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Abstract. 'We deal with the numerical solution of elliptic not necessarily self-adjoint
problems. We derive a posteriori upper bound based on the flux reconstruction that can

be directly and cheaply evaluated from the original fluxes and we show for one-dimensional

problems that local efficiency of the resulting a posteriori error estimators depends on pl/ 2

only, where p is the discretization polynomial degree. The theoretical results are verified
by numerical experiments.

Keywords: a posteriori error estimate; p-robustness; elliptic problem

MSC 2020: 65N15, 656N30

1. INTRODUCTION

A posteriori error estimates are important and practical tools in numerical math-
ematics. They serve two main purposes in numerical discretization of PDEs: to pro-
vide information about the discretization error for the current choice of discretization
parameters and to provide the localization of the sources of high errors for upcom-
ing possible adaptive procedures. For the survey of main a posteriori techniques for
PDE discretizations see e.g. [2], [4], [9], [17], [21] and references cited therein. The
applications and comparisons of a posteriori error estimates can be found in e.g. [13].

Since higher order methods and hp-adaptive techniques start to be more and more
popular, the question of robustness with respect to the discretization polynomial
degree becomes very important. On the other hand and in contrast to the number
of existing results devoted to the robustness with respect to the mesh-size, there are
not many theoretical results devoted to the robustness with respect to the polyno-
mial degree. A posteriori error techniques based on the local Neumann problem for
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hp-adaptive discretizations are discussed e.g. in [1] and [3]. For the analysis of the
polynomial dependence of the technique based on the local residual estimators see
e.g. [14]. It shall be pointed out that the efficiency of individual estimators proved
in [14] behaves as p', where p is the underlying polynomial degree used in the finite
element method (FEM) discretization.

Important class of approaches for deriving guaranteed a posteriori upper bounds is
based on the hypercircle theorem, see [15], where the reconstruction of fluxes should
be fully equilibrated, i.e. they should satisfy exactly certain differential equation.
By the residual splitting using the dual variable, the restrictive condition of exact
solution of full equilibration of the fluxes can be replaced by a milder assumption
that the fluxes should be in H(div) only, see e.g. [16]. The extension of these ideas to
nonconforming discretizations can be found in e.g. [8], [20]. The quality of the result-
ing error estimate depends heavily on the choice of the flux reconstruction. Among
many approaches for flux reconstructions, the local mixed finite element technique is
very popular, since it enables to reconstruct the fluxes based on local relatively cheap
problems and since the resulting reconstruction is completely polynomially robust,
i.e. the resulting estimators are efficient independently of the polynomial degree. The
core of the proof of the polynomial robustness can be found in [7]. The extension of
these ideas to wide class of discretization methods can be found in [11].

We assume in this paper even more simple and cheaper reconstruction following the
ideas from [10] that can be easily evaluated directly, i.e. without the necessity to solve
any local problems. The main aim of this paper is to show its practical usefulness by
proving that the resulting local estimators for one-dimensional problems are efficient
up to extremely mild polynomial dependence p'/2.

This paper is organized as follows: Section 2 contains the continuous problem
setting and the corresponding FEM discretization. Auxiliary results are presented in
Section 3. A posteriori error upper bound is derived in Section 4 and corresponding
efficiency results are proved in Section 5. Finally, Section 6 contains the numerical
experiments illustrating the results derived in Section 5.

2. CONTINUOUS PROBLEM AND ITS DISCRETIZATION

2.1. Continuous problem. Let 2 C R? be a bounded polyhedral domain
with Lipschitz continuous boundary 0€2. We use standard notation for Lebesgue
and Sobolev spaces. Let us consider the following boundary value problem: find
u: ) = R such that

(2.1) —Au+b-Vu+cu=f inQ,
u=0 in 09,
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where f € L?(Q2) and b € R?, ¢ € R are constants such that ¢ > 0. Moreover, we
assume that the convective constant b is of mediocre size at most, i.e. at most [b| ~ 1,
to prevent the problem becoming convection dominated. Convection dominated
problems represent a very challenging task, see e.g. [18] and the references cited
therein, and they are beyond the scope of this paper. Let us denote weak space
derivative of u by u’ for d = 1.

Let (-, -) and ||-|| be the L?(Q2) scalar product and norm, respectively. Let us denote
the function space V = Hj ().

Definition 2.1. We say that the function u € V' is a weak solution of (2.1) if
(2.2) (Vu, Vo) + (b- Vu + cu,v) = (f,v) Yvel.

