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Abstract. We consider the numerical solvability of the general linear boundary value
problem for the systems of linear ordinary differential equations. Along with the contin-
uous boundary value problem we consider the sequence of the general discrete boundary
value problems, i.e. the corresponding general difference schemes. We establish the effec-
tive necessary and sufficient (and effective sufficient) conditions for the convergence of the
schemes. Moreover, we consider the stability of the solutions of general discrete linear
boundary value problems, in other words, the continuous dependence of solutions on the
small perturbation of the initial dates. In the direction, there are obtained the necessary
and sufficient condition, as well. The proofs of the results are based on the concept that
both the continuous and discrete boundary value problems can be considered as so called
generalized ordinary differential equation in the sense of Kurzweil. Thus, our results follow
from the corresponding well-posedness results for the linear boundary value problems for
generalized differential equations.
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numerical solvability; convergence of difference schemes; effective necessary and sufficient
conditions; generalized ordinary differential equations in the Kurzweil sense
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1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

The work is dedicated to the investigation of the numerical solvability of the gen-
eral linear boundary value problem for the system of ordinary differential equations

d
(1.1) d—f = P(t)z +q(2),
(1.2) l(z) = co,
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where P and q are, respectively, real matrix valued and vector valued functions with
Lebesque integrable components defined on a closed interval [a, b], where ¢y € R™
is a real vector and [ is a linear bounded operator from the space of all continuous
vector valued functions defined on [a, b)].

Throughout the paper, we will assume that the absolutely continuous vector func-
tion xg: [a,b] — R™ is the unique solution of problem (1.1), (1.2) (the conditions
guaranteeing these can be found in [4], for example).

Along with problem (1.1), (1.2) we consider the difference scheme

() Bylk—1) = (Cun(Ry(R) + Comlk — y(k—1)
+glm(k})+g2m(k}—1)), k=1,...,m,
(1.21n) Ln(y) = Ym,

where m € N and Gj,, and g, (j = 1,2) are, respectively, mappings of the set
Nm = {1,...,m} into R™*™ and R", 7,, € R™. Furthermore, for a given m € N,,,,
L, is a linear continuous mapping of the space of vector valued functions from N
into R™ and with values in R™*™.

In the paper, we want to present the effective necessary and sufficient (moreover,
the effective sufficient) conditions for the convergence of the difference scheme (1.1,,),
(1.2,,) to xg. Moreover, a criterion is obtained for the stability of the difference
scheme (1.1,,,), (1.2,,,).

The problem of numerical stability is a classical one. Up to now it has been
considered by many authors, see e.g. [5], [6], [7], [8], [9], [11], [14] and references
therein. Among them we can highlight the monograph [7], where a.o. the numerical
solvability of the Cauchy-Nicoletti problem for a system of nonlinear functional-
differential equations was treated. Let us note that both in this monograph as well
as in the other above mentioned references, no necessary and the more so no necessary
and sufficient conditions were found.

The problem analogous to the one considered in the paper is investigated in [5]
for the initial problem.

Finally, we note that, like in [3], the second order difference linear problem can be
reduced to some first order difference linear problem of the type (1.1,,), (1.2,,) and
therefore we can obtain the necessary and suflicient conditions for the convergence
of corresponding second order difference schemes. Analogously, we can consider the
third order difference problem and so on.

The following notations and definitions will be used:

> N, Z and R are, respectively, the sets of all natural, integer and real numbers,
N = {0} UN, Ry =[0,00][, [a,b] is a closed interval.
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> R™ ™ is the space of all real n x m-matrices X = (x”)f;zl with the norm

n
X[ = max > |ayl.
j=1,....m 4
=1

R™ = R™*1 is the space of all real column n-vectors z = (x;)™;.
Onxm (or O) is the zero n x m-matrix. I, is an identity n x n matrix.
0, is the zero n-vector.

v Vv Vv V

lim sup zj, is the upper limit of the sequence z, € R, k =1,2,...
k—o0

X (t—) and X (t+) are the left and the right limits of the matrix valued function
X: [a,b] = R™ ™ at the point ¢ (we assume that X (t) = X(a) for t < a and
X(t) = X(b) for t > b, if necessary);

v

QX() = X() — X(t—), doX(t) = X(t+) — X(8);
[ X oo = sup{|| X (t)|]: t € [a,b]}.

