, fua1,-. .} in the policy 7% := {7, ..., Th_1, fx, frs1,--- } € II' that the
inequality -
Uk(.T,T'k) > Vk(ﬂk’oov'rark)v
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is valid for all z € X, and by definition of V
Vi (2,rh) = Vi (n"®, 2, ).

e, V¥(z,rr) < Ug(z,r) for all z € X'. Therefore, Uy (z,mr) = Vi (z,ry), for all
k=0,1,2,... and all z € X". O

Theorem 4.5. Under Assumption there exists a deterministic non-stationary pol-
icy m € IT', such that,

V(m,z,r)=V*(x,7), Y(z,r) € X'

Proof. Notice that, by the Lemma@ the functions V,* is measurable, n € N.
We shall prove that

Via,ra) = i [c(@rma // VS (g Ru(rastest)) (48)

aeA(w,rn)
'G(dtn+1 | xn,rn,a)Q(dy | x,rn,a) )

for alln =0,1,2,... Let us define

v(x,r,) = inf c(x,rn,a // —Tntni1 (U R (P tni1)

a€A(z,ry)
cG(dtps | Thyrn, a)Q(dy | 2, rm,a)],
n=20,1,2,... Thus, for any policy m € II
Va(myxyry) > Vo(x,ry), Va(r,z,r,) > v(z,r,), Vn,

and therefore

Vn(ﬂ-a Z, TTL)
o0
ZTL',T'O) $ yTn, A + /e "t"+1vn+1(y7rn+1) X G(dtn—‘rl | 1'7L;Tnaa)
X0

Qdy |z, 1y, a)]
Z Ezrx,rn) [ T, Tp,a + / —Tntni1 V;_,’_l(y,?"n_i_l)G(dth’_l | xn7’)"n7a)
X0

Q(dy | x,rma)]
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oo

> it [eera)t [[ etV R tan)

a€A(x,ry)
X0

FG(dtngr | 2n,mn,a)Q(dy | 2,70, a) |,
and taking the infimum over II,
Voi(x,r) > vz, ry). (49)
On the other hand, if 7= € IT!
V() < Vo(m,x,r),

then V,, (7, z,7,) J 0, n — oo. Consider now the policy

ﬂ.n’OO = {WO,'--;anlafn7fn+1a"'}7

where (fi, ¢ =n,n+1,...) is a measurable selector, which exists by Theorem 7 in [I0].
By Lemma for any € > 0, there exists mg such that, for any m > mg and each
n=20,1,2,...

Vo (m™ @, ) < V(T 2, ) + €
= V" (@, 1) + ¢,

and hence V,, (7™, x,r,) < V¥ (x,r,), m — oo.
On the other hand, by definition of V., V,, (7™, z,r,) > V.*(z,r,), and

Vo (@™ x,ry) = Vi(z,rn), Yn=0,1,2,...

Moreover

(J) rn) - C x Tnvfn // Tt W-HV +1(y,R (’I“n, n+1))
'G<dtn+1 | xnarnafn (dy | xahufn)
- C(.’I,',Tn7fn) + // e_Tnt7L+1Vn+1(ﬂn70C7xn+1arn+1)
X0
: G(dtn+1 | $n,7”mfn)Q(dy | xarn7fn)
> Vy(z,mn),

and by inequality , the equality holds. Hence, the deterministic non-stationary
policy
ﬂ_(),oo = {f07f13f27 e }

satisfies, for n = 0 in , that

V*(x,r) = Vy(z,10)
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= C(I,T07f0) + // 67T0tlvl*(xlvrl) X G(dtn—i-l ‘ Inﬂ’mfo)
X0
Q(dy ‘ xvrnmfo)
= V(Wfo’oo,x,ro)
Therefore, 7f **is an optimal policy. O

Theorem 4.6. Suppose Assumption [£.2 holds. If there exists a policy 7 such that

amam) =, ot [0 // TV (T, B (ras ) (50)

'G(dthrl ‘ mn,rn,a)Q(dy | x/'ﬁnua)}?
forallz € X, n=0,1,2,..., and satisfies

lim e’S"EZ;VT)Vn(ﬁ, Tpyrn) =0, (z,7) € X', 7 el (51)

n—oo

then, V(m, x,r) = V*(x,r) for all (z,r) € X'.

Proof. If holds, then by definition of V*, V (7, z,7) > V*(x,r) for all (z,r) € X’.
On the other hand, for any 7« € II, and (x,r) € X’, the Markov Property yields,

E(Trm,r) [e_anrl Vn+1 (ﬁ7 Tn+1, TnJrl) | hnu an]
0o
= E'EFLT) [efsn [c(.rn, Ty Gp) + // e~ Tntnt1 Vit (7, Yy Tt
X0

: G(dtn-i-l | Ty T, G)Q(dl/ ‘ TyTn, a') - C(xn; Tn, an)]:|
2 E(Tra:,r) [e_sn [Vn(fa Ty Tn) — C(Tp, T, an)” )

and so

EG, )[efs”c(xmrn,an)]
> = (3: r) [ Sn+1[vn+1(ﬁa Tp1, Tntl) — eisnvn(ﬁv Tn,Tn) | hman)] .