According to the Lax-Milgram lemma, there exists a unique solution of prob-
lem (2.2).

2.2. Discrete problem. We consider a space partition 7;, consisting of a finite
number of closed, d-dimensional simplices K with mutually disjoint interiors and

covering Q, i.e. @ = |J K. We denote the vertices of the mesh by a and edges
KeTh
(or faces) by e. In the rest of the paper we talk about boundary objects of co-

dimension 1 as about edges, but we mean vertices, edges or faces depending on the
dimension d. For each edge e, let n = n. denote a unit normal vector to e with
arbitrary but fixed direction for the inner edges and with outer direction on 0.
We assume conforming properties of the mesh, i.e. neighbouring elements share an
entire edge. We set hx = diam(K) and h = maxghyi. We assume shape regularity
of elements, i.e. hi/ox < C for all K € Ty, where gk is the radius of the largest
d-dimensional ball inscribed into K and constant the C' does not depend on 7, for
h € (0,hg). Moreover, we assume the local quasi-uniformity of the mesh, i.e. we
assume hx < Chg for neighbouring elements K and K’ and constant the C' does
not depend on 7}, for h € (0, ho) again.

In order to simplify the notation, we set (-,-)as and ||-||as the local L?(M)-scalar
products and norms, respectively, where M C € is a union of elements K € Tj,.

We define classical finite element space
(2.3) Vi ={v e H}(Q): v|x € Pp(K)},

where the space P,(K) denotes the space of polynomials up to the degree p > 1.

Now we are able to define finite element solution of problem (2.2).
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Definition 2.2. We say that the function uj € Vj, is a discrete solution of (2.2) if
(24) (Vuh, Vvh) + (b - Vup + cup, Uh) = (f, Uh) Yo € Vy.

The existence and uniqueness of the discrete solution follows again from the Lax-
Milgram lemma.

Although the functions from V}, are globally continuous, we will need to work with
piece-wise continuous functions as well. We define one-sided values, jumps and mean
values on the inner edges respectively as

(2.5) v(z—) = Sl_1>1(r)1+ v(x —mns), v(zt+) = Sl_1>r(1)1+v(x + ns),

pl@) = v(e-) — vo(e4), (©)(a) = 5(o(e=) +o(a+).

For the boundary edges we define

(2.6) v(a=) = (W)(e) = lm o(e—ns), [2](@) =0,

3. AUXILIARY RESULTS

Let {¢s € Ps(—1,1)}22, be Legendre orthogonal polynomials, i.e. ¢s L Ps_1(—1,1)
with respect to L?(—1,1)-scalar product, normalized by 55(1) = 1. The lowest
degree examples are go(z) = 1 and ¢y (z) = 2. Let {Xs € Ps(—1,1)}22, be Radau
polynomials defined by

st P
(3.1) PR

and {(b\g € Ps(—1,1)}22, be Lobatto polynomials defined by
(3'2) {b\s = ;ﬁ\s - (ES—Q-

Lemma 3.1. The Legendre polynomials satisfy

2 ~ s(s+1)
25+ 1’ ) '

(3.3) ||¢5H%2(—1,1) =

The Radau polynomials defined by (3.1) satisfy

2s

(34) X(-1)=0, Rs(1)=1, XsLPo(-1,1), [RslFe11y= 21
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The Lobatto polynomials defined by (3.2) satisfy

8s—4

~ B S~ —~ B ~ B
(35) ws(l) _07 wg( 1) _Oa ws J—Ps—3( 171)a HwS”LQ(fl,l) - (284—1)(28—3)7

and

(3.6) U= (25— D1, [0lI32(_1.1) = 45— 2.

Proof. The relation for the norm of Legendre polynomials can be found in
e.g. [19]. Moreover, the Legendre polynomials satisfy the three-term recurrence

(3.7) (s + Dosy1(z) = (25 + Dags(z) — sds_1 (),

see e.g. [19]. Differentiating the three-term recurrence, inserting x = 1 and using
¢s(1) = 1, we obtain

(3-8) (s + 1)¢lpa (1) = (25 + 1) + (25 + 1) (1) — s, (1).

Then the relation for QAS’S(l) follows by induction. Relations (3.4) and (3.5) can
be directly verified from (3.1) and (3.2), respectively, and from the properties of
Legendre polynomials. Now, let us show that @; = Cés_1, where C = C(s) is
a constant. Since 15’9 € P,_1(—1,1), it is sufficient to show that 1//;2 1 P o(—-1,1).
Using (3.5), we get

-~

1 ~ 1 o~ o~
(3.9) /_1 Plwdr = — /_1 Ysw' dz — s (—1)w(—1) + s(1)w(1l) = 0
Vw e PS,Q(—]., ].)

