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ON THE ~+-EQUIVALENCE OF SEMIHOLONOMIC JETS

MIROSLAV DOUPOVEC AND IVAN KOLAR

ABSTRACT. It is well known that the concept of holonomic r-jet can be geo-
metrically characterized in terms of the contact of individual curves. However,
this is not true for the semiholonomic r-jets, [5], [8]. In the present paper, we
discuss systematically the semiholonomic case.

In [5], the second author introduced the concept of equivalence with respect to
curves, or y-equivalence, of semiholonomic r-jets, when he studied the contact of
spaces with higher order connection according to C. Ehresmann, [4]. In the present
paper, we study the general form of this problem. In Section [5] we describe how to
discuss the ~y-equivalence of two arbitrary semiholonomic r-jets. We use an original
concept of k-sesquiholonomic r-jet, that generalizes an idea by P. Libermann, [g].

Unless otherwise specified, we use the terminology and notation from the book

[6].
1. SEMIHOLONOMIC 7-JETS

The r-th semiholonomic prolongation J'Y — M of a fibered manifold p:Y —-M
is defined as follows. By induction, we have constructed a projection w::f : jr_lY —
—r—1

7T_2Y. The elements of J' Y are 1-jets jls of the local sections s: M — J Y
satisfying

(1) s(@) = ja(m i os).
If 2, y? are some local fiber coordinates on Y and 7, ..., Y; i, are the induced

—r—1

local coordinates on J Y arbitrary in all subscripts, then the induced local
. —r —r—1

coordinateson J Y — J Y are

. Y, i, (5)
(2) Z/fl...i,. (J;S) = T(Jf) .

Hence even yflu_” are arbitrary in all subscripts. The r-th holonomic prolongation

J"Y is a subbundle of jTY, whose all coordinates are symmetric in all subscripts.
The space J (M, N) of semiholonomic r-jets of M into N is defined as the r-th
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semiholonomic prolongation of the product fibered manifold Y = M x N — M.
We write a or g for the source or target projection.

The semiholonomic r-jets are endowed with the restriction of the composition
of nonholonomic 7-jets by Ehresmann, [3]. If X = j1f € J (M,N) and Y = j;g €
J(N,Q), y = BX, then

(3) YoX =jl(g(Bf(u)of(u) €T (M,Q), ueM,

with the composition of semiholonomic (r — 1)-jets on the right hand side. The
composition of holonomic r-jets coincides with the classical one.

2. THE EQUIVALENCE WITH RESPECT TO CURVES

In [5], the second author introduced a special version of this idea, when he
investigated the contact of spaces with higher order connection in the sense of
Ehresmann, [4]. In the general situation, we define

Definition 1. Two r-jets B,C € jZ(M , N),, are equivalent by curves, or y-equivalent,
if
(4) BoA=CoA forall A=jly, v:R— M, ~(0)=

We shall write B ~., C.

It is well known that two holonomic r-jets B,C € JI (M, N), are equivalent
by curves, if and only if B = C. But in the semiholonomic case, the situation is
different. o

In the simpliest case B,C' € Jo(R™,R")o, B = (y],v};), C = (2}, 2];) and
A= (a},d}) € J3(R,R™)y, Bo A= C o A for all A means

(5) (yPai, yhaial +yfay) = (2ai, zfaia] + 2fa3)

ie y’ =2 and y(l]) (ij). This proves that B, C' € JI(M7 N), are y-equivalent
if and only if the symmetrizations of B and C in J2(M, N), coincide.

3. THE k-SESQUIHOLONOMIC r-JETS

According to P. Libermann, [8], J (M, N) is a pullback of TN ® @"T*M over
7T_1(M N). (We remark that the fact J"(M, N) is a pullback of TN ® S"T*M
over J'1(M, N) was deduced in [6].) Further, she defined the r-th sesquiholonomic

prolongation J"(M,N) c J (M, N) by

(6) X eJ"(M,N) means n' ‘X eJ ~YM,N).

So, J"(M, N) is the pullback of TN @ ®"T*M over J™~1(M, N). Further, the tensor
symmetrization TN @ @ T*M — TN ® S"T*M induces a map p, : J"(M,N) —

J"(M,N), see also [2]. Analogously to (5)), one verifies that B,C € Jr(M,N), are
y-equivalent, if and only if 7771 B = 77~1C and

(7) pr(B) = pr(C) € J;(MvN)y'

We generalize the concept of sesquiholonomic r-jet as follows.
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Definition 2. A jet X € J' (M, N) is called k-sesquiholonomic, k < r, if 7¥X €
JF(M, N).

We shall write X € jr’k(M , V). So sesquiholonomic in the sense of Libermann
means (r — 1)-sesquiholonomic under our approach.

Proposition 1. B, C € JI(M,N), are v-equivalent, if and only if 7'~ 'B =
7 'C and p(B) = p,(C).

Proof. The highest order coordinates of B or C are y , orz! . respectively.
One finds easily that B ~, C' means

(8) zflmira? alr = up al* .. .alr.

This is the coordinate form of p,(B) = pT(C’). O

4. THE CASEr =3

It is useful to discuss this special case separately.

Proposition 2. B, C € 72(M, N)o are y-equivalent, if and only if 73B = 73C €
J3(M,N)y and ps(B) = ps(C) € J3(M, N)o.
Proof. Let B = (y/,y};yb;1.), C = (27, 20, 21;) and A = (af, ab, ay) € J3(R,R™)o.

i 7150 “igk

From , we deduce for CoA=Bo A

9) Zay = yjay,
(10) 2 a1a1 + 2Pal = y”alal + yPal,
(11) Zz;kalalal + 2 (a2a1 +ajaj) + leazal +20ah = {y},

where {y} in means that all z’s on the left hand 81de are replaced by the
correbpondmg y s. Slnce ai are arbitrary quantities, (9)—(II)) imply

(12) =Y 2 = Y Pk = Yk -

Further, for ab = 1, ¢} = 1 and other a’s equal to zero, we obtain from the
additional conditions

D P
(13) 2y T 205 = Yy T Y
what implies z =yb. T This proves our assertion. ([l

We remark that the coordinate formula for the composition Y o X of two arbitrary
semiholonomic r-jets is deduced in [I]. However, in our case the coordinate form
of X = A is very special. So we find more suitable the direct use of than the
specialization of the general formula from [I].
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5. THE GENERAL SITUATION

Consider two k-sesquiholonomic r-jets B, C' € jr’k(M, N). If B ~, C, then
7B ~, m C for all s > k. In the case s = k, these jets are holonomic and
T*B ~, 7kC is equivalent to 7FB = 7*C. Then nF+! B, 7k+1C ¢ JE+1(M, N)
and TEHI B ~ 7F+1C is equivalent to pyi1(7FFIB) = pi1(7FHLC). On the other
hand, if the last equation is not satisfied, we do not have 7B ~. 7**1C. Hence
even B ~, C cannot be true.

The situation 7 = 3 is specific in that sense, that we can deduce m3B = m2C
directly from with no additional conditions on B and C.
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