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Abstract. The main purpose of this paper is to consider a new definition of Hom-left-
symmetric bialgebra. The coboundary Hom-left-symmetric bialgebra is also studied. In
particular, we give a necessary and sufficient condition that s-matrix is a solution of the
Hom-S-equation by a cocycle condition.
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1. INTRODUCTION

Hom-left-symmetric algebras were first introduced by Makhlouf and Silvestrov
in [5]. And then it was further investigated in [10] and [13]. Recently, Sheng and
Chen constructed strict Hom-Lie 2-algebras from Hom-left-symmetric algebras in [7].

Yau developed a generalization of the classical Yang-Baxter equation (CYBE),
a twisted generalization of the CYBE and the closely related object of Hom-Lie
bialgebra in [9], [11], [12]. Sheng and Bai introduced a new definition of a Hom-Lie
bialgebra and investigated their properties in [6]. Bimodule theory of Hom-left-
symmetric algebra and Hom-left symmetric bialgebra were first considered in [§],
but the related Hom-S-equation was not studied.

Inspired by the work of Sheng and Bai (see [6]), we give a new definition of
Hom-left symmetric bialgebra. The coboundary Hom-left symmetric bialgebra and
Hom-S-equation are also considered.

The paper is organized as follows. In Section 2, we review some necessary results on
Hom-Lie algebras and Hom-left symmetric algebras. In Section 3, we introduce the
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new definition of Hom-left symmetric bialgebras and list some equivalent conditions.
Finally, we consider the s-matrices and Hom-S-equations. In particular, we describe
the condition for r being a solution of the Hom-S-equation using a cocycle condition.

2. PRELIMINARIES

Let us begin with some results on Hom-Lie algebras and Hom-left-symmetric al-
gebras. For more details, one can refer to [3], [5], [6], [7], [8] and the references
therein.

A Hom-Lie algebra is a triple (G, [, ],¢) consisting of a linear space G, a skew-
symmetric bilinear map [, ]: A?G — G and an algebra morphism ¢ satisfying

[o(2), [y, 2]] + [p(y), [z, 2]] + [0 (2), [z, 4] = 0

for any z,y,z € G. The Hom-Lie algebra (G, [, |, ¢) is said to be regular (involutive)
if ¢ is nondegenerate (satisfies 2 = I).

There is a more general notion of Hom-Lie algebras introduced by Makhlouf and
Silvestrov in [5], in which ¢ is only a homomorphism of linear spaces. A Hom-Lie
algebra in this paper is called a multiplicative Hom-Lie algebra in [2].

A regular Hom-Lie algebra (G, [, ], ) is called a symplectic Hom-Lie algebra if
there is a nondegenerate skew-symmetric 2-Hom-cocycle w (the symplectic form)
on G, that is for any z,y,z € G

w([z,y], () + w([y, 2], p(x)) + w([z, 7], ¢(y)) = 0.

We denote it by (G, [, |, ¢, w).
A Hom-left-symmetric algebra is a triple (A,-,¢), where A is a vector space,
-+ Ax A — Ais a bilinear map, and ¢ € gl(A, A) satisfies

Sﬁ(x : y) = @(x) : @(y)a (xayvz)tp = (yvxvz)kp

for any z,y,z € A. We denote (z,y,2), = (z-y) - ¢(2) — ¢(z) - (y - z) and call it
p-associator.

Let (A, ) be a Hom-left-symmetric algebra and V a vector space. Let S, T
A — gl(V) be two linear maps and ¢ € gl(V). The quadruple (S,T,V, ) is called
a bimodule of (A, ) if for any z,y € A, v €V,



Let L (or R) be the left (or right) multiplication operator associated to (4, -, ¢), i.e
L(Z‘Q)J)l = R(Z‘l)l‘o = ToT1 VZ‘Q, T, € A.

Then (A, L, R, ) is a representation of (4, ¢) called the regular representation.

Suppose that (S,T,V,) is a bimodule on Hom-left-symmetric algebra (A4, -, ).
Let S*,T*: A — gl(V*), ¢*: A* = A* ¢*: V* — V* be the dual maps of ¢ and ¥,
respectively, given by

(S*(z)u*,v) = = (S(x)v,u”), (T*(z)u*,v) =—(T(x)v,u"),
" (") (y) = 2" (¢(y)), P (u)(v) = u*(¥(v)).