From this it follows that

o~ o~

(3.10) Cos—1(1) = PL(1) = ¢,(1) — ¢, _5(1).

o~

Applying (3.3), we arrive at C = 2s — 1. The relation for the norm of QZ; then follows
from the relation for the norm of Legendre polynomials. (]

The Lobatto polynomials ¢ on K = [ar,, ag] are defined by transformation of QZJ\S
from the reference interval [—1, 1],

(3.11) (e) = @(Mh;;“ 1), wek.
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The Legendre polynomials ¢s and the Radau polynomials x are defined on K € T},
analogously.

Lemma 3.2. Let v € V. Then there exists v, € V; and constant Cg; > 0
independent of local mesh-size hx and polynomial degree p > 1 such that

h
(3.12) v —vnllx < C’Fl?KHVUHK.

Proof. The result can be found in [5]. O

For some cases, the value of the constant Cg from Lemma 3.2 can be determined
exactly. We will show the value of Cg; for d = 1.

Lemma 3.3. Let d = 1 and v € V. Then there exists v, € V} such that esti-
mate (3.12) holds with

(3.13) Cri = P .

(2p+3)2p—1)

Proof. Let us decompose v|x € H'(K) as

(3.14) vl :<,0+ZC¥51/)5,

s=2

where {as}2, C R, ¢ € P;(K) is the linear interpolation at the end points of K
and s € Ps(K) are Lobatto basis (bubble) function defined on K € T by (3.11).
Let us construct suitable v;, element-wise as

p
(3.15) vk =@+ Y .
s=2

Applying (3.2) and the orthogonality of Legendre polynomials ¢5, we get

0o 2 00 2
(3'16) ||’U - vh”%{' = Z s = Z O‘S(d)s - ¢sf2)
s=p+1 K s=p+1 K
[ee] oo
= Z a%(”‘ﬁ?”%’ + ||¢9—2||%<) -2 Z aso‘s+2||¢8||%<
s=p+1 s=p+1
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o0 oo

< Y (el + lbs—allB) + D o?lleslk

s=p+1 s=p+1
oo
+ > alilldalli < Z 2(leslF + llgs—2l%)
s=p+1 s=p+1
o0
=2 > a2llvslk-
s=p+1

From Lemma 3.1, it follows for Lobatto polynomials scaled to [—1, 1] that

~ 2
(3.17) sl = WW 11,1y

Since the ratio between the original element K and the reference domain [—1,1] is
hi /2, we get after transformation from [—1,1] to K that

h2
1 % = K 2.
Inserting this relation into (3.16), we obtain
2 h%k 2
— /
319 l-wli<2 3 allvli=2 3 oot il
s=p+1 s=p+1
< kY ol
S (2p+3)(2p-1) A sl¥PsllK-

Since ¢, = (25 — 1)¢_1, s > 2, the derivatives of Lobatto basis and constants are

mutually orthogonal. Then we get

0o 2
(320) > al¢illk < l¥ I\K+Za2|\w 1% = || +Zasw = [v'lI%-
s=p+1 s=2 K
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4. FLUX RECONSTRUCTION, ERROR MEASURE AND ITS UPPER BOUND

4.1. Flux reconstruction. Since the discretization by FEM is conforming, the
exact solution u as well as the discrete solution u; belong to common space V =
H}(Q). This quality, i.e. the exact and the discrete solutions belong to common
space, does not hold for the gradient of the solution, since Vu € H(div,?) and Vu,, ¢
H(div, Q) in general. Our aim is to find suitable reconstruction oy, = op(Vuyp) €
H(div, Q) such that oy, = Vuy,.

Let RT,(K) be the local Raviart-Thomas space of order p for element K € T,
i.e. RT,(K) = P,(K)?+ 2P,(K), where P,(K) is a subspace of P,(K) containing
only the polynomial terms of degree p. For d = 1, RT,(K) space is simplified to
P,+1(K). The details about Raviart-Thomas spaces and about FEM-like spaces for
approximation H(div,{2) in general can be found in [6]. We define the reconstruc-
tion oy, element-wise. We seek o, |x € RT,(K) such that

(4.1) ople = (Vup)le-n VeCK,
(oh,2n)k = (Vun, 21) k. Vzp € Py (K)%

The conditions in (4.1) represent the natural degrees of freedom for RT,(K), see [6],
Proposition 2.3.4. Applying basis corresponding to these degrees of freedom enables
to assemble oj, directly without the necessity to solve any local linear problems,
which results in extremely cheap evaluation of the reconstruction oj. This property
will be demonstrated later in Lemma 5.1 for d = 1.

