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GENERALIZED PRIME D-FILTERS OF DISTRIBUTIVE
LATTICES

A.P. PHANEENDRA KUMAR, M. SAMBASIVA RAO, AND K. SOBHAN BABU

ABSTRACT. The concept of generalized prime D-filters is introduced in dis-
tributive lattices. Generalized prime D-filters are characterized in terms of
principal filters and ideals. The notion of generalized minimal prime D-filters
is introduced in distributive lattices and properties of minimal prime D-filters
are then studied with respect to congruences. Some topological properties of
the space of all prime D-filters of a distributive lattice are also studied.

INTRODUCTION

In 1968, the theory of relative annihilators was introduced in lattices by Mark
Mandelker [I2] and he characterized distributive lattices in terms of their relative
annihilators. Later many authors introduced the concept of annihilators in the
structures of rings as well as lattices and characterized several algebraic struc-
tures in terms of annihilators. T.P. Speed [II] and W.H. Cornish [3 4} 5] made
an extensive study of annihilators in distributive lattices and characterized some
algebraic structures like normal lattices and quasicomplemented lattices. Recently
in 2013, the concepts of e-filters and D-filters [10] are introduced and characterized
in M S-algebras. Some topological properties of the class of all prime e-filters of
M S-algebras are studied. In 2016, Rao and Badawy studied the properties of
co-annihilator filters of distributive lattices. In [9], authors generalized the concept
of D-filters in distributive lattices and studied their properties.

In this paper, the notion of generalized prime D-filters is introduced in the form
of F-filters of distributive lattices. Some properties of generalized prime D-filters
are investigated and the prime filter theorem is generalized to the case of prime
F-filters. The concept of generalized minimal prime D-filters is introduced in the
form of minimal prime F-filters of distributive lattices. A characterization theorem
of minimal prime D-filters is derived. A set of equivalent conditions is established
for any two distinct minimal prime F-filters to become co-maximal. An ideal
congruence is introduced in lattices and then some properties of prime D-filters
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are studied with respect to this ideal congruence. A one-to-one correspondence is
obtained between the class of all minimal prime D-filters of a distributive lattice
and the class of all minimal prime D-filters of the corresponding quotient algebra
with respect to this congruence. Topological properties of the space prime D-filters
are investigated. Finally, a set of equivalent conditions is derived for the space of
all prime D-filters to become a Hausdorff space.

1. PRELIMINARIES

The reader is referred to [I] and [2] for the elementary notions and notations of
distributive lattices. However some of the preliminary definitions and results of [3],
[5], [7], [9] and [I2] are presented for the ready reference of the reader.

Definition 1.1 ([2]). An algebra (L, A, V) of type (2,2) is called a distributive
lattice if for all x,y, z € L, it satisfies the following properties (1), (2), (3) and (4)
along with (5) or (5)

DzAz=z,zVz=uz,

2 zANy=yAz,zVy=yVuz,

B)(xAyyANz=axzAN(yAz), (@Vy)Vz=zV(yV=2),

4) (xAy)Ve=z, (zVy) Nz ==z,

(B)xA(yVz)=(xAy)V(zA2),

(5)zVynz)=(xVy A(zV=2).

A non-empty subset A of L is called an ideal(filter) of Lifavbe A (aAbe A)
and aAx € A (aVz € A) whenever a, b € A and z € L. The set Z(L) of all ideals
of (L,V,A,0) forms a complete distributive lattice as well as the set F(L) of all
filters of (L, V, A, 1) forms a complete distributive lattice. A proper ideal(filter) M
of a lattice is called maximal if there exists no proper ideal(filter) N such that
M CN.

Definition 1.2 ([2]). Let (L, A, V) be a lattice. A partial ordering relation < is
defined on L by z < y if and only if x Ay = x and x V y = y. In this case, the pair
(L, <) is called a partially ordered set. If x < y or y < z for all z, y € L, then
(L, <) is called a totally ordered set.

The set (a] = {x € L | < a} is called a principal ideal generated by @ and the
set of all principal ideals is a sublattice of Z(L). Dually the set [a) = {x € L | a < z}
is called a principal filter generated by a and the set of all principal filters is a
sublattice of F(L). A proper ideal (proper filter) P of a lattice L is called prime if
forall a,be L,aANbe P (aVbe P)then a € P orbe P. Every maximal ideal
(maximal filter) is prime. A prime ideal P of L is called minimal [7] if there exists
no prime ideal @ of L such that Q C P.

Theorem 1.3 ([1]). Let F be a filter and I an ideal of a distributive lattice L
such that F NI = (. Then there exists a prime filter P of L such that F C P and
PNI=0.
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For any element a of a distributive lattice (L, V, A,0), the annihilator of a is
defined as the set (a)* = {z € L | A a = 0}. Properties of these annihilators
are extensively studied by Cornish [3, 4], T.P Speed [12]. Normal lattices are
characterized in terms of annihilators in [3].

Lemma 1.4 ([12]). For any two elements a,b of a distributive lattice L with 0, we
have

(1) a < b implies (b)* C (a)*,
(2) (V)" = (@)* N (),
(3) (anb)™ = (a)* N (b)™,
(4) (a)* =L if and only if a = 0.

An element a of a lattice L is called a dense element if (a)* = {0}. The set D of
all dense elements of a distributive lattice forms a filter. A lattice L with 0 is called
quasicomplemented [5] if for each x € L, there exists y € L such that z Ay =0
and x V y is dense.

Definition 1.5 ([9]). A filter F' of a distributive lattice L is called a D-filter if
DCF.

The set D of all dense elements of a distributive lattice is the smallest D-filter
of the lattice.

2. GENERALIZED PRIME D-FILTERS

In this section, the notion of generalized prime D-filters is introduced in lattices
in the form of prime F-filters. A relation between maximal filters and prime D-filters
is established. Stone’s theorem of prime filters of lattices is generalized to the case
of prime F-filters. A set of equivalent conditions is derived for every proper F-filter
of a lattice to become a prime F-filter.