> det(X) is the determinant of the n X n-matrix X.
b

> V(X) is the total variation of the matrix valued function X: [a,b] — R™*™,
a

i.e. the sum of total variations of its components z;;, 1 =1,...,n; j =1,...,m.
> BV([a,b]; R"*™) is the space of all bounded variation matrix valued functions

b
X: [a,b] = R™™ i.e. such that \/(X) < co with the norm || X||oc.

> C([a,b]; R"*™) is the space of all matrix valued functions X : [a,b] — R™*™ with

continuous components on [a, b] with the standard norm
[ X[l = max{[|X(#)[: t € [a,b]}.

> AC([a, b]; R™™™) is the set of all matrix valued functions X : [a,b] — R"*™ with
absolutely continuous components.

> L([a,b]; R™*™) is the set of all matrix valued functions X : [a,b] — R™ ™ whose
components are Lebesgue integrable.

> ||]] is the norm of a linear bounded vector valued functional .

> $1, $2 and s.: BV([a,b]; R) — BV([a, b]; R) are the operators defined, respectively,
by

si(z)(a) =0 s2(z)(a) =0, sc(z)(a) = z(a),
si@)(t) = Y dia(r), sa(@)(t) = D daw(r), se(w)(t) = x(t) — Z s;j(@)(t)
fora <t <b.
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If g € BV([a,b];R), f: [a,b] = R and a < s < t < b, then we assume

/ #(r) dg(r) = (L - 5) /] FOA9) £ dig(0) + 5(6) daglo),

where (L — 5) f]s,t[f(T) dg(7) is Lebesgue-Stieltjes integral over the open interval
Js,t[. It is known (see [13]) that if this integral exists, then the right-hand side of
the integral equality equals to Kurzeil-Stieltjes integral (K-S) fst f(r)dg(r) (see [10],
[12], [15]) and therefore f dg( ) = (K- S) jjsyt[l'(T) dg(r).

If a = b, then we assume f (t)dg(t) =
IfG= (g1k>z,k71 € BV([a, b]; R*™) and F= (fkj)Z:;Zl: [a,b] — R™ ™ then

Se(G)(t) = (se(ga)(€)iimrs @ (G)(1) = (5(9a) ()i, 5= 1,2

/abdG(T)- (Z/ frj (1) dgin (T )il

k=172

For X € BV([a,b]; R™") and Y € BV([a, b]; R"*™), we define

and

B(X,Y)(t) = X()Y (t) — X (a)Y (a) — / dX(r)-Y(r) forte [a,b],
I(X,Y)(t):/ d(X (1) + BX,Y)(r)) - X~ Y(r) fort € [a,b].

The operator B has the property

(/dY ) /dBXY L Z(r) fort € [a,}]

(see Lemma 2.1 from [2]).
Further, notice (cf. [15]) that the following relations hold for all f, g € BV([a, b]; R™)

b b
(1.4) /ftdgt =/ F(8)dg(t—) + £(b) dig(b) /f )dg(t+) + (a) dag(a),

(1.5) /f ) dg(t) / (1) df(t) = FB)g(b) — f(a)g(a)
+ Y duf (1) dig(t) = Y daf(t) - dag(t)

a<t<b a<st<b

(integration-by-parts formula),

(1.6) /f )dsi(9)(t) = > f(t)dig(t) /f )dsa(g)(t) = D f(t)dag(t)

a<t<b ast<b
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and
(1.7) d; (/ f(s) dg(s)> = f(t)d;g(t) fortel, j=1,2.

For m € N, we will denote N,,, = {1,...,m} and Ny = {0,1,...,m}. If J C Z,
then E(J; R™* ™) is the space of all bounded matrix valued functions Y': J — R™*™
with the norm

1Yl = max{[[Y (F)[|: k€ J}.