We should point out that the resulting function o} has continuous normal com-
ponents on inter-element edges and therefore the composition of local contributions
of o, is in H(div, ), see e.g. [6].

Important property of o}, is the orthogonality of f + diveoy, — b Vup — cup, on Vy,
that follows from the discrete problem formulation (2.4) and from (4.1)

(42) (f + diVUh —b- Vuh — cuh,vh) = (f, Uh) — (b Vuh + cuh,vh) — (ah,Vvh)
= (f,vn) — (b- Vup, + cup,vr) — (Vup, Vop) =0 Vo, € V.

Remark 4.1. Relation (4.2) represents a weaker version of the equilibrated flux
property

(43) (f+div0h—b~Vuh—cuh,vh)K:0 Vvh€Pp(K),

used in e.g. [11].
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Remark 4.2. The important ingredient for relation (4.2) is that up is the ex-
act solution of the discrete problem (2.4). Such a solution is not available for the
reconstruction in practical computations, since many other sources of errors come
into play (algebraic errors, quadrature errors, rounding errors, etc.). Including these
sources of errors will result in the necessity to enhance relation (4.2) by correspond-
ing remainders, e.g. the algebraic error could be represented by the additional term
corresponding to the algebraic residuum. A posteriori error estimate including alge-
braic error can be found in e.g. [12]. For simplicity, we assume in this paper that the
exact solution uy, of problem (2.4) is available.

4.2. Upper bound. We define the error measure for w € V as the dual norm of
residual

(4.4) Errw) = sup L0 = (Vo Vo) = (0 Vw+cw,v)
ohucy ool

Remark 4.3. For the most simple case b = 0, ¢ = 0, the error measure is
equivalent to H!-seminorm, i.e. Err(w) = ||[Vu — Vw||.

The aim of this section is to bound the error measure Err(up) from above. Let
v € V be arbitrary, let u;, € V}, be the discrete solution given by (2.4) and let o}, be
the reconstruction obtained from wuj;, by (4.1). Then

(4.5) (f,v) = (Vup, Vo) — (b Vup, + cup,v)
= (f +divoy, — b Vuy, — cup,v) + (o, — Vuy, Vo).

We estimate the terms on the right-hand side individually. We apply (4.2) and
Lemma 3.2 on the first term and we get

(4.6) (f+divop —b-Vup —cup,v) = inf (f+divop, —b- Vup — cup, v — vp)
Vh

€EVh

h .
< Cp—=|f +divon — b Vup — cun|| || Vol x.
% p

The second term can be estimated by the Cauchy inequality

(4.7) (o — Vun, Vo) < 3 |lon = Vun || x| Vo) k.
K

Applying these individual estimates together, we get
(4.8)  ((f = b-Vup — cup,v) — (Vup, Vv))?

h , 2
<y (cm?an +divon —b- Vup — cupl|x + |lon — Vuh||K) [Volf2.
K
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Let us denote partial estimators

h .
(49) MR, K :CF17K||f+d1VO'h —b-Vuh—cuhHK,
ek = ||lon — Vur| k.

From these considerations follows the upper a posteriori error estimate.

Theorem 4.1. Let up, € V}, be the discrete solution obtained by (2.4) and o}, be
the reconstruction obtained from uy, by (4.1). Then

(4.10) Err(un)® <n° =Y (r,x + nr,x)*
K

Remark 4.4. The constant Cp contained in g, i is unknown in general. This
constant can be determined in some special cases, e.g. the application of Lemma 3.3
instead of Lemma 3.2 gives the modification of the estimator ng i for d =1

hx

4.11 = + o), —bu, — cunllk,
( ) R,K 2 +3)2r 1) If h h nllx

where all the terms in (4.11) are known. Then both the estimators nr x and nr g
are fully computable.

5. LOCAL ERROR MEASURES AND ITS LOWER BOUND IN ONE DIMENSION

In this section we assume d = 1. The aim of this section is to show that the local
individual estimators nr x and np x from a posteriori estimate (4.10) are locally
efficient and how this efficiency depends on the polynomial degree p. It means that
these local estimators provide local lower bounds to the local error measure up to
some powers of p and some generic constant C' > 0 that may depend on constants
coming from the original continuous problem (the size of the domain €, etc.) or
on the constants coming from the discretization (mesh shape regularity constant,
etc.). However, this constant should be independent of the exact solution u, discrete
solution wup, local mesh sizes hgx, and polynomial degree p. Dependence of the
estimate up to this generic constant will be denoted by <.