Definition 2.1. Let F' be an arbitrary filter of a distributive lattice L. A filter G
of L is called an F-filter of L if G contains F' (i.e. F C G).

For any subset S of a distributive lattice L, define (S)r = [S) V F, where [5) is
the smallest filter containing S. Clearly (S)p is an F-filter of L and, in fact the
smallest F-filter containing S. For S = {z}, we denote simply (z)r for ({z})r
Then clearly (0)p = L and (1)p = F. Moreover, for any « € L, (z)p = [x) V F is
the smallest F-filter containing x which is known as the principal F-filter generated
by x. The following result is an easy consequence of the above facts:

Lemma 2.2. For any two elements a, b of a distributive lattice L, we have
(1) a < b implies (b)p C (a)F,
(2) (@ Ab)r = (a)r Vv (b)r
(3) (aVvb)r = {a)r N (b)r
(4) {a)p = F if and only if a € F.
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It is easy to verify that the set Fr(L) of all F-filters of a lattice L forms a
distributive lattice. Further, the set PF (L) of all principal F-filters of L forms a
sublattice to Fr(L).

Definition 2.3. A proper F-filter P of a distributive lattice L is called a prime
F-filter if for any a,b € L, a Vb € P implies that either a € P or b € P. A proper
D-filter P of a lattice L is called a prime D-filter if for any a,b € L, aVb € P
implies that either a € P or b € P.

Example 2.4. Consider the distributive lattice L = {0, a,b,c,1} whose Hasse
diagram is given in the following figure:

0

Consider the filters Fy = {a,c,1}, F = {b,c,1} and F3 = {¢,1} . Then F;, F» and
F;5 are D-filters of L. Clearly Fy and F5 are prime D-filters but Fj is not a prime
D-filter.

Theorem 2.5. Let F be an arbitrary filter of a distributive lattice L. Suppose P
is a proper F-filter of L. Then the following assertions are equivalent:

(1) P is prime;
(2) for any two F-filters Gy, Go of L, G1 NG C P implies G1 C P or G C P;
(3) for any a, b€ L,(a)p N {(byr C P impliesa € P orb e P.

Proof. (1) = (2): Assume that P is a prime F-filter of L. Let G; and G2 be
two F-filters of L such that G; NGy C P. Suppose Gy € P and Gy € P. Then
there exist two elements a,b € L such that a € G; and b € G5 such that a ¢ P
and b ¢ P. Since P is prime, we get a Vb ¢ P. Since a € G; and b € Ga, we get
aVbe G NGy CP. Hence a Vb € P, which is a contradiction. Therefore G; C P
or G, C P.

(2) = (3): Since each (z)p is an F-filter of L, it is clear.

(3) = (1): Assume that condition (3) holds. Let a,b € L be such that a Vb € P.
Since P is an F-filter, we get (a)p N (b)r = (a Vb)r C P. By the condition (3), we
get a € P or b € P. Therefore P is a prime F-filter of L. O

Corollary 2.6. Let P be a proper D-filter of a distributive lattice L. Then the
following assertions are equivalent:

(1) P is prime;

(2) for any two D-filters G1, G2 of L, GiNG2 C P implies Gy C P or Gy C P;
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(3) for any a, b€ L, {a)p N (b)p C P impliesa € P orb e P.

Theorem 2.7. Let F' be an arbitrary filter of a distributive lattice L. Then every
maximal F-filter of L is a prime F-filter.

Proof. Let M be a maximal F-filter of a distributive lattice L. Let =,y € L be
such that x ¢ M and y ¢ M. Then M V (x)p = L and M V (y)r = L. Hence we
have the following consequence:

L=LNL
={MV (z)p} N {MV (y)r}
=MV {{z)rN(y)r}
=MVi{izVyr.
If x Vy € M then M = L, which is a contradiction. Hence x Vy & M. Thus M is
prime. O

Corollary 2.8. FEvery maximal filter of a distributive lattice is a prime D-filter.

Proof. Let M be a maximal filter of a distributive lattice L. We first prove that M
is a D-filter of L. Suppose there exists d € D such that d ¢ M. Then M V [d) = L,
because of M is maximal. Then 0 € M V [d), which gives x Ad = 0 for some z € M.
Since d is dense, we must have x = 0. Hence 0 = x € M, which is a contradiction
to that M is a proper filter. Therefore D C M, which gives that M is a D-filter. By
taking F' = D in the main theorem, the remaining proof is an easy consequence. [

Corollary 2.9. If My, My, M3, ..., M, and M are maximal F-filters of a distri-
butive lattice L such that f?] M; C M, then there exists j € {1,2,3,...,n} such
that M; C M. =

Proof. Let My, My, M3, ..., M, and M be maximal F-filters of L such that
F] M; C M. By the above theorem M is a prime F-filter of L. Then there

i=1

exist j € {1,2,3,...,n} such that M; C M. O
Definition 2.10. Let F be a filter of a distributive lattice L. Then the lattice
L is called F-quasicomplemented if to each x € L there exists ' € L such that
zAz'=0andzVa €F.

Theorem 2.11. In an F-quasicomplemented lattice, every prime F-filter is a
mazimal F-filter.

Proof. Let P be a prime F-filter of L. Suppose there exist a proper F-filter ) of L
such that P C Q. Choose x € Q — P. Then there exist ' € L such that x A2’ =0
and xVa' € F. Hence z Va' € F C P. Since x ¢ P, we must have 2’ € P C Q.
Since z € Q, we get 0 =z Az’ € Q, which is a contradiction to that @ is proper.
Therefore P is a maximal F-filter of L. (Il

If FF = D, then it clear that the F-quasicomplemented lattice will become
quasicomplemented. Then the following corollary is a direct consequence of the
above theorem.
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Corollary 2.12. In a quasicomplimented lattice, every prime D-filter is a mazimal
D-filter.

Theorem 2.13. Let F' be a filter and P be a proper F-filter of a distributive lattice
L. Then P is a prime F-filter of L if and only if L — P is a prime ideal such that
(L—P)NF=0.