Form € N, Y € E(N,,; R"*™) and i € N,,,, we denote AY (i—1) =Y (i)Y (i —1).
Further, 7, = (b—a)/m, Tom = @, Tkm = a+ kT and Im = |Tk—1m, Tkm [ for m € N
and k € N,,. Moreover, for m € N we define the function v, by

t—a

Um(t) = [mm} for t € [a, ],

where [T] stands for the integer part of T. Obviously, Vi, (Tkm) = k for all m € N,
and k € &m.

Now, assume that P € L([a,b]; R"*"), ¢ € L([a,b];R™) and [: C([a,b]; R") = R™
is a linear bounded vector valued functional. Let Gjn, € E(Ny; R™ ™), j = 1,2,
gim € E(Nm; R™) and let £L,,: E(J; R™*™) — R™ be a given linear bounded vector
valued functional for m € N and j € {1,2}. In addition, assume

G1m(0) = Gom(m) = Opxpn and  g1,(0) = g2m(m) =0, for m € N.

For all m € N, define the operators p,,: BV([a,b]; R") — [E(Nm; R™) and ¢, :
E(Npm; R™) — BV([a, b]; R™), respectively, by

pm () (k) = &(Thm)  for z € BV([a,b];R™), k € Ny,
and

y(k) if t = 74, for some k € &m,

1 1 ~
=< yk) — EGlm(kJ)y(k) — Egm(k:) if t € |Tk—1m, Them | for some k € N,,,

for y € E(N,,; R") and ¢ € [a, b).
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2. FORMULATION OF THE MAIN RESULTS

2.1. The convergence of difference schemes. We give the proofs of the results
of this chapter below, in Chapter 4.

Definition 2.1. We say that a sequence (G1m, Gom, g1m, 92m; Lm) (m =1,2,...)
belongs to the set CS(P,q,l) if for every ¢y € R™ and the sequence 7, € R”,
m =1,2,... satisfying the condition

lim ., = co,
m—00

the difference problem (1.1,,), (1.2,,) has a unique solution y,, € E(N,,; R") for any
sufficiently large m and

Il — (el =0

Theorem 2.1. Let the conditions

(2.1) lim Ly (pm(x)) =1U(z) for x € BV([a,b];R"),
m—00
(2.2) limsup || L] < o0
m—00
hold. Then
(23) ((Glm;G2mvglmvg2m;£m))$=l € CS(Pa(Ll)

if and only if there exist a matrix valued function H € AC([a,b]; R"*™) and a
sequence of matrix valued functions Hyp,, Hopm € [E(Nm7 R™*™) m € N, such that
the conditions

(2.4) %gggxwaam—mmm+%ﬂm®mm®w
n HHlm(k) — Hom(k—1) + %Hlm(k‘) G (k — 1)H) < o0

(2.5)  inf{|det(H())|: t € [a,b]} >0,

(2.6) lim max{||Hjm(k) — H(mem)||} =0, j=1,2

M= LeN,,

hold, and the conditions

U, (t)

CRON ; Him (k) (G (k) + Gam (k — 1)) / Hir
vm (1)

(28) S Hin () (g (8) + gam(k ~ 1)) /H
k=1

are fulfilled uniformly on [a, b].
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Remark 2.1. The limits equalities (2.7) and (2.8) are fulfilled uniformly on
[a, b] if and only if the conditions

Tim
n}%@}?@fj{‘mzm’” ) (Gim (k) + Gom(k — 1)) — i H(T)P(T)dT}—onxn,
Tim
M@Qg@;’f{‘mzmm (010 (8) + g2 (= 1) = [ H () | =0,

hold, respectively.

Let X be the fundamental matrix of the system dz/dt = P(t)x on [a, b] such that
X (a) = I, and for any m € N let Y}, be the fundamental matrix of the system

(29)  Aylk—1) = —(Gun(W)y(k) + Gam(k = y(k 1), k€N
such that Y;,,(0) = I,.

Theorem 2.2. Let conditions (2.1), (2.2) and

1
(2.10) det(In + (—1)JEGjm(k)) £0, j=1,2; k €Np; meN
hold. Then inclusion (2.3) holds if and only if the conditions
(2.11) lim max{||Y Yk) = X Hrem)|} =0

m OOk
and
!
. 1 —1
(2.12) im lfg@X{ ‘ - ; Y., (k) (g1m (k) + gam(k — 1))
Tim
- [ x @ arf o,
hold.
Remark 2.2.