For the purpose of the efficiency analysis we suppose a traditional assumption that
f € Vi. Otherwise, classical oscillation term

(5.1) sup 700 _ J/ch’ v)
0#£veV [|v/]]
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appears additionally in the efficiency results, where f,, is L2-orthogonal projection
of f on V.

To be able to apply the result in a local way, we need the following notation.
Let w, be a patch consisting of elements sharing common vertex a and wg be a patch
consisting of elements sharing at least a vertex with K. Let M C Q, e.g. M = K or
M = wg. We define a local version of the space V by

(5.2) Vi ={veV: supp(v) C M}
and a corresponding local version of Err

AW ’
(53) E]er(w) — sup (f7 U) (w , U ) : (b’u) —+ cw, ’U)
oot 7]

Typically, we use Errg (up,), Erry, (up) or Err,,, (up). Since the patch wg is composed
from three elements at most, it is possible to see that

(5.4) E:ErrK(uh)2 < ZErer (up)? < Err(up)?.
K K

We divide the proof of the local efficiency of the individual partial estimators ng, x
and nF i into next auxiliary lemmas.

Lemma 5.1. Let d = 1. Let us denote a polynomial r;, € P,1(K) such that
rr(ar) = 1, r(ag) = 0 and r, L P,_1(K) for the element K = [ar,ar|. The
polynomial rp € Ppy1(K) associated with ar instead of ay, is defined analogically,
ie.rr(ar) =1, rgr(ar) =0 and rg L P,_1(K). Then the reconstruction o, defined
by (4.1) can be expressed by

1 1
(5.5) onlk = up|kx + §n[u’h](aL)rL - in[u'h](aR)rR.
Proof. Inserting ar and agr into (5.5), we obtain ox(ar) = (u})(ar) and

on(ar) = (u},)(ar), respectively. That corresponds to the first condition in (4.1).
Using the orthogonality of polynomials r;, and rg on P,_1(K), we gain the second
condition in (4.1). O

Remark 5.1. The polynomials r; and rr are known as Radau polynomials,
€.g8. 'R = Xp+1, where xp41 is transformation of the reference Radau polynomial X,41
defined in Section 3. They can be alternatively defined as polynomials with zeros
in the Radau quadrature nodes. They represent natural basis functions associated
with edge degrees of freedom in (4.1) for d = 1.
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Lemma 5.2. Let d = 1, f € Vp, up € V,, and let o, be the reconstruction
obtained from w), by (4.1). Then

(5.6) nrk = llon — uhllx S p'/? Erre, (up).

Proof. Let us denote the end points of K as ay, and ag, i.e. K = [ar,ag]. Then
applying Lemma 5.1 and Lemma 3.1 and scaling between reference interval [—1,1]

and K, we get
6T low— vl < el + bl an)lIrelo)
= 1 )l + [ @Dl 1
= A o) + Ikl an)
< B () 0| + i e

N

Now, let us show the relation between |[u},](a)| for a = ar,ar and Err,, (up).

The case a = ap is very similar to the case a = ay. Therefore, we discuss only the
version with a = ar. Let ¢,, be piece-wise linear function associated with vertex
ar, such that g, (ar) = 1 and ¢4, (a) = 0 for other vertices a. Let us define ¢,
a piece-wise polynomial function of degree at most p+ 2 satisfying supp(¢a, ) C wa,,,
¢a,,(ar) = 1 and ¢,, be orthogonal to piece-wise polynomials up to degree p + 1.

Now, we are able to design a suitable test function w,, € unL

(5.8) wa,, = —sgn([uy](ar))Par Pa. -
Then
(59) Err (uh) _ sup (f7 U) — (ulha U/) - (bulh =+ cup, U)
oL 0£0E Vi, [l

> (fv waL) - (u/ha w;L) - (bu;y, + CuhvwaL)

- lw,

_ 2t ug —buj — cun, way )k — 3o, [up)(@)wa, (a)

[Jwe, |
_ |whl(ar)|
llwe, |
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We shall investigate [|w], [|* = [|w), [|% + ||wh, ||%/, where K’ C w, is the neigh-
bouring element of K. The forthcoming analysis is very similar for both elements.
Therefore, we focus only on [|w), ||%. From (5.8) it follows that

610) il = [P de = [0+ en ) e

L ar

aRr aRr

S [Cnrd o [, 00, e
ar, ar

We estimate the final integrals individually. Since (¢}, )?|x = 1/h%, we obtain by

Lemma 3.1 and by scaling between [—1, 1] and K

1

aRr 1 aRr 1 Y
rN\2 42 2 2 _
(511) /a (SD(LL) ar, dz h2 /aL ¢aL dz 2%h ||¢P+2||(—1,1) h (2p 5) .