Proof. Assume that P is a prime F-filter of L. Since P # L, we get L — P is
non-empty. It can be easily shown that L— P is an ideal of L. Suppose (L—P)NF # 0.
Choose a € (L—P)NF. Hence a € F C P, which is a contradiction to that a € L—P.
Therefore (L — P)NF = 0.

Conversely, suppose that L — P is a prime ideal of L such that (L — P)NF = {.
It can be routinely verified that P is a filter of L. Let ,y € L be such that « ¢ P
and y ¢ P. Then x € L — P and y € L — P. Since L — P is an ideal, we get
xVy€L— P.Hence zVy¢ P, which means that P is a prime filter of L. Since
(L—P)NF =0, weget FC L—(L—P)=P.Thus P is a prime F-filter of L. O

Corollary 2.14. Let P be a proper D-filter of a distributive lattice L. Then P is a
prime D-filter of L if and only if L — P is a prime ideal such that (L —P)ND = .

Theorem 2.15. Let F be a filter and G be an F-filter of a distributive lattice L.
Suppose I is a non-empty subset of L, which is closed under the operation V such
that GNI = (). Then there exists a prime F-filter P of L such that G C P and
PNI=0.

Proof. Let G be an F-filter of L and I a non-empty subset of L, which is closed
under the operation V such that GN I = 0. Consider P = {H | H is an F-filter of
L, G C H and HNI = 0}. Clearly G € P. Let {H,}aea be a chain of elements
in P. Since each H, is an F-filter of L, we get |J H, is an F-filter of L. Since

aEA
G C H, foreach « € A, we get G C |J H,. Since H, NI = () for each @ € A, we
aEA
get ( U Ha) NI=0.Hence |J H, is an upper bound for the chain {H,}aea.

aEA aEA
By the Zorn’s lemma, P has a maximal element say P. That is, P is an F-filter of

L such that G C P and PNI = (. Let a,b € L be such that a ¢ P and b ¢ P. Then
PV (a)p and PV (b)p are F-filter of L such that P C PV {(a)p and P C PV (b)p.
Since P is maximal in P and G C PV {(a)p, we get (P V (a)p) NI # 0. Similarly,
we obtain that (PV (b)p)NI # (). Choose z € (PV {(a)p)NI and y € (PV (b)p)NI.
Then

zVye{PV{a)p)}N{PV(br}
=PV {({a)rN{b)r}
:P\/(a\/b)F.
If avbe P, then (aVb)p C P. Hence x Vy € P. Since z,y € I, we get zVy € I.

Thus = Vy € PN I, which is a contradiction. Hence a V b ¢ P. Thus P is a prime
F-filter of L. O
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Corollary 2.16. Let F be a filter and G be an F-filter of a distributive lattice L.
Suppose a € L such that a ¢ G. Then there exists a prime F-filter P of L such
that G C P and a & P.

In case of F' = D, we have the following two special cases:

Corollary 2.17. Let G be a D-filter of a distributive lattice L and I be a non-empty
subset of L, which is closed under the operation V such that GNI = 0. Then there
exists a prime D-filter P of L such that G C P and PNI = .

Corollary 2.18. Let G be a D-filter of a distributive lattice L and a € L be such
that a ¢ G. Then there exists a prime D-filter P of L such that G C P and a ¢ P.

Theorem 2.19. Let F be a filter of a distributive lattice L. Then the following
assertions are equivalent:

(1) Every proper F-filter of L is prime;
(2) Fr(L) is a totally ordered set;
(3) PFr(L) is a totally ordered set.

Proof. (1) = (2): Assume that every proper F-filter of L is a prime F-filter of
L. Clearly Fr(L) is a partially ordered set with respect to the set inclusion C.
Let G; and G35 be two proper F-filters of L. By the assumption, we get that
G1 NGy is also a proper F-filter of L. Hence G1 NG5 is a prime F-filter of L. Since
GiNGy CGi NG, weget G CG1 NGy, CGor Gy €GN Gy CG. Therefore
Fr(L) is a totally ordered set.

(2) = (3): Tt is clear.

(3) = (1): Assume that PFpr(L) is a totally ordered set. Let G be a proper F-filter
of L. Choose a,b € L be such that (a) pN(b)p C G. Since (a)r and (b) p are F-filters
of L, we get either (a)p C (b)p or (b)r C (a)p. Hence a € (a)yp = (a)p N{b)r C G
orbe (byp ={(a)rN{b)r C G. Therefore G is a prime F-filter of L. O

Corollary 2.20. Following assertions are equivalent in a distributive lattice L:
(1) Every proper D-filter of L is prime;
(2) Fp(L) is a totally ordered set;
(3) PFp(L) is a totally ordered set.

3. GENERALIZED MINIMAL PRIME D-FILTERS

In this section, the notion of generalized minimal prime D-filters is introduced as
minimal prime F-filters of distributive lattices. A necessary and sufficient condition
is derived for every prime D-filter to become a minimal prime D-filter. A set of
equivalent conditions is established for any two distinct minimal prime D-filters to
become co-maximal.

Definition 3.1. Let F be a filter of a distributive lattice L. For any ) # A C L,
define (A,F)={ze€L|aVazeF, foralac A}
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For any distributive lattice L, it can be observed that (L, F) = F and (F, F) = L.
It can also be observed that F' C (A, F') for any subset A of a distributive lattice
L. For A = {a}, we denote ({a}, F) by (a, F). In case of F = D, we denote (A, D)
by A°. For any a € L, we simply represent ({a})® by (a)°.

Proposition 3.2. Let F be a filter of a distributive lattice L. For any non-empty
subset A of L, the set (A, F) is an F-filter of L.