If in addition for all x,y € A, z* € A*, u* € V*, v € V, the following hold:

(2.4) P(S(p(x))v) = S(@)y(v),  P(T(p(x))v) =T(x)y(v),
S(@)S(p(y))v = ¥(S(zy)v) = Sy)S(p(2))v = (S(yx)v),
(2.6) S@)T(p(y)v = T(y)S(e(x))v = (T (zy)v) = T(Y)T (p(2))v,

then (S* — T, —T*,V*,1*) becomes a bimodule of (4, ¢).

Let (A4, -, ¢) and (B, o, 1) be two Hom-left-symmetric algebras. Suppose that there
are linear maps l4,74: A — gl(B) and lg,rg: B — gl(A) such that (I4,74,%) is
a bimodule of A and (Ip,7p,¢) is a bimodule of B and for any z,y € A, a,b € B
they satisfy the following conditions:

ra(p(x))la,b] = ralls®)r)p(a) —ra(lp(a)r)ip(b) +(a) o (ra(z)b)
P(b) o (ra(z)a),
La(p(@))(aob) = —lallp(a)r —rp(a)z)y(b) + (la(z)a — ra(x)a) o ¥(b)
+ra(re(b)z)y(a) +¢(a) o (La(x)b),
re(P(a))lz,y] = rela(y)a)e(r) — re(la(z)a)e(y) + ¢ (z) - (ra(a)y)
—#(y) - (rp(a)z),
Ip(a)(z-y) = —Ip(la(z)a —ra(z)a)e(y) + (Ip(a)z —rp(a)r) - (y)
+ra(ray)a)e(z) +¢(z) - (Ip(a)y).

Then there is a Hom-left-symmetric algebra structure on the vector space A & B
given by

(z+a)x(y+b)=(x-y+igla)y+red)z)+ (aob+ls(x)b+ra(y)a).
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We denote this Hom-left-symmetric algebra by (A b<IATA B o @ ¥) or simply

lB,TB

(A B, @ ). And (A, B,la,ra,lp,rB,¢,1¥) satisfying the above conditions is
called a matched pair of Hom-left-symmetric algebras. On the other hand, every
Hom-left-symmetric algebra which is a direct sum of the underlying vector spaces of
two subalgebras can be obtained in the above way.

3. HOM-LEFT-SYMMETRIC BIALGEBRAS

Let (S,T,V,9) be a bimodule of Hom-left-symmetric algebra (A4,-,¢). In view
of Section 2, we know that (S* — T, =T, V* 4*) is not a bimodule in general.
If (S* —T*, —T*,V* ¢*) is a bimodule of (4,-,¢), we say that (S,T,V,®) is an
admissible bimodule. In this section, we mainly focus on the regular representation.

Proposition 3.1. Let (A,-,¢) be a Hom-left-symmetric algebra. The regular
representation (A, , L, R) is admissible if and only if the following equations hold:

(3.1) (*(x) —2)p(y) =0, »y)(*(z) —x) =0,
) o((zy)z) = y(p(r)z) — o((yz)2),

(3-3) @ — (p(@)2)y = w(2(zy)) = (20())y-

Proof. Using (2.4)—(2,6), we can get the results. O

Definition 3.2. A Hom-left-symmetric algebra (A, -, ¢) is admissible if its reg-
ular representation is admissible.

Clearly, we have the following result:

Proposition 3.3. If a Hom-left-symmetric algebra (A, -, ¢) is admissible, then
the sub-adjacent Hom-Lie algebra (G(A),[, ], ) is also admissible.

Corollary 3.4. Let (A4, -, ) be a regular admissible Hom-left-symmetric algebra.
Then

L* (@)™ (§) = L*(2)(§), R (2)@**(§) = R*(2)(¢)-

Proof. If (A, -, ) is regular, then we have p?(x) -y = z - y. Hence,

(L*(2)*(€),y) = — (£, 9% (x-y)) = —(& ¢ (2) - ©*(y))
=(&x- o (y) =—(a y) = —(L*(2)&, ).

It follows that L*(z)p*2(£) = L*(x)(€). Similarly, R*(z)p*2(£) = R*(x)(£). O
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Proposition 3.5. Let (A,-,p) and (A* o,¢*) be two regular admissible Hom-
left-symmetric algebras. Then we get

o L (p(x))n = @2(€) o L (p(x))n, €0 R (p(2))n = ¢**(€) o R (w(x))n

for any x € A, {,n € A*.