T

Thus, taking expectations E(z " and adding over ¢t =0,1,...,k— 1,

E Ze c(xiyriya;) > Vo(m,x,r) —e S’“E(w o Vi (T, T, T,

holds for every k. Letting k — oo and using , it follows that V(m,x,r) > V(m,x,r)
for all (z,r) € X', and V*(z,r) > V(m, x,r) for every (z,7) € X’'. In consequence,
V*(x,r) =V(m,z,r) for all (z,7) € X'. O
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Proposition 4.7. Under Assumption [£:2] there exist deterministic non-stationary
e—optimal policies to the semi-Markov control problem with infinite horizon.

Proof. Let 7 € IT! be a fixed policy, € > 0. For any (z,7) € X', consider the measur-
able functions

0 .
s = f , T 52
uw(x, ) ae}ﬁm,r) clz,r a) (52)
and,n=1,2,...,
u"(x,r) = inf [c(w,rn,a) + /e_r”t”“Un_l(yJ’nH) (53)
aeA(m,rn)
X0

cGdtps1 | Tn, 1, a)Q(dy | 10, a) |-

By Condition , for any n € N, exist the sequence of selectors { fy, ..., fn} such that
the policy 7™ :={fo, ..., fa, Tni1, Tns2,. ..} satisfies
u(z,r) < V(™ x,r) < V(7 z,7).
Then, for some n* € N,
V(") zr) < V(ma,r) +e Vrell, V(z,r) e X'

Taking infimum over T,

V(r™, z,r) < inf V(m z,r)+e V(z,r) € X
S

Therefore, for n > n*, 7(") are deterministic non-stationary e—optimal policies. |

Remark 4.8.

1. By Lemma the function V"* is measurable for each n and then the lim,, . V"™*
is also measurable.

2. Observe that for 7 € II' and any natural number n

k
li — 0; ntk =0. 4
Jim [exp{ Zrlézﬂ}\/ () Tty Trt k) 0 (54)

i=n
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5. AN EXAMPLE OF A SMCM WITH DISCOUNT RATE RECURSIVE FUNC-
TIONS

One way of getting recursive discount rate functions {R, | n = 0,1,2,...} is using
continuous time stochastic processes {7; |n <t <n+1,}, n=0,1,2,..., to represent
the discount rate between consecutive steps of the SMCM. In this case, it is supposed
that the dynamics follows the scalar stochastic differential equation (SDE) given by

diy = bin (0 — 74)dt + 0,dW;, tE€,n+1], n=0,1,2,..., (55)

where Ky, € [Kmins Kmaz), On € [Tmins Omaz), On € [Omin, Omaz] are positive constants,
0, is the mean value or tendency of the SDE, and the initial condition is the previous
discount rate 7, (if ¢ € [0, 1], the initial condition is the discount rate ro). Similar to some
classical short-rate models (see [2I]), the SDE has the mean-reverting property:
the discount rate 7, tends to fluctuate around of ideal value 6,, when ¢t € [n,n + 1],
n=20,1,2,... To guarantee the existence of a unique solution to the SDE, we suppose
that the functions pu,(t,2) := kn[0, — 2] and o0,(t,2) = o, n > 0 satisfy the classical
It6 conditions [I, Chapter 6], i.e., exists K > 0, such that

1. Forallt € [n,n+1],n=0,1,2,..., 21,22 € R,

lu(t, z1) = p(t, 22)| + [o(t, 21) — o(t, 22)| < K21 — 22| (56)

2. Forallt € n,n+1],n=0,1,2,...,and z € R

(. 2) + lo(t, 2)P < K2(1+]22). (57)

The solution is the mean-reverting stochastic processes

t
P = rpe” (TR L [1 — e (tmRn] g e (En)Rn /e“”‘"qu, (58)

n

where t € [n,n+ 1], W, u € [n,t] is the Wiener process, 6, is the mean reverting value
of processes and the «,, is this the velocity of reversion.