Proof. Clearly F C (A, F). Let x,y € (A, F). For any a € A, we have a V (z A y)
=(ava)A(aVy) € F.Hence t Ay € (A, F). Let x € (A, F) and y € L with x < y.
Then aVa < aVyforalla € A. Since aVz € F and F is a filter, we get aVy € F.
Hence y € (A, F) for all a € A. Thus (A, F) is a filter of L. Since F' C (A, F), it
concludes that (A, F') is an F-filter of L. O

Corollary 3.3. For any non-empty subset A of a distributive lattice L, A° is a
D-filter of L.

Lemma 3.4. Let F be a filter of a distributive lattice L. For any two non-empty
subsets A and B of L, we have

(1) A C B implies (B, F) C (A, F),
(2) AC (4, F),F),

(3) (A, F), F), F) = (A, F),

(4) (A,F)=L if and only if AC F.

Proof. (1) Assume that A C B. Let € (B,F). Then aV z € F for all a € B.
Since A C B, we get a Va € F for all a € A. Hence © € (A, F). Therefore
(B,F)C (A F).

(2) Let a € A. Then for every z € (A, F), we get aVx € F. Hence a V x € F for
all z € (A, F). Thus a € ((A, F), F). Therefore A C ((A, F), F).

(3) From (2), we have A C ((A,F), F). By (1), we get (((4, F), F
Again by (2), we have (A, F) C (((A,F),F),F). Therefore (((4,
(A, F).

(4) Suppose (A, F)=L. Then 0 € (A, F). Now a =aV 0 € F for all a € A. Hence
a € F for all a € A. Therefore A C F. Conversely, assume that A C F. Let x € L.
Since F is a filter, we get aVa € F for all a € A C F. Hence x € (A, F). Therefore
(A,F)=L. O

In the case of filters of distributive lattices, we have the following result.

3

F)C (A F).
)’F)v ):

Proposition 3.5. For any filters F', G1 and G4 of a distributive lattice L, the
following conditions hold:

(1) (G,F) N (G, F),F) = F,

(2) (GyVGq, F) = (G1, F)N (Ga, F),

(3) ((Gl mGQaF)aF) = ((GlaF)aF)n((G%F)aF)
Proof. (1) Clearly F C (A, F)N((4, F), F). Conversely, let © € (A, F)N((A, F), F').
Then = zVa € F. Hence (A, F) N ((A,F),F) C F. Therefore (4,F) N
((A,F),F)=F.
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(2) Clearly (G1 V G2, F) C (G1,F) N (Ga, F). Conversely, let z € (G1,F) N
(G, F). Let ¢ € G1 V Gy. Then ¢ = i A j for some i € G; and j € Go. Now
zVe=azV(@iNj)=(xVi)A(xVj) € F.Hence x € (G1 V Ga, F). Therefore
(G1,F)N(Ga, F) C (G V G, F).

(3) Clearly ((G1 NGa,F),F) C ((G1,F),F)N ((Gy, F), F). Conversely, let x €
(G, F),F) N ((G2, F), F), y € (GiNGa, F), f € Gp and g € Ga. Clearly
fVge G NGy Now

ye(GiNGe, F)=yV(fVvg) eF since f Vg € G1 NGy
= (yVf)VgeF for all g € G2
=yV fe(Gy,F)
=zV(@yV[f)eEF since z € ((Go, F'), F)
= (zVy)V[feF for all f € Gy

=zVye (G, F)

=zVy€e€ (G, F)N((G1,F),F)=F since z € ((G1,F), F)
=zxz€(yF) for all y € (G1 NGy, F)
=z€((GiNGy, F),F).

Hence ((G1,F),F)N((G2, F),F) C ((G1 NGy, F), F). Thus ((G1 NGy, F), F) =
((G17F)7F)m((G27F)vF)' 0
The following corollaries are direct consequences of the above results.

Corollary 3.6. Let F be a filter of a distributive lattice L and a,b € L. Then we
have

(1
2

(la), F) = (a, F),
a < b implies (a, F) C (b, F),
(3) (@b, F) = (a, F) N (b, F),
4) ((aVvd,F),F) = ((a,F),F) N ((b, F), F),
(5) (a, F) =L if and only if a € F.
Corollary 3.7. Let L be a distributive lattice and a,b € L. Then we have
(1) ([2))° = (a)°,
(2) a < b implies (a)° C (b)°,
(3) (aAb)® = (a)° N (b)°,
(4) (aVb)*® = (a)** N (b)>,
(5) (a)° = L if and only if a is dense.
Lemma 3.8. Let F be a filter and P be a prime F-filter of a distributive lattice
L. Then x ¢ P implies (x,F) C P for any x € L.

In the following definition, the notion of minimal prime F-filters is introduced
in distributive lattices.

NN NI

Definition 3.9. Let F' be an arbitrary filter of a distributive lattice L. Suppose
G is an F-filter and P a prime F-filter of L such that G C P. Then P is called a
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minimal prime F-filter belonging to G if there exists no prime F-filter ) such that
G C @ C P. A minimal prime F-filter belonging to the filter F' is simply called
minimal prime F-filter of L.

In case of FF = D, we call P the minimal prime D-filter belonging to G. A
minimal prime D-filter belonging to the filter D is simply called minimal prime
D-filter.

Proposition 3.10. Let F be an arbitrary filter of a distributive lattice L. Suppose
G is an F-filter and P a prime F-filter of L such that G C P. Then P is a minimal
prime F-filter belonging to G if and only if L — P is a maximal ideal with respect
to the property that (L — P)NG = 0.

Proof. Let P be a prime F-filter of L such that G C P. Assume that P is
a minimal prime F-filter belonging to G. Clearly L — P is an ideal such that
(L — P)NG = 0. Suppose Q is another ideal such that QNG =0 and L — P C Q.
Hence G C L — @ C P. By the minimality of P, we get L — Q = P. Hence L — P
is a maximal ideal with respect to the property (L — P) NG = ().