Proof. For any z,y € A, {,n € A*,

(o R (p(x))n,y) = — (R (p(x))n, L5 (&)y)
= (n, Q2 (LEE)y)p(x)) = (€™ R (p(x))n, ).

It follows that
o R (p(x))n = € 0 "2 R (p(x))n.

In view of (A*, 0, p*) also being admissible, we have

£ o @ R (p(x))n = ¢**(€) 0 " RX (p(x))n = ©**(€) o R (p(x)).
Therefore, we get
o R (p(x))n = ¢**(€) o R (p(x))n.
Analogously,
o L (p(x))n = ¢*2(€) o L (p(x))n.
O

Definition 3.6. A pair of admissible Hom-left-symmetric algebras (A, -, ¢) and
(A*, 0, %) is called a Hom-left-symmetric bialgebra if

(3.4) (Alz,y],¢"(§) ®@m) = ((L.(¢(2)) @ ¢ + ¢ ® ady(z)) Ay), " (§) ® n)

—((L.(e(y)) ® ¢ + ¢ @ adyy)) Az), 9 (&) @),

(3.5) (A%[z,yl,p(z) @ y) = ((Lo(¥"(§)) ® ¢" + 9" ® adyr(6)) A" (1), () ® Y)
—((Lo(p™ () ® 9™ + ¢ ®ad¢*(n))A*(f)7§0($)®y>-

We denote a Hom-left-symmetric bialgebra by (A4, A*, ¢, ¢*).

Theorem 3.7. A pair of admissible Hom-left-symmetric algebras (A4, -, ) and
(A*,0,¢*) is a Hom-left-symmetric bialgebra if and only if (G(A),G(A*),L*, L}) is
a matched pair of Hom-Lie algebras.
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Proof. (G(A),G(A*),L*, L?) is a matched pair of Hom-Lie algebras if and only if

(3.6) La(e™ ()2, y] = [Lo(©)z, o(y)] + [ (@), L(©)y] + Lo(L.(y)€)p(x)
— L3(L.(2)8)#(y)

37 Lie@)&n) = [L ( )E ¢ (77)]+[ (), L7 (@)n] + L7 (Lo (n)2)#" (€)
Lo (¢

According to (3.6), we get

(=L3(" )z, y] + [L3(E)z, o(y)] + [(2), L (E)y]
+ Ly(L.(9)€)¢(x) — L3(L.(2)§)p(y), n)
= ([z,yl, 9" (§) o m) — (ady(y) Lo (§)z,m) + (ady(2) L (§)y, m)
—(p(x), (L.(y)€) o m) + {p(y), (L.(x)€) om)
= ([z,y], " (&) o m) — (x,& 0 adl,ym) + (y, & 0 ad )
— (@, 0" ((L.(1)€)) o " () + (y, " ((L.()€)) © " (n))
= ([z,y], " (&) o m) — (z, ©*(€) 0 adf,yn) + (v, ©**(€) 0 ad}y(,ym)
W)™ (&) o @™ (M) + (¥ LT (p(2)) ™ (§) o ™ (n))
) — (A(z), 9" (&) @ ad,ym)
P (&) ® adg,ym) — (Az), LT ((y))#" (€) @ ¢*(n))
LI (p(2)9™ () @ ™ (1))
)

which implies that (3.4) is equivalent to (3.6). Similarly, we can verify that (3.5) is
equivalent to (3.7).

Theorem 3.8. Let (A, -, ) and (A*, o, p*) be two admissible Hom-left-symmetric
algebras. Then the following conditions are equivalent.

(1) (A, A* p,¢*) is a Hom-left-symmetric bialgebra.

326



(ii) (G(A) =1 G(A)*,G(A),G(A*),w,) is a parakdhler Hom-Lie algebra, where w, is
given by
wp(z + &y +n) = (& y) — (x,n)
for any xz,y € A, £,n € A*.
(i) (G(A),G(A*),L* L%, v, ") is a matched pair of Hom-Lie algebras.
(iv) (A,A*,L* — R*,—R*, L} — R:,—R%,p,¢*) is a matched pair of Hom-left-

symmetric algebras.