L
Since 0 < pq, < 1, we get

12 | "2 (6 Y de < / " o (@)(8, ) da

ar L

= Pa, (ar)Py, (aR)Pa, (0R) — Pay(arL)P,, (ar)da, (aL)
[t 00160, 00
L
= — ¢, (aL).
We get by Lemma 3.1 and by scaling between [—1, 1] and K

(5.13) ¢, (az) = %@w(l) _ %1((1”3)_

Putting these individual estimates together and applying the local quasi-uniformity
of the mesh, we obtain

2 2 2
2 _ 2 2 b p p
(5.14) llwe 1P = llwf, I + llwe, 7 < e o S
Then estimates (5.7), (5.9), and (5.14) give
2. < hk / 2 / 2
(5.15) low = wnllze S =~ (lul(en)” + l[unl(ar) )
hx 2 ro2 o2y < 2
S 7 Brtu (n) (e, |7 + 1w, %) S p Brree (un)
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Lemma 5.3. Let d = 1, f € Vp, up € V,, and let o, be the reconstruction
obtained from wy, by (4.1). Then
hK / / 1/2
(5.16)  mrKx = |f + o = bup, — cunllx S /7 Brrgy (un).

(2p+3)(2p—-1)

Proof. Let us denote w = f + o}, — buj, — cup. Let us represent v € Vi as

(517) v = Zasws;
s=2

where 15 are Lobatto polynomials defined by (3.2) and transformed from the refer-
ence element [—1,1] to K and {a,}52, C R are the corresponding coefficients. Let
us show that

= |lvll%-

o] [e’e} 2
(5.18) Yo adllvslli S (1D ass
s=2 5=2

It is possible to show it equivalently on the reference element [—1,1] instead of K.
Applying Lemma 3.1, we can see that

=D alldslfr - Z asis—2|¢s—2[1{_1 1)

(—1,1) s=2

100
>Za||¢ [ 5204 +a2 ,)|lds—2 ]l
s=4

a2(19s017-1,1) + 1 Bs—2lF_1.1))

(5.19)

S,ll)s

MMX

I
r—\w

[ee]
52 ||¢ H( 11)+||¢s 2”( 11) Za2|‘¢ ||( 1,1)
s=2

Using density of H}(K) in L?*(K) and (5.18), we get

2 2
(5.20) ||w||K = sup »0) < sup %

~Y
ST 3 ozl

Since s L Ps_3(K) and w € P,(K) and since w L v, s = 2,...,p according
o (4.2), we can see that it is possible to take supremum in (5.20) over v € Vi pt1
only, where

(5.21) Vi p+1 = span{¥pq1, Ypi2} C V.
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From this follows

h? (w,v)? h2
(5.22) —Ewlk S sup ’ —K
p? VEVK pt1 0‘;2;+1||7/’p+1||%< + azz)+2||7/’p+2||%< p?
Ly PR o2
veViepn 1012 P2 apiipslli + apyallpralli

According to Lemma 5.2,

(5.23) sup (w,v) = sup (f + 0k — buy — cun,v)
veViepn IV veviepi v
< swp (f = bu}, — cup,v) — (uf,v)
VEVK pi1 v
+ sup 7(’&% —on, V)
veVicpn IVl

< Errgy (up) + |luj, — onllx S p1/2 Erry, (un).
Then it is sufficient to prove that
(5.24) Rillv'l% < p2(04;2>+1||¢p+1||%< + 04?)+2|Wp+2”%() Vv € Vi pt1

to finish the proof. We can show (3.18) in the same way as in the proof of Lemma 3.3.
Since v, are othogonal, see Lemma 3.1, we get with the aid of (3.18)

(5.25) Wl = Wk (02 ¥l + 021 o l1F)
22p+3)(2p—1)
= e (0f = T Il

22p+5)(2p+1)
+ 04,2,4.2 h%( H¢p+2|ﬁ(>

N pQ(O‘iJrl |Wp+1 H%{ + 04;2;+2 ||wp+2||%<)-
O

We summarize the results from Lemma 5.2 and Lemma 5.3 in the following theo-
rem.