Conversely, let L—P be a maximal ideal with respect to the property (L—P)NG =
(). Suppose @ is a prime F-filter of L such that F C G C Q C P. Clearly L — Q
is an ideal such that L — P C L — @ and (L — Q) N G = (), which contradicts the
maximality of L — P. Hence P is the minimal prime F-filter belonging to G. O

Corollary 3.11. Let F be a D-filter and P a prime D-filter of a distributive lattice
L such that F C P. Then P is a minimal prime D-filter belonging to F if and only
if L — P is a maximal ideal with respect to the property that (L — P)NF = ).

Theorem 3.12. Let F' be an arbitrary filter of a distributive lattice L. Suppose G
is an F-filter and P a prime F-filter of L such that G C P. Then P is a minimal
prime F-filter belonging to G if and only if to each x € P, there exists y ¢ P such
that x Vy € G.

Proof. Let G be an F-filter and P a prime F-filter of L such that G C P. Assume
that P is a minimal prime F-filter belonging to G. Then L — P is a maximal
ideal with respect to the property that (L — P) N G = (). Let « € P. Then clearly
L—P c (L— P)V (x]. By the maximality of L — P, we get {(L—P)V (z]} NG # 0.
Choose a € {(L — P)V (2]} N G. Then we get a =y V x for some y € L — P and
a € G. Hence y V& =a € G where y ¢ P.

Conversely, assume that the condition holds. Suppose P is not a minimal prime
F-filter belonging to G. Then there exists a prime F-filter Q of L such that
FCGCQCP.Choose x € P— Q. Then, by the assumed condition, there exists
y ¢ P such that 2V y € G C Q. Since = ¢ @, it yields that y € Q C P, which is a
contradiction. Therefore P is a minimal prime F-filter belonging to G. t

Replacing the filter F' by the D-filter D, the following are direct consequences.
Corollary 3.13. Let G be a D-filter and P a prime D-filter of a distributive lattice

L such that G C P. Then P is a minimal prime D-filter belonging to G if and only
if to each x € P, there exists y ¢ P such that x Vy € G.
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Corollary 3.14. A prime D-filter P of a distributive lattice L is minimal if and
only if to each x € P, there exists y ¢ P such that xVy € D.

Definition 3.15. Let F be a filter of a distributive lattice L. For any prime F-filter
P of L, define the set Op(P) as Op(P) ={x € L | « € (a, F) for some a ¢ P}.

For a prime D-filter P, we denote Op(P) by O(P) ={z € L | x € (a)° for some
a ¢ P}

Lemma 3.16. Let F be a filter of a distributive lattice L. For any prime F-filter
P of L, Or(P) is an F-filter such that Op(P) C P.

Proof. Clearly F C Op(P). Let z,y € Op(P). Then z € (a,F) and y € (b, F)
for some a ¢ P and b ¢ P. Hence ((a,F),F) C (z,F) and ((b,F),F) C (y, F).
Thus ((aVb, F),F) = ((a, F), F)N((b, F),F) C (z, F)N(y, F) = (x Ay, F). Hence
Ay € ((zNy, F),F) C(((aVb,F),F),F)=(aVbF).Since aVb¢ P, we get
that x Ay € Op(P). Again, let © € Op(P) and « < y. Then z € (a, F) for some
a ¢ P. Since (a, F) is a filter, we get y € (a, F'). Hence y € Op(P). Therefore
Op(P) is an F-filter of L. Let x € Op(P). Then z € (a, F') for some a ¢ P. Hence
xVa€F CP. Since P is prime, we get € P. Therefore Op(P) C P. O

Lemma 3.17. Let F be a filter and P be a prime F-filter of a distributive lattice
L. Then every minimal prime F-filter belonging to Op(P) is contained in P.

Proof. Let @ be a minimal prime F-filter belonging to O (P). Suppose Q ¢ P.
Choose x € Q — P. Then there exists y ¢ @Q such that z Vy € Or(P). Hence
xVy € (a,F) for some a ¢ P. ThusyV (zVa) = (zVy)VaeF CP. Since
x ¢ P,a¢ P, and P is prime, we get zVa ¢ P. Hence y € Op(P) C @, which is a
contradiction. Therefore @ C P. O

In case of F' = D, the above two results conclude that O(P) is a D-filter such
that O(P) C P and every minimal prime D-filter belonging to O(P) is contained
in P.

Proposition 3.18. Let F' be a filter and P be a prime F-filter of a distributive
lattice L. Then Op(P) is the intersection of all minimal prime F-filters contained
in P.

Proof. Let P be a prime F-filter of L. By Zorn’s lemma, P contains a minimal
prime F-filter. Let {S,}aca be the family of all minimal prime F-filters contained
in P. Let x € Op(P). Then there exists a ¢ P such that x € (a, F'). Since each
Se C Pand a ¢ P, we get a ¢ S, for all &« € A. Since xVa € F C S, and

a ¢ S, for all @ € A, we get « € S, for all @ € A. Hence z € () S,. Therefore
aEA
Or(P) C (N Sa. Conversely, let x ¢ Op(P). Consider S = (L — P) V (z]. Suppose
aEA
FNS#Q. Choose a € FNS. Since a € S, we get a =tV x for some t € L — P.

Since a € F, we get t Vo € F. Hence = € (t,F) where t ¢ P. Thus z € Op(P),
which is a contradiction. Therefore S N F = (). Let M be the maximal ideal such
that S C M and M N F = (. Then L — M is a minimal prime F-filter such that
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L—-MCPandxz¢L— M because of z € S C M. Hence x ¢ [ Sa. Therefore
acA
n Sa c OF(P) U
VAN
The following corollaries are direct consequences of the above theorem.

Corollary 3.19. Let P be a prime D-filter of a distributive lattice L. Then O(P)
is the intersection of all minimal prime D-filters contained in P.

Corollary 3.20. If P is a minimal prime D-filter of a distributive lattice L, then
O(P)=P.

Definition 3.21. Let F' be an arbitrary filter of a distributive lattice L. Then two
F-filters G; and G5 of L are called co-maximal if G1V Gy = L.