(a) It is well known that if P(t) ftz P(r)dr = ftz P(7)dr - P(t) for some to € [a, D],
then X (t) = exp (ftto P(7)dr);
(b) By (2.10) we conclude

1

(2.13) Y (k) = H(In - %Glm(i))_l(ln + %Ggm(i - 1)), k€ Ny

i=k
for every natural m;

(¢) In Theorem 2.3, condition (2.4) automatically holds because Y,, is the funda-
mental matrix of the homogeneous system (2.9) for every natural m.
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Now we give a method of constructing discrete real matrix valued and vector
valued functions, respectively, G and g;m (j = 1,2; m € N) for which the condi-
tions of Theorem 2.3 hold. For the construction we use the inductive method. Let
Em: @m — R™ "™ and &, : @m — R™, m € N, be discrete matrix valued and vector

valued functions, respectively, such that

Let
Py = X (i) + Em(l)  for L €N, and m € N.

Let m be an arbitrary natural number and let Gy, (1) and Ga,,(0) be such that
Y (1) = Piy,.

According to (2.13) we get

1 -1 1
(In - EGlm(1)> (In + EGQm(O)> = le-
Therefore G1,,,(1) and Ga,,(0) are arbitrary matrices such that

Gim(1) =m(I, — P;,;}) — Gam(0) Py L.

m

Now, let G1p(k), Gom(k — 1) and Y;,,(k), k = 1,...,1 — 1, be constructed. For the
construction of G, (1) and Gy, (I — 1) we use the equalities

Ym(l) = P
and ] . 1
Yin(l) = (In - aGlm(l)) (In + — Gl - 1))Ym(l —1).

As above, we obtain the relation

Glm(l) = m(In - Pl—lmP_l) - GQm(l - 1) ]Dl—lmljl:nl-

lm

So G1m (1) and Gap, (I — 1) will be an arbitrary matrix satisfying the last equality.
Let us now construct the discrete vector valued functions gi,, and go,, m € N.
As g1m(1) and ga,, (I — 1) we choose arbitrary vectors satisfying the equalities

1
Eynfl(l)(gm(l) +goam(l = 1)) = @im, 1 € Ny,

where

Tim
Gim = &En(l) + X Yr)q(r)dr, 1eN,

a
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for every natural m. Therefore, we have the equalities
glm(l) + g2m(l - ]-) = mYm(l)QImv Il €Np, meN

for the definition of the vector valued functions g1,, and g2,,, m € N. It is evident
that the constructed vector valued functions satisfy condition (2.12). We use the
above constructed discrete matrix valued and vector valued functions in the following
example.

Example 2.1. Let X(¢) =exp (fat P(7)dr) be the fundamental matrix of sys-
tem (1.1) and let &, = Opxp and &, = 0,, for m € N. Then

Tim -
le—exp</ P(T)dT> for I € N,,, and m € N.

If we choose

Tim

Gom(l—1) = PP}, = exp </ P(71) dT) for I € N,,, and m € N,

l—1m

then

Tim

Gim(l) = (m — 1)1, — mexp (—/ P(r) dT) for I € N,,, and m € N.

l—1m

For the definition of the discrete vector valued functions g1, and g2, we have the
relations
Tim
gm(D) + g2m(l—1)=m C(Tim,7)q(T)dr forl € N, and m € N,
a
where C(t,7) is the Cauchy matrix of system (1.1).
In particular, we can take

Tim

gim(l) = am C(Tim, 7)q(T) dr

a

and
Tim
gm(l—1)=(1—a)m C(7im, 7)q(7)dr
a
for [ € N,,, and m € N, where « is some number.
Moreover, we can choose these discrete vector valued functions for the connection
with the Cauchy formulae for system (1.1).
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Theorem 2.3. Let conditions (2.1), (2.2) and

mmw2X (G (R)] + G (k = D) < 00

hold and let the conditions

Vm (t)

(2.14) Jim % D (Grm(k) + Gom(k — 1)) = /t P(r)dr,
k=1 @

and
Vi (1) t

(2.15) Jim — > 7 (g1m (k) + gam (k= 1) =/ g(r)dr
k=1 @

be fulfilled uniformly on I. Then inclusion (2.3) holds.