Proof. According to Theorem 3.7, (i) < (iii). Due to Theorem 3.9 in [§],
(iv) < (iii). According to Theorem 2.13 in [8], (ii) < (iii). O

Example 3.9. Let (4, A*, p,»*) be a Hom-left-symmetric bialgebra. Then its
dual (A*, A, ¢*, ) is also a Hom-left-symmetric bialgebra.

Example 3.10. Let (G, p,w) be a symplectic Hom-Lie algebra. Suppose that
r € A%G is a nondegenerate classical r-matrix satisfying (p®@p)r = r,and 7*: G* — G
is an induced linear map given by

(r¥(&),m) = (r.€ Am)

and satisfying
—1
w(z,y) = (¥ (2),y).

According to [6], (G,G*) is a Hom-Lie bialgebra with
(Az), ¢" (&) @n) = ((ade © ¢ + ¢ @ ada)r, 9™(§) @ 1)

for any &,n € G*.
On the other hand, there exists a Hom-left-symmetric algebra structure - on G

given by w(z - y,¢(2)) = w(p(y), [z, 2]) for all z,y,z € G. Furthermore, there is
a compatible left-symmetric algebra structure on the Lie algebra G* given by aob =
rﬁfl(rﬁ(a) -74(b)) for any a,b € G*.

Moreover, by direct calculation, we have

L*x)a =", )], R*(x)a=—r'[f(a)- 2]

and
Li(a)x =[r*(a),2], Ri(a)z=—z-r%(a)

for all x € G, a € G*. Hence, according to Theorem 3.8, as left-symmetric algebras,
(G, G*) is a left-symmetric bialgebra if and only if [[z, y], p(z)] = 0 for any z,y, 2z € G.
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4. s-MATRICES AND HOM-S-EQUATION

For any r € Sym?(A), the induced linear map r#: A* — A is given by (rf(£),n) =
(r,6 ®n) for any £,n € A*. We say that r is invertible if the linear map r¥ is an
isomorphism.

Definition 4.1. A coboundary Hom-left-symmetric bialgebra is a Hom-left-
symmetric bialgebra (A, A*) such that

(4.1) (A(x), ¢" (&) @n) = ((L(x) @ ¢ + ¢ @ ade)r, ™ (§) @ 1),
where 7 € Sym?(A) satisfies
(4.2) orip* = rh,

Obviously, prig* = rt is equivalent to (p ® @)r = 7.

Proposition 4.2. Let (A, A*) be a coboundary Hom-left-symmetric bialgebra.
Then for any &£ € ITm(p*) and n € A* we get

(4.3) §on= ad:ﬁg;*(g)n - Rfk(rﬁsﬁ*(ﬂ))é

Proof. Suppose r = X ® Y, we obtain

(@, §om) = (Az),£@n)

(L(z)®p+e®ad)(XQY), @)

X ®@p(Y),E@n) + (p(X) @ [z, Y], £ @)

X, E(e(Y),n) + (X, n)(e(Y), &) + (p(X), [z, Y], n)
+ {p(X), n){[x, Y], &)

= (@(Y, 0" ()X, &) + (2(Y, 0" () X),m) + ([z, (X, 0" (£))Y,m)

+([z. (X, " ()Y, €)

(@ - 78" (n), &) + ([, 7" (€)], m)

= — (z, R (r'o* (0))€) + (, ads e (y7)-

o~ o~~~

It follows that
Eon= ad:u¢*(£)n - R (Tnsﬁ* (m)¢-

328



Corollary 4.3. Let (A, A*) be a coboundary Hom-left-symmetric bialgebra.
Then we get

(4.4) ©*(Eon) = " (adfs . en — BRI (rFe* ())€)
for any £,m € A*.
Proof. For any x € A, since A is admissible, using (3.1) and (4.2),
(RX(rF2 (€)™ (m),2) = — (9" (n), - 8™ (€)) = —(n, p(@) - orP™®(€))
= — (n,¢(x) - *0(€)) = —(n, (x) - *rFo(£))

= — (@0, z - orip(€)) = (R (orfe(&)) ™ n, )
= ("R (r*o(&))m, z).

Hence,
(4.5) P R (rfo(€))n = RX (rF*2(€))¢" (n).
Analogously,

PFLE(rf (&) = L (r*e™()¢™ (n)-
Therefore,
(46) sﬁ*ad:ﬁw(g)n = ad:ﬁ¢*2(£)sﬁ* (77)

By Proposition 4.2, we obtain

(4.7) @™ (Eon) =" (€) 0" (n) = adys 2 (e 0™ (n) — R¥ ('™ (n)) 0" (€).