From the solution , by taking the expectation and substituting the time-dependent
expression by the sojourn time variable §,,+1, we obtain the recursive equation

Tn41 ' = E[Rn(rru §n+1) ‘ Tn,yTn, an]

oo

_ / (1 exp(—thin) + On[L — exp(—trn)]) G(dt | Zn, 7, ), (59)
0

where G(- | ©p, rn, an) is the sojourn time distribution of ,,+1 conditioned by (2, 7y, ar),
for each n =0,1,2,..., and ry is the initial discount rate.
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6. LINEAR-QUADRATIC SEMI-MARKOV MODEL.
Let us consider an SMCM with X = A = R, where the evolution of states is given by

'Tn-‘rl:Axn_"Ban_"gna ’I’L:O,l,27...,

A and B are non-negative constants and the random variables &, are supposed i.i.d.,
independent of x¢ such that E§, = 0 and 0 < F¢2 = 02 < oo. The sojourn times
On, n = 1,2,..., are random variables on (0,00), independent of x, with exponential
distribution function G on K = R x (0,00) x R, where its parameter is given by the
non-negative continuous function ¢ : K — R. The immediate and sojourn costs (see
(19) are given by

D(‘T,a) = q2a,

d(x,a) = ayz + apa?,
c(xz,r,a) = D(x,a) + 7(z,r,a)d(z,a)
_Dway+ (1 9@ o,
= D, )+r (1 r(1+g(x,r,a)))d( ,a)

where a2, 1,0 > 0, and (z,,rn,a,) €K, n=0,1,2,...

The evolution of the discount rates follows the SDE and satisfies the recursive
relation . The discounted total cost in this case takes the form .

The semi-Markov linear quadratic control problem with finite horizon consists of
finding an optimal policy in N steps such that

E e e xn,rn,an)l

is minimized, where Sy = 0 and S, as . The dynamic programming equations are

J(m 2, 1) = Ef,

In(zn,TN) = EAr(nin )c(xN,rN,a) (60)
a TN,TN

and forn=N—-1,N—-2,...,0

In(2,70) azeAr&inr : [c(xn, rn,a) + FE e_r"‘S"“JnH(Axn + Ba+ &, Rn(rn, 0nt1))
(61)

Ty = X, Ty, Gp = (IH

which become

o)

. Oéld? + aga? _

J , — 4 ——n & E' , , 8(rn+9(xn,rn,a)) 62

n(x Tn) aGAI{l:El,ILl,rn) |f]2a o +g T T, @ +/ xn Tn, Q@ ) ( )
0

Jn+1(A517n + Ba + &y, (Tn - gn)eisnn + on)] d;| :
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*, and the opti-

={fi}i
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By Theorem exists a non-stationary optimal policy 7%
mal value is Jo(zg,70)
An example with explicit solution, can be obtained when the recursive discount rate
—Tnkd
T n+1, k> 07

E[R,(rn,0n+1) | Tn,Tn,an] :=rne
and the sojourn time distribution is reduced to

is
Tn+1 =

the function g(z,r,a) = Wﬁ‘()\ﬂ)
¢

(t|z,ra):= /rn)\e*““\sds,
0

A >0, for all (z,7,a) € K. In this case, from the dynamic programming equations
= —rNiqz(Q’(\gl) and

and |.) , if n = N, the minimum of J} occurs when an
1
—Inz —rNnHpy,

J =
N(xer) N
where Hy := qgi’:;l) and Iy = /\O_j_ Forn=N-1,N—-2,N —3,...,0 we obtain
. 1 nt+1AB 1
Jn yTn) = — 7171
= i |23t (% s ) K
( ) 1 T\ U, A\
>\+1+k rm A+1—Fk X+1]’
o InM | a _ A — Un12B)?(14+X) A
where I, := )\Illfk + )\Jrll’ H, = HN+Hn+1m7 T, := 4:21()\+17k)2 +Th41 Tk’
U, = q221;:(1A)‘J£)1‘f,1€))B + Upt1 3T and Ty = Uy := 0. By standard calculus arguments
the minimum is s /\B
@ty
ay, = — 2 20:'1 = fu(z,70)- (63)
rn (A+1)
and the optimal value is
1 1
Iy —r,H, — —T, —U,.
Tn

T (xyrn) = o
This iterative process generates the non-stationary policy
f* = {a()aal?"-;aN}

Jo(z,r), for all (z,r) € X’

and the value function J*(x,r)
The expected discounted total cost with infinite horizon in this case is
a:r) Ze xn7rn7an)

V(r,x,r) =
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Let € > 0. To obtain a non-stationary e—optimal policy, we consider the non-stationary

policy @ = {f§, f1, f4, .. } given by measurable selectors
do(1+ A
flar) = LRAEN oo
2

and is valid that #/ € IT' :

V(’/TI,x T' E(m )

o0
E STy Ty an)

n=
( +A? o\

Let 7™ = {ag,a1,as,...,a,} be a non-stationary optimal policy of the finite horizon
case. Hence, for the policy

o0
Z e_S:L] < 00.

n=0

ﬁ- = {a07a17~'~7an7fr/L+17f7/L+25f7/L+37'"}7

there exists a natural number ng such that if n > ng
V(")(ﬁ,x,r) — V("'H)(fr,:c,T) <e/2",

i.e., V™(&,x,r) approximates to V*(z,r) and 7 is a non-stationary policy which is
e—optimal.

(Received August 3, 2018)
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