Proposition 2.1. Let conditions (2.1), (2.2), (2.4), (2.5), (2.6) and

1 .
(2.16) i — max (G ()] + gy ()} = 0. 5 =1.2

m

hold and let conditions (2.7) and (2.8) be fulfilled uniformly on [a,b], where H €
AC([a,b]; R™™), Hyp,, Ham € E(Ny; R™*™), m € N. Let, moreover, either

: 1 ¢ .
hmsup(a Z 1Gim (BN + [l gjm (k )H)) <oo, j=1,2
m— o0 =0
or
limsup > (|| Hom (k) = Hum (k)| + || Him (k) = Hapm (k = 1)|]) < 00
m— o0 k=0

Then inclusion (2.3) holds.

Theorem 2.4. Let conditions (2.1), (2.2), (2.4), (2.5), (2.6) and (2.16) hold and
let conditions (2.14), (2.15),

Vm(t) t
Jim kZ:l Him (k) (Gam () + Gam (k — 1)) = / P.(r)dr
and
1 Vi () t
Jim S (k) ann(8) + g2l = 1) = [ a.(r)

k=1
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be fulfilled uniformly on [a,b], where P, € L([a,b]; R"*"™), q. € L([a,b];R™), H €
AC([a, b]; R™*™), Hipm, Hom € E(Nyy,; R**™), m € N. Let moreover the system

dx

4 = (PO = Pu(t)z +q(t) = (1)

have a unique solution under the boundary value condition (1.2). Then

((G1m, Gams gims 92ms Lm))m=1 € CS(P — P, q — qs;1).

Corollary 2.1. Let conditions (2.1) and (2.2) hold and there exist a natural p
and matrix valued functions Bj; € E(N,,,; R"*"), Bji(a) = Opxn (j = 1,2; 1 =
0,...,u— 1) such that

lim sup Z(HHM ~ () + - Hia () G B

m—r0o0

1
n HHIW(@ — Homp(k = 1) 4+ — Hinn (k) G (k = 1)H)< o0,
lim maX{HHJmM( Y= 1]} =0, j=1,2

mM—r 00 ke

and let the conditions

Ui (t)

. 1
3 Gyl Gany = )= [ Pl
k=1
1 Um (1)
n}gnoo E kZZI (glmp,(k) +92mp, :/ q

be fulfilled uniformly on [a, b], where

Hypmo(k) =
Himiy1(k) = ( Hypi (k) Gim (k) + Q1 (Himi, Gim, Gam) (k) + By l+1(k)>H1ml(k)7
Hamiy1(k) = (Qa(Himi, Gim, Gam) (k) + Baiy1(k)) Hami(K),

Gimi+1(k) = Hipu(k)Gim(k), Gami1(k) = Himi(k + 1)Gam (k),

g1m141(k) = Hpni (k) g1m (), g2m 141 (k) = ml(k + 1)gam (k),

Qj(Hlmh G1m7 GQm)(k) = 2IYL jml - ZHlml Glm ) + GQm(i - 1))
J 71,2, l=0,...,0—1, m=1,2,...
Then inclusion (2.3) holds.
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If o =1 and Bjo(t) = Onxn, j = 1,2, then Corollary 2.1 has the form of
Theorem 2.3.

Remark 2.3. In Theorems 2.1, 2.4, Proposition 2.1 and Corollary 2.1, if condi-
tion (2.10) holds, we can assume that H,,(t) = Y,,1(t), where Y,, is the fundamental
matrix of the homogeneous system (2.9), defined by (2.13), for every natural m.
Moreover, condition (2.4) and analogous conditions automatically hold everywhere
in the results circumscribed above, as well.