Combining this with (4.5)—(4.7), we get the conclusion. O

Corollary 4.4. Let (A, A*) be a coboundary Hom-left-symmetric bialgebra. If A
is regular, then for any £ € A*, we have

(4.8) RI(rF"(€)) = RX(¢r#(€), adjege(q) = adgpe,  LI(r*9"(€)) = LT (0 (€)).
Proof. Due to (2.1) and (4.5),

R (r*o*2(€))* (n) = 9" R (r*(€))n = R* (¢rio(£))e* ().

If A is regular, then we have

R (rf¢*(€)) = RX (¢r*(€)).
Similarly,
Lt (’ru@* (E)) = L*(Soru (g)) and adrﬁcp - ad;rn(g)'
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Definition 4.5. Let (A,-,¢) be a Hom-left-symmetric algebra. For any r =
S a; ® b; € Sym?*(A), [[r,7]] is called Hom-S-equation in (A, -, ), where
i

[[r,r] = Z —a; - a; @ p(bi) @ o(b;) + p(ai) @ b; - a; @ o(bj) + p(ai) @ e(a;) @ [bi, bj).

The Hom-S-equation in a Hom-left-symmetric algebra is an analogue of the Hom-
Yang-Baxter equation in a Hom-Lie algebra, see [11]. When ¢ = I, Hom-S-equation
becomes the S-equation discussed in [1].

Lemma 4.6. Let (A, -, ¢) be a regular admissible Hom-left-symmetric algebra. If
r € Sym?(A) satisfies prip* = rf and Eon = adys e ()1 — R*(r*¢*(n))&, then we get

(4.9) ([, 7]J(&,m) = [rF™ (&), 0™ ()] + 1P " (n 0 §) — rie™ (€ o).
Proof. For any v € A*, using Corollaries 4.3 and 4.4,

(4.10) (rfo*(§om),7) = (ads - 1 — RE(r'e™ ()€, ort (7))
= (&0t (v) - () — (n, [r ™ (€), 7t ()
= (&,r0" () - ' () — (. [rh" (€), H 0™ (7))
On the other hand,
(4.11) ([r, (&) = = (&8 (n) - 8™ (7)) + (0, 7P 0™ (€) - rF o™ (7))
+ (7, o™ (&), o™ ().
Combining this with (4.10) and (4.11), we obtain

[, 7]](&,m) = [r*e* (&), o™ ()] + rie*(no &) — rfp*(Eom).

O

If A is regular and (A, A*) is a coboundary Hom-left-symmetric bialgebra,
then (4.1)

Alx) = (L.(x) @ p+ ¢ @ ady)r
and for any &, € A*, £ on is given by (4.3).

Theorem 4.7. Let A be a regular admissible Hom-left-symmetric algebra. Define
a bilinear map o: A* ® A* — A* by (4.3) for some r € Sym?(A) satisfying (4.2).
Then (A*, 0, ¢*) is a Hom-left-symmetric algebra if and only if

L) @eR@e+e@L(x)®@p+¢®p®adg)|[r,r]] =0.
Under this condition, (A, A*) is a coboundary Hom-left-symmetric bialgebra.
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Proof. Clearly, ¢* is an algebra homomorphism. For any &,7,~v € A*, in view
of Lemma 4.6, we have

& mY)er = (1,€,7) e

=Eonop™(7) —¢ (€ omoy) —¢ (§)o(noy) —(mo&)op (V)
+¢*(n) o (§0)

= adyge (o * (1) = RE(rF 02 (7)) (§ 0 1) — ad,s e (nog) # * (7)
+ R (r*o™ (7)) (0 &) — adjs ey (n 0 ) + R (r*o* (n 0 7)™ (€)
+ ads e, (£ 07) — RE(FFo* (€ 07))¢" (n)

= ad,sp- (con) P * (v) — R? (T”so* (v ))(ad:ngp () — R*( “(n)§
— ady e (nog)? * (V) + R (rFo™ (7)) (ad s ()€ — RE(rF0*(€))m)

— ad}s gea(e) (ad s e ()Y — RE(rF™ (7))m) + RE(rf ™ (n 0 7))¢* (€)