Theorem 5.1. Let d = 1, f € Vp, up € Vi, and let o, be the reconstruction
obtained from wy, by (4.1). Then

(5.26) nrx S PP Errg, (un),
nNr K < p1/2 Erry (Uh)
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Global efficiency estimate is a direct consequence of Theorem 5.1 and (5.4).

Theorem 5.2. Let d = 1, f € Vi, up € Vi, and let o, be the reconstruction
obtained from uy, by (4.1). Then

(5.27) Z(UR,K +nrk)* S pErr(up)’.
K

6. NUMERICAL EXPERIMENTS

The aim of this section is to show the reliability, robustness and efficiency of the
estimate from Theorem 4.1 for d = 1.

The computation of the individual a posteriori error estimators can be made di-
rectly according to (4.9) or (4.11). On the other hand, the computation of the error
measures Err(up) or Erry,, (up) is difficult even if the exact solution is known, since
these error measures are defined as suprema over infinite dimensional spaces. We
approximate these error measures by computing these suprema over space Vth cVv
that is richer than the original FEM space V}, but still finite dimensional. We use
four times denser mesh than V}, and polynomial degree p + 2 instead of p for the
construction of Vh+. We construct spaces Vth C Vs as subspaces of V,j' containing
functions with supports restricted to M C Q. We compute the approximation of the
Riesz representative of residual z € V" satisfying

(6.1) (z,0n) = (f = b Vu, — cup,vp) — (Vup, Vo) Vo, € Vi

Then Err(uy) ~ Err) (up) = ||[Vz||. The localized versions Errys(up) are approxi-
mated analogically with the aid of Vth instead of Vth.
Let us denote approximate effectivity index

n
6.2 Bff = ————
(62) Err;{(uh)
and its local counterparts for element K
"R,K NF.K
(6.3) Effp x = : , Effpg=—"7""——.
Erriw{ (up) Erriw{ (up)

6.1. Problem settings. We restrict ourselves to d = 1 and = (0,1). We as-
sume two problems: purely elliptical problem (PEP), where b, c = 0, and convection-
diffusion-reaction problem (CDRP), where b = 2 and ¢ = 1. We set the right-hand
side f = n?sin(nz) for PEP and f = 1 for CDRP.
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6.2. Global h-performance. We test the error estimate (4.10) with respect to
the mesh refinement. The polynomial degree is set as p = 3. We assume a sequence of
successively refined equidistant meshes started with » = 1/10 and halved in each step.

We can see from Table 1 that the effectivity indices are tending to one for decreas-
ing h.

PEP CDRP
/b Erryf(up) 7 Eff  Erryf (up) 7 Eff

10 2.1672—-4 2.6869—4 124 1.7478 -5 2.9540—-5 1.69
20 27111-5 3.0187-5 1.11 21903-6 3.1610—3 1.44
40 3.3896 -7 3.5760—6 1.06 2.7397—-7 3.4520—-7 1.26
80  4.2372—-7 4.3520—-7 1.03 3.4251-8 39150-8 1.14
160 5.2966 -8 5.3678 -8 1.01 4.2816—9 4.6046—-9 1.08
320 6.6214 -9 6.6650—-9 1.01 5.3521 —10 5.5598 —10 1.04

Table 1. Global h-performance for PEP and CDRP, p = 3.

6.3. Global p-performance. We test the error estimate (4.10) with respect to
the changing polynomial degree p. We assume equidistant mesh with A = 1/10 and
p=1,...,7.

We can observe from Table 2 that two regimes for odd and even polynomial degrees
appear. For both regimes the efficiency indices very mildly (sublinearly) increase with
increasing p.

PEP CDRP
Err;f (up) n Eff  Err;f (up) n Eff

2.0113-1 240156—-1 1.19 3.0604—-2 49461 -2 1.62
8.1594 —3 1.4489—-2 1.78 8.3845—-4 1.4924-3 1.78
2.1669 -4 2.6883—4 1.24 1.7478 -5 2.9540—-5 1.69
42891 -6 9.6339—-6 225 26469—-7 59576-—-7 2.25
6.7722 -8 8.7754—-8 130 3.2125-9 59543-9 1.85
8.8966 — 10 2.3607—9 2.65 3.2419—-11 8.6252—-11 2.66
9.9930 —12 1.3472—-11 1.35 3.4397—13 5.6761 —13 1.65

Table 2. Global p-performance for PEP and CDRP, h = 1/10.