2.2. The stability of difference schemes. Consider now the question of the
stability of a solution of the difference linear boundary value problem

(2.17) Ay(k —1) = Gi(k) y(k) + Ga(k — L)y(k — 1)
+gl(k)+92(k_1)v keNmoa
(2.18) Lw) =3 B =0
k=0

where my > 2 is a fixed natural number, G; € E(Npy; R™*"), j = 1,2, 10 € R,
g € E(Npmy; R™), and B € E(Npy,; R™).
Along with problem (2.17), (2.18) consider the sequence of the problems

03

(2.17,,) Ay(k —1) = Gim(k) y(k) + Gam(k — 1) y(k — 1)
+g1m(k)+g2m(k_ ]-); ke Nmoa
(2.18,,) Ln(y) = Z B (B)y(k) =vm, meN,
k=0

where G € E(Npmo; R™*™), § = 1,2, gm € E(Nmg; R™), B € E(Npmy; R™), and
Ym € R™ for every natural m. As above, we assume that

Gl(o) = Glm(o) = Onxn; 91(0) = glm(o) = On; m < N7
G2(mo) = Gam(mo) = Onxn,  g2(mo) = gam(mo) = 0,, meN

and problem (2.17), (2.18) has the unique solution y° € E(N,,,; R") (the necessary
and sufficient conditions are given in [3], for example).

Definition 2.2. We say that a sequence (G1m, Gam, g1m, 92m; Lm), m = 1,2, ...,
belongs to the set S(G1, G, g1, go; L) if for every 79 € R™ and the sequence v,, € R",
m =1,2,..., satisfying the condition

lim Tm = 70,

m—r0o0
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the difference boundary value problem (2.17,,), (2.18,,) has a unique solution y,, €
E(Npy; R™) for any sufficiently large m and

Hmym = yoll 5, =0-

Theorem 2.5. Let

(2.19) det(I, + (—1)YGj(k)) #0 fork € Ny, j=1,2
and

(2.20) lim By (k) = B(k) fork e Ny

Then

(2.21) ((Gim: G2ms G1m, 92m3 L)) =1 € S(G1, G2, 91,92; £)

if and only if

(2.22) liin (Gim (k) + Gam(k — 1)) = G1(k) + Go(k — 1) for k € Ny,
and
(2.23) n}igloo(glm(k) + gom(k—1)) =g1(k) + g2(k — 1) fork € Ny,.

Proposition 2.2. Let conditions (2.19), (2.20),

lm Gy (k) = Gj(k) fork € Ny, j=1,2

m—r oo

and

lim gjm(k) = g;(k) fork € Ny, j=1,2

m—r oo

hold. Then inclusion (2.21) holds.

Corollary 2.2. Let conditions (2.19) and (2.20) hold and there exist a natu-

ral 1 and matrix valued functions Bj; € E(Ny,,; R"*™), Bji(a) = Onxn (j = 1,2;

345



l=0,...,u—1) such that the conditions

lim sup Z(HHgmM(k) = Himp (k) + Himp (k) Grmu(9) |

+ || Hipmp (k) = Happ(k = 1) 4+ Hypp (k) Gamp (k — 1)]]) < o0,
lim Hjp(k) =1, forke Ny, j=1,2,

m—00
lim_ (G (k) + Gk — 1)) = G (k) + Galk — 1) for k € Ny,
and
T (91 ) + gl = 1)) = g1 (F) ok — 1) for k € N,
hold, where
Himo(k) = Hamo(k) = I,
Himi1(k) = (Himi(k)Gim (k) + Q1(Himi, Gim, Gam) (k) + By i41(k)) Hipu (),
Homi41(k) = (Qa(Himi, Gim, Gam) (k) + Bai11(k)) Hami (k)
Gimi+1(k) = Himi(k)Gim(k), Gomiy1(k) = Himi(k + 1)Gam/(k),

1
Gimi+1(k) = Hpi(k)g1m (k), g2mi41(k) = Hupi (k4 1)gam (k),
k
Qj (Hlml; Glm; GQm)(k) = ZIn - Hjml(k) - Z Hlml(i) (Glm(l) + GQm(i - 1))
=1
j=1,21=0,....,0—1;, m=1,2,...

Then inclusion (2.21) holds.

If w =1 and Bjo(t) = Opxn, j = 1,2, then Corollary 2.2 coincides with the
necessary conditions of Theorem 2.5.

3. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

The proofs of the results given above are based on the following concept. We
rewrite both problems (1.1), (1.2) and (1.1,,), (1.2,,) (m € N) as a linear boundary
value problem for systems of so called generalized ordinary differential equations in
the sense of Kurzweil ([1]-[5], [10], [12], [15]). So the continuous system (1.1) as
well as discrete systems (1.1,,) (m € N) are, really, the same types of equations.
Therefore, the convergence of differential scheme (1.1,,), (1.2,,) (m € N) to the
solution of problem (1.1), (1.2) is equivalent to the well-possed question for the
boundary value problem for the last systems. So, using the results of papers [1], [2]
we established the present results.
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We rewrite the boundary value problem (1.1), (1.2)) as a boundary value problem
for the linear system of generalized ordinary differential equations (in the sense of
Kurzweil), i.e. in the form

(3.1) dz = dA(t) - =+ df(t),
(3.2) l(z) = co,

where A € BV([a,b]; R™*™), f € BV([a,b]; R™), I: BV([a,b]; R") — R™ is a linear
bounded operator and ¢y € R™ is a constant vector.

Under a solution of system (3.1) we understand a vector valued function z €
BV ([a, b]; R™) such that

t
z(t) = z(s) —|—/ dA(7) - 2(1) + f(t) — f(s) fora<s<t<b.
Along with problem (1.1), (1.2) we consider the sequence of the problems

(3.1,n) do = dAm () - & + dfm(t),

(3.2,,) In(x) =cm, m=1,2,...,

where A,, € BV([a,b]; R™™™), fn € BV([a,b];R"), lyn: BV([a,b];R") — R" is a
linear bounded operator, and ¢, € R™ is a constant vector for every natural m.
We use the following.

Definition 3.1. We say that a sequence (An,, fm;lm), m = 1,2,... belongs to
the set S(A, f;1) if for every ¢g € R™ and the sequence ¢,, € R", m = 1,2,...
satisfying the condition
(3.3) lim ¢, = co,

m— o0

the boundary value problem (3.1,,), (3.2,,) has a unique solution z,,, € BV([a, b]; R™)
for any sufficiently large m and

(3.4) |€m — Zolloo = 0.

lim

m—r0o0

Along with systems (3.1) and (3.1,,) (m € N) we consider, respectively, the cor-
responding homogeneous systems

(3.1p) dz(t) = dA(t) - z(t)
and
(3.1,10) dz(t) = dA,(t) - z(t).
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We give some results from [2] concerning inclusion
(3.5) ((Ams frmilm))m=1 € S(A, f;1)
to be used to prove the main results.

Theorem 3.1. Let the conditions

(3.6) lim [, (z) =1(z) forx € BV([a,b];R"),
m—r oo
(3.7) lim sup ||, ]| < o0
m—00
and
(3-8) det(I, + (—1)7d;A(t)) #0 fort € [a,b], j =1,2

hold. Then inclusion (3.5) holds if and only if there exists a sequence of matrix
valued functions H, Hp, € BV([a,b]; R™*™) (m = 1,2,...) such that conditions (2.5)
and

b
(3.9) limsup \/(Hy, + B(Hpm, Am)) < 00

m—r0o0

hold, and the conditions

(3.10) i H (1) = H(b),
(3.11) T B(Hy, Ay (t) = BH, A) (D)
(3.12) i B(Hy, f) (1) = BUH, ()

are fulfilled uniformly on [a, b].

Theorem 3.2. Let conditions (3.6), (3.7) and
(3.13) det(I, + (=1 d;Ap (1)) #0 fort € [a,b], meN, j=1,2
hold. Then inclusion (3.5) holds if and only if the conditions

(3.14) lim X' (t) = X, ()

m—r0o0

and

lim B(X,,', fm) () = B(Xy L, f)(t)

m—0o0
are fulfilled uniformly on [a,b], where X, is the fundamental matrix of the homoge-
neous system (3.1y,0) for every m € N.
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Theorem 3.3. Let conditions (3.6), (3.7), (3.8) and

(3.15) lim sup \/

m—o0

hold and let the conditions

(3.16) i (4, (1) = An(a)) = A(H) - A(a)
and
(3.17) i (fu(t) = fun(a)) = £(2) - £(a)

be fulfilled uniformly on I. Then inclusion (3.5) holds.