Theorem 3.22. Let F' be an arbitrary filter of a distributive lattice L. Then the
following assertions are equivalent:

(1) every prime F-filter contains a unique minimal prime F-filter;
(2) for any prime F-filter P, Op(P) is prime;

(3) for any a,b € L withaVbe F,(a,F)V (b,F)=0L;

(4) for any a,be L,(a, F)V (b,F) = (aVb,F);

(5) any two distinct minimal prime F-filters are co-mazimal.

Proof. (1) = (2): Assume that every prime F-filter of L contains a unique minimal
prime F-filter. Then by Proposition we get that Op(P) is a prime F-filter.
(2) = (3): Assume the condition (2). Let a,b € L be such that a Vb € F. Suppose
(a, F)V(b, F') # L. Then there exists a maximal filter P such that (a, F)V (b, F) C P.
Hence (a, F') C P and (b, F') C P. Thus we get a ¢ Op(P) and b ¢ Op(P). Since
Op(P) is prime, we get aVb ¢ Op(P). Hence F ¢ Op(P), which is a contradiction.
Therefore (a, F)V (b, F) = L.
(3) = (4): Assume that the condition (3) holds. Let a,b € L. Clearly (a, F) V
(b,F) C(aVDb,F). Conversely, let x € (a Vb, F). Then we get (zVa)V (zVb) =
xV (aVb) € F. Hence by condition (3), we get (xVa, F)V (zVb, F') = L. Therefore
x € (xVa,F)V(xVb, F). Hence © = r A s for some r € (xVa,F) and s € (x Vb, F).
Since r € (x V a, F), we get r V a € (a, F). Similarly, we get sV z € (b, F'). Now
r=xVx

=xzV(rns)

=(@Vr)A(zVs)€E(a, F)V (b F).
Hence (a Vb, F) C (a,F) V (b, F). Therefore (a,F) V (b,F) = (a Vb, F) for all
a,be L.
(4) = (5): Assume the condition (4). Let P and @ be two distinct minimal prime
F-filters of L. Choose z € P — @ and y € @ — P. Since P and ) are minimal,
there exist g ¢ P and yo ¢ @ such that x V2o € F and y V yg € F. Hence

xVazgVyVyy € F. Since g ¢ P and y ¢ P, we get 2o Vy ¢ P and hence we
conclude (zo V y, F) C P. Similarly, we can obtain (z V yo, F) C Q. By Corollary
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3.6(5), we get
L=(xVazyVyVyyF)

= ((z Vyo) V(o Vy),F)

=(@Vyo, F)V(zoVy,F) by (4)

crPva
which gives PV Q = L. Therefore P and ) are co-maximal.
(5) = (1): Assume that any two distinct minimal prime F-filters of L are co-maximal.
Let P be a prime F-filter of L. Suppose P contains two minimal prime F-filters,
say Q1 and Q. Then by condition (5), we get L = @1 V Q2 C P, which is a

contradiction. Therefore every prime F-filter contains a unique minimal prime
F-filter. O

Corollary 3.23. Following assertions are equivalent in a distributive lattice L:

(1) every prime D-filter contains a unique minimal prime D-filter;
(2) for any prime D-filter P, O(P) is prime;

(3) for any a,b € L with aVvbe D, (a)°V (b)°=L;

(4) for any a,b € L,(a)° V (b)° = (a V b)°;

(5) any two distinct minimal prime D-filters are co-mazimal.

4. CONGRUENCES AND PRIME D-FILTERS

In this section, we first study a congruence in terms of ideals. Later, an equiva-
lency is obtained between the minimal prime D-filters of a distributive lattice and
its quotient algebra with respect to this congruence. The following proposition can
be routinely verified.

Proposition 4.1. Let I be an ideal of a distributive lattice L. For any x,y € L,
define a binary relation by on L by (x,y) € ¥y if and only if xV a = yV a for some
a € I. Then vy is a congruence on L with I as a congruence class modulo ¥y.

For any distributive lattice L, it can be shown that the quotient algebra L, is

also a distributive lattice with respect to the following operations:
[x]wl A [y]dﬂl = [:L‘ A y]wl and [‘/E}wl v [y]wl = [‘T v y}wf

where [z]y, is the congruence class of 2 modulo ;. It can be routinely verified
that the mapping ¥: L — L, defined by ¥(z) = [z]y, is a homomorphism.
Lemma 4.2. The following conditions hold in a distributive lattice L:

(1) If d is a dense element of L, then [d]y, is a dense element of Ly,

(2) If F is a D-filter of L,y,, then $~(F) is a D-filter of L,

(3) If P is a prime D-filter of Ly, , then U=L(P) is a prime D-filter of L.
Proof. (1). It is clear.

(2). Let F be a D-filter of L,,,. Clearly U~1(F) is a filter of L. Let 2 € D C L.
Then by (1), we get that [z]y, is a dense element of Ly, . Hence ¥(x) = [z]y, € F,
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which implies z € $=1(F). Thus D C ¥~1(F). Therefore V=1(F) is a D-filter of
L.

(3). By the nature of homomorphisms, it can be obtained easily. ([
Definition 4.3. Let I be an ideal of a distributive lattice L. For any filter F' of L,
define F = {[z]y, | x € F}.

By the nature of congruences of distributive lattices, it can be easily observed
that F is a D-filter in Ly, whenever F'is a D-filter in L. In the following, we
observe some properties of prime D-filters of a distributive lattice with respect to
congruence classes modulo U;.

Proposition 4.4. Let P be a prime D-filter and I an ideal of a distributive lattice
L such that PN 1 = 0. Then the following conditions hold:
(1) @ € P if and only if [x]y, € P,
(2 PNI=0,
(3) If P is a prime D-filter of L, then P is a prime D-filter of Ly,.
Proof. (1). Clearly z € P implies [z],, € P. Conversely, let [z];, € P. Then
[x]y, = [t]y, for some ¢t € P. Hence (x,t) € ¢;. Thus £ Va =tV a € P for some
a€l. Since PNI =10, we get a ¢ P. Since x Va € P and a ¢ P, we must have
xz € P.
(2). Suppose PN 1T # 0. Then choose [x]y, € PNI. Then by (1), we get z € P and
[z], € 1. Hence we can have the following:
[y, € I= [y = [Yle: for some y € I
= (z,y) € Y1
=zxzVa=yVa forsomeac€l
=xVaecl sinceyVael
=xVaecPNI sincexeP

which is a contradiction to PN I = ). Therefore PN 1 = 0.