+ admp (adm,, )Y — R (1))€) — RX(rfo* (0 7)¢™ ()

= R (rf¢* (n o) — rfe*(n)rie™ (7))e™ (€)
+ R (rfo*(E o y) — rto™ (©)rf o™ (7)) ¢" (n)
+adis o () - [rh (&) rio ()] P (V)

= RX([[r,r]](n, M)e" (&) + R ([[r, r]](& V)" () + ad{f, g e,m @™ (V)

On the other hand,

(&) = (1,€,7) e, @)
= (R*([[r, )0, 7)™ (&) + RI([[r, 1€ 7)™ (1) — ad [y (e, @ (V) 2)

)
)

= = (@ &)z - [[r,rll(n, 7)) = (" (), 2 - ([, 7]](E, 7))

= ("), L, [, )& m)])

= [l rJ(LT (@)™ (), my ) + [, 1) (&, LT (@)™ (m), ) + ([, 7]](€, my adie™ ()
= [[r, ] (L7 (2)" (6) n,7) + ([, 7]}, LT ()™ (n), )

+ [ rll(€m ade™ ()
{[[r, 7], (L¥(2) @ p @ ) (9" H(E) @ ™ 1) @ ™1 (7))
[[r,7]), (¢ ® L (2) @ 0) (9" () @ 0™ () ® "7 (7))
[r,7]], (p @ 9 @ ad;) (™€) @ 0" () @ "1 (7))
= (L) @@+ 9@ L@) @ ¢+ ¢ ®p@adg)([rr]],
P THO® T @™ ().
Therefore, (A*,0) is a Hom-left-symmetric algebra if and only if (L(z) ® ¢ ® ¢ +

P @ L(x) ® ¢+ ¢ @ ¢ ®adg)[[r,r]] = 0. Finally, if A(z) = (L.(z) ® ¢ + ¢ ® ady)r,
obviously, the compatibility conditions in Definition 3.6 hold. O

+
+
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Let (A, @) be a regular admissible Hom-left-symmetric algebra and r € Sym?(A)
be invertible (that is, 7* is invertible). Define B € Sym?(A*) by

B(z,y) = (z,7*" (1))

for any z,y € A.

Proposition 4.8. The s-matrix r satisfies the Hom-S-equation [[r,r]] = 0 if and
only if

(4.12) B(p(z - y),2z) — Bz, p(y - 2)) — B(e(y - z),2) + By, p(z - 2)) =0
for any x,y,z € A.

Proof. If r satisfies the Hom-S-equation [[r,7]] = 0, then for any £, € A*, by
Lemma 4.5, we obtain

(4.13) [ (&), 0" ()] + e (n 0 §) — re* (£ o) = 0.

For any z,y,z € A, put x = r#(¢), y = r¥(n) and z = r¥(y). According to Corol-
lary 4.4 and (4.13),

B(p(z-y),z) — Ble(y - 2),2)
= B(e(r* (&) - r*(n),r* (7)) = B(p(r* (n) - r*(€),7*(v))
= (@(r* (&) - *(n),7) — (p(rt(n) - (&), )
rfo*(€) - " (m),7) — (rhe” (n) - 0™ (€), )
[ro*(€), 7™ ()], 7)
“(Eon) —rtp*(nog),y)
“(ad}s e o)1 — B (rF0" (0))€) — rto™ (ad}s e € — R (P (£))m), )
(L (r*o* (€))n) — ™ (L (rFo* (1)€), )
F(rfe*(€))n — L (7“ sa “()E, et (7))
¢ )& ert(v))
)> + (& ort(n) - o (7))
V),m) + (rfe*(m) - (), €)
) ). ) + (et (n) - (7)), €)
= —B(sﬂ(rﬁ(f)'fu(v)) i () + B(e(rt(n) - (7)), 7*(€))
= )
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Remark 4.9. If ¢ is orthogonal or the center of A is zero, by Corollary 4.4, we
have rfp* = @rf. Thus, we have

B(e(x),y) = (p(x),r* (y)) = (x,¢"r" 1 (y)) = (z,7" " p(y)) = Blz, o(y))-

Therefore, in view of Proposition 4.8, we have

B(z -y, p(2)) = B(p(z),y-2)) = B(y - z,9(2)) + B(e(y),z - 2) =0,

that is, B is a 2-cocycle on A, see [4].
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