EN Bl G, BTN JUR ORI S

6.4. Local efficiency, h-performance. We test the robustness of efficiency esti-
mates (5.26) with respect to decreasing h. The polynomial degree is set as p = 3. We
assume a sequence of successively refined equidistant meshes started with h = 1/10
and halved in each step. For each mesh we take element K = [0.4,0.4 + h] and we
investigate local efficiency on this element.
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We can see that the efficiency indices in Table 3 and Table 4 are uniformly bounded

for decreasing h.

l/h Erl";:wK (uh) "R, K EffR’K NFK EffF’K

10 1.6053 -4 6.3399—-6 0.04 9.3672 -5 0.58
20 14327 -5  3.4539-—7 0.02 8.2921 -6 0.58
40 1.2611 -6  1.7357—8 0.01 7.2852 -7 0.58
80 1.1099 -7 81726 -10 0.01 6.4090 — 8 0.58
160  9.7842-9 3.7263—-11  0.00 5.6491 -9 0.58
320 8.6359—-10 1.6483—-12 0.00 4.9857—10 0.58

Table 3. Local h-performance for PEP, p = 3, K = [0.4,0.4 + h].

]./h EI‘I"Z’WK (uh) MR, K EffR’K NF K EffF’K

10 5.8645—-6  9.6390 — 7 0.16 3.32561 - 6 0.57
20 4.7421 -7  3.9647 — 8 0.08 27252 -7 0.58
40 4.0379 -8 1.6952-9 0.04 2.3286 — 8 0.58
80 3.5096 -9 7.3741—-11  0.02 2.0257 -9 0.58
160 3.0776 — 10 3.2330—-12 0.01 1.7767—10  0.58
320 2.7096 —11 1.4142—-13 0.01 1.5645—11  0.58

Table 4. Local h-performance for CDRP, p =3, K = [0.4,0.4 + h].

6.5. Local efficiency, p-performance. We test the robustness of efficiency esti-
mates (5.26) with respect to the changing polynomial degree p. We assume equidis-
tant mesh with h = 1/10 and p = 1,...,7. Similarly as in the previous tests, we
take K = [0.4,0.5] and we investigate local efficiency on this element.

We can observe again in Table 5 and Table 6 two regimes for odd and even poly-
nomial degrees, where the dominating estimator is p i for odd degrees and nr i for
even degrees. The efficiency indices stagnates or very mildly (sublinearly) increase

with increasing p.

EHZ,WK (un) TR, K Effr k NF K Effp i

p

1 14891 -1 45229 -3 0.03 8.7188 — 2 0.59
2 1.8492 -3  1.6367—3 0.89 3.7698 — 4 0.20
3 1.6053 -4  6.3399—-6 0.04 9.3672 -5 0.58
4 9.6990—-7 1.0032-6 1.03 2.3560 — 7 0.24
5
6
7

5.0174 -8  2.4500 -9 0.05 2.9248 -8 0.58
2.0106 —10 2.3903-10 1.19 5.2231-11 0.26
7.4029 —12 4.2582-13 0.06 4.3191-12  0.58

Table 5. Local p-performance for PEP, h = 1/10, K = [0.4, 0.5].
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EI‘I‘ZMK (uh) 77R,K EffRJ( 77F,K EffRK

p

1 1.1293 -2  1.6445—-3 0.15 6.4324 -3 0.57
2 2.7437—-4  2.6495—4 0.97 1.5933 -5 0.06
3  58645—6  9.6390 -7 0.16 3.3251 -6 0.57
4 88444-8 1.0897 -7 1.23 5.3687 -9 0.06
5
6
7

1.0742—-9 2.0228—-10 0.19 6.0930—-10  0.57
1.0838-11 1.5873—-11 146 6.8052—-13  0.06
1.1321 -13 24244—-14 021 54811—-14 0.48

Table 6. Local p-performance for CDRP, h = 1/10, K = [0.4,0.5].

7. CONCLUSION

We derived a posteriori upper bound for not necessarily self-adjoint elliptic prob-
lems based on the cheap direct evaluation. We showed that this reconstruction is
efficient up to p'/? for one-dimensional problems, where p is the underlying polyno-
mial degree given by the finite element approximation. The robustness with respect
to the mesh-size h and to the polynomial degree p was verified by numerical experi-
ments.

Since the majority of the techniques applied in the efficiency proofs in this paper
are extendable to multi-dimensional problems, the author hopes that the proof of
1/2

the efficiency up to p'/< of this direct reconstruction for multi-dimensional problems

will be possible in the future.
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