(3). Since P is a filter of L, it is clear that P is a filter of L,y,. Let [z]y, € D.
Then, we get + € D C P. Hence [z]y, € P. Therefore P is a D-filter of Ly, .
Since P is a proper filter of L, by (1), we get that P is a proper filter in L Sy Let
[@]y;s Y]y, € Ly, Then we have

[l‘]wf v [:U]wz eP= [1‘ \% y]dn eP

=zVyeP from (1)
=z €P ory € P
= [z]y, € P or [yly, € P
Therefore P is a prime D-filter in Ly, ([l

Proposition 4.5. Let I be an ideal of a distributive lattice L. Then the mapping
P +— P is an order isomorphism of the set of all prime D-filters of L disjoint from
I onto the set of all prime D-filters of Ly, .
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Proof. Let P and Q be two prime D-filters of L such that PN I = () and
QNI = (. Then by Proposition (1), we get that P C Q & P C Q. Let P be
a prime D-filter of L such that P NI = (). Then by Proposition 3), we get
that P is a prime D-filter of L,y,. Let R be a prime D-filter of L,,,. Consider
P={xzeL||x]y, € R}. Since R is a D-filter of L, we get that P is a D-filter
of L. Let #,y € L be such that xVy € P. Then [z]y, V [yly, = [£Vyly, € R. Since
R is prime, we get either [z]y, € R or [y]y, € R. Hence either z € P or y € P.
Therefore P is a prime D-filter of L. Clearly P = R. Suppose P NI # (). Choose
a € PNI. Then [a]y, € R and a € I. Let [y]y, € Ly, be an arbitrary element.
Now for any a € I and y € L, we have

aVy=aVyVa= (y,yVa)E€ s

= [y, =y Valy,
= [yly; = [Yly; Vlaly, € R since R is a filter
= |

y]wz €R

Hence LMH C R, which is a contradiction. Thus P NI = @. Therefore P — P is an
order isomorphism from the set of all prime D-filters of L which are disjoint from
I onto the set of all prime D-filters of Ly, . O

The following corollary is a direct consequence of the above theorem.

Corollary 4.6. Let L be a distributive lattice. Then the above map P — P induces
a one-to-one correspondence between the set of all minimal prime D-filters of L
which are disjoint from I and the set of all minimal prime D-filters of Ly, .

Theorem 4.7. Let I be an ideal of a distributive lattice L. Then any two distinct
minimal prime D-filters of L are co-mazximal if and only if any two distinct minimal
prime D-filters of L, are co-mazrimal.

Proof. Assume that any two distinct minimal prime D-filters of L are co-ma-
ximal. Let P, P» be two distinct minimal prime D-filters of L/, . Then by the
above corollary, there exist two minimal prime D-filters ()1 and @5 of L such
that QNI =0 and Q2 NI = (). Also @, = P, and Qy = P,. Since P, and P,
are distinct, we get that Q1 and Q)2 are distinct. By the assumption, we get that
@1V Q2 = L. Hence for any z € L, we can have
T =x1 A To where 1 € @1 and x5 € Q2
Since z1 € Q1, we get [z1]y, € @ = Pi. Similarly, we get [z2]y, € Qy = P2. Hence
we get
[Zly, = [21 A2y, = [1]y; A2y, € PV P

Thus, for any € L, we obtained [z]y, € P1 V P,. Hence Py V Py = Ly, .

Conversely, assume that any two distinct minimal prime D-filters of L, are
co-maximal. Let P be a prime D-filter of L. Suppose P contains two distinct
minimal prime D-filters, say P, and Ps. Consider S = L — P. Then clearly S is an
ideal of L such that Py NS =0 = P, N S. Then by Corollary we get that P;
and P, are distinct minimal prime D-filters of L /47 such that P, Py C P. Thus P
is containing two distinct minimal prime D-filters of L, , which is a contradiction.
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Hence P contains a unique minimal prime D-filter. Therefore, by Corollary [3.23]
any two distinct minimal prime D-filters of L are co-maximal. O

5. THE SPACE OF PRIME D-FILTERS

In this section, some topological properties of the space of all prime D-filters of
a distributive lattice are studied. In the following proposition, we first observe the
generalization of the Stone’s theorem of prime ideals to the case of prime D-filters
of distributive lattices:

Proposition 5.1. Fvery D-filter of a distributive lattice is the intersection of all
prime D-filters containing it.
Proof. Let F be a D-filter of a distributive lattice L. Consider

Fy =(\{P | P is a prime D-filter such that F' C P}

Clearly F' C Fy. Conversely, let « ¢ F. Then there exists a prime filter P such
that £ C P and « ¢ P. As F a D-filter, P is also a D-filter. Hence = ¢ F, which
completes the proof. O

Corollary 5.2. The intersection of all prime D-filters of a distributive lattice is
equal to D.

Corollary 5.3. Let L be a distributive lattice and x € L. If x ¢ D, then there
exists a prime D-filter P of L such that © & P.

Let us denote the set of all prime D-filters of a lattice L by Speck (L). For any
x € L, define R(z) = {P € Spec2(L) | ¢ P}. Then we have the following result
whose proof is straightforward.

Lemma 5.4. Let L be a distributive lattice and x, y € L. Then the following
conditions hold:

(1) U R(z) = Specp (L),

xeL
) R(z) N R(y) = Rz Vy),
R(z)U ( ) =Rz Ay),
) R(z) =0 if and only if x € D,
) 8(0) = Specp (L).
From the above result, it can be easily observed that the collection {R(z) | z € L}
forms a base for a topology on Spec? (L). Under this topology, we have the following
result.

(2
(3)
(4
(®

Theorem 5.5. The following conditions hold in a distributive lattice L:
(1) For any x € L, R(z) is compact in Speck (L),

(2) Let C be a compact open subset of Speck (L). Then C = R(z) for some
zelL,

(3) SpecR(L) is a Ty-space,
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(4) The map x — R(z) is an anti-homomorphism from L onto the lattice of
all compact open

subsets of Spec2 (L).

Proof. (1) Let v € L. Let A C L be such that &(z) C |J R(y). Let F be a
yeA
D-filter generated by the set A. Suppose x ¢ F. Then there exists a prime D-filter
P such that F'C P and « ¢ P. Since A C F' C P, we get P ¢ R(y) for all y € A.
Since x ¢ P, we get P € R(x), which is a contradiction. Hence = € F. So we can
write x = a1 Aas A -+ A ay for some aq,as,...,a, € A and n € N. Then, we get
n n
f() = KA a) = U 8@
i= i=
which is a finite subcover for £(x). Therefore £(z) is compact.
(2) Let C be a compact open subset of Speck(L). Since C is open, we get

C = | R(a) for some A C L. Since C' is compact, there exist a1,as,...,a, € 4
a€A
such that

n n
C= U R(a;) = R(N\ a;).
i=1 i=1

Therefore C = R(z) for some x € L.

(3) Let P and @ be two distinct prime D-filters of L. Without loss of generality,
assume that P ¢ Q. Choose x € L such that © € P and « ¢ Q. Hence P ¢ R(x)
and Q € A(z). Therefore Speck (L) is a Ty-space.

(4) It can be obtained from (1), (2) and by the above lemma. O
Proposition 5.6. Following assertions are equivalent in a distributive lattice L:
(1) Spec® (L) is a Hausdorff space;
(2) for each P € Spec2 (L), P is the unique member of Speck (L)
such that O(P) C P;
(3) every prime D-filter is mazimal;
(4) every prime D-filter is minimal.

Proof. (1) = (2): Assume that Speck (L) is a Hausdorff space. Let P € Spec? (L).
Clearly O(P) C P. Suppose Q € Spec?(L) such that @ # P and O(P) C Q.
Since Speck (L) is Hausdorff, there exists z,y € L such that P € &(z), Q € &(y)
and R(z Vy) = K(z) N R(y) = 0. Hence = ¢ P,y ¢ Q and =V y € D. Therefore
y € O(P) C @, which is a contradiction to that y ¢ Q. Hence P = Q. Therefore P
is the unique member of Specp F(L) such that O(P) C P.

(2) = (3): Assume the condition (2). Let P be a prime D-filter of L. Suppose P is
not minimal. Let @ be a prime D-filter in L such that @ C P. Hence O(Q) C Q C P,
which is a contradiction to the assumption. Therefore P is a minimal prime D-filter
of L.

(3) = (4): Since every maximal D-filter is prime, it is clear.

(4) = (1): Assume that every prime D-filter is minimal. Let P and @ be two distinct
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elements of Speck (L). Hence O(Q) ¢ P. Choose = € O(Q) such that = ¢ P. Since
x € O(Q), there exists y ¢ @ such that = € (y)°. Hence  Vy € D. Thus it yields,
P e R(z), Q € R(y). Since z Vy € D, we get that &(z) N R(y) = Rz Vy) = 0.
Therefore Spec? (L) is Hausdorff. O

Acknowledgement. The authors would like to thank the referee for his valuable
suggestions and comments which improved the presentation of the content of this

paper.

(10]
(11]

(12]

REFERENCES

Birkhoff, G., Lattice theory, Amer. Math. Soc. Colloq. XXV, Providence, USA, 1967.
Burris, S., Sankappanavar, H.P., A Course in Universal Algebra, Springer Verlag, 1981.
Cornish, W.H., Normal lattices, J. Aust. Math. Soc. 14 (1972), 200-215.

Cornish, W.H., Annulets and a-ideals in distributive lattices, J. Aust. Math. Soc. 15 (1973),
70-77.

Cornish, W.H., Quasicomplemented lattices, Comment. Math. Univ. Carolin. 15 (3) (1974),
501-511.

Katrinak, T., Remarks on Stone lattices, I, Math.-Fyz.Casopis 16 (1966), 128-142.

Kist, J., Minimal prime ideals in commutative semigroups, Proc. London Math. Soc. Sec. B
13 (1963), 31-50.

Mandelker, M., Relative annihilators in lattices, Duke Math. J. 37 (1970), 377-386.

Phaneendra Kumar, A.P., Sambasiva Rao, M., Sobhan Babu, K., Filters of distributive
lattices generated by dense elements, to appear in Palestine J. Math.

Sambasiva Rao, M., e-filters of MS-algebras, Acta Math. Sci. 33B (3) (2013), 738-746.
Sambasiva Rao, M., Badawy, A., u-filters of distributive lattices, Southeast Asian Bull. Math.
40 (2016), 251-264.

Speed, T.P., Some remarks on a class of distributive lattices, J. Aust. Math. Soc. 9 (1969),
289-296.

CORRESPONDING AUTHOR: M. SAMBASIVA RAO,

DEPARTMENT OF MATHEMATICS, MVGR COLLEGE OF ENGINEERING,
VIZIANAGARAM, INDIA - 535005

E-mail: mssraomaths35@rediffmail . com

DEPARTMENT OF BS& H, VIGNAN’S INSTITUTE OF ENGINEERING FOR WOMEN,
VISAKHAPATNAM, ANDHRA PRADESH,

INDIA - 530046

E-mail: phaneendra.arjun@gmail.com

DEPARTMENT OF MATHEMATICS,
JNTU-K UNIVERSITY COLLEGE OF ENGINEERING,
NARASARAOPETA, INDIA-522616
E-mail: ksobhanjntu@gmail. com


mailto:mssraomaths35@rediffmail.com
mailto:phaneendra.arjun@gmail.com
mailto:ksobhanjntu@gmail.com