Corollary 3.1. Let conditions (2.5), (3.6), (3.7), (3.8) hold and let condi-
tions (3.10),
¢ ¢
(318)  lim [ Ho(s)dAm(s) = / H(s)dA(s)

m—o0 a

(3.19)  lim tH $)d fom (5 /H )df (s

m—r oo a

(3.20) W%i_r}loode (t) =d;A(t) and hm djfm(t) =d;f(t), j=1,2

be fulfilled uniformly on [a,b], where H, H,, € BV([a,b]; R"*™) (m € N). Let more-
over either

(3.21) limsup > ([ dj Am ()] + [1d; fm (D)) < 00, j =1,2
Mmoo i <igh
or
(3.22) limsup > ||d;jHpn(t)]| < 00, j=1,2.
m—o0 a<t<b

Then inclusion (3.5) holds.

Theorem 3.4. Let conditions (2.5), (3.6), (3.7), (3.8) hold and let condi-

tions (3.10), (3.16), (3.17),
lim [ d(H™ () Hin(s)) - Am(s) = As(t)

m—r0o0 a

and
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be fulfilled uniformly on [a,b], where A,, H, H,, € BV([a,b]; R"*™), m € N, f,, fm €
BV ([a, b]; R™), m € N. Let moreover the system

dz = d(A(t) — A(t)) -2 + d(f(t) — f«(1))

have a unique solution under condition (1.2). Then

(A fmi lm))m=1 € S(A = As, f = fi51).

Corollary 3.2. Let conditions (3.6)—(3.8) hold and there exist a natural y and
matrix valued and vector valued functions B; € BV ([a,b]; R"*"), Bi(a) = Opnxn
(1=0,...,u—1) such that

b

hmsup\/ mp) < 00,

m—00
and let the conditions

n}gn Hmu l(t) = I,

i (Au(t) — Au(a)) = A(t) - Afa),
Wp_ﬁnoo(fYnu(t) - fwm(a)) = f(t) — f(a)

be fulfilled uniformly on [a, b], where

mo(t) = In,
ml+1(t) = (In — A1) + Amila) + Biga (8) Hou (1),
Apmi41(t) = Hypu(t) + B(Hypr, Am)(2),
fmig1(t) = B(Hpt, fr)(@t), 1=0,...,u—1; m=1,2,...

Then inclusion (3.5) holds.

If 4 =1 and By(t) = Oy xn, then Corollary 3.2 has the form of Theorem 3.3. For
completeness, we give the proofs of the results presented and used in the section in
brief (the full version one can be found in [1], [2]).

Below, in the proofs, we will assume that Ag(t) = A(¢), fo(t) = f(t), lo(x) = I(x)
and Hy(t) = H(t).
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Proof of Theorem 3.3. Let us show that
(3.23) det(I,, + (—1)7 djA,,(t)) #0 for t € [a,b], j = 1,2
for any sufficiently large m. By (3.16)

(3.24) lm d;A, (1) = d;A(), j=1,2

m—r oo

b

uniformly on [a,d]. Since \/(A4) < oo, the series > ||d;A(t)]| (j = 1,2) converge.
a te(a,b]

Thus, for any j € {1,2} the inequality ||d;A(¢)|| > 3 may hold only for some finite

number of points ¢;1,...,%;m; in [a,b]. Therefore
1
(3.25) Ild; At)] < 3 fort € [a,b], t #tj;, i=1,...,m;.

It follows from (3.8), (3.24) and (3.25) that for any sufficiently large m and j € {1, 2}

(3.26) det(I, + (=1)7 d;j A () #0, i=1,...,m;
and

1
(3.27) Ild; Ak (t)] < 5 fort € [a,b], t #tj;, i=1,...,m;.

The latter inequality implies that the matrices I,, + (—=1)7d;A4,,(¢), j = 1,2, are
invertible for ¢t € [a,b], t #t;; (i =1,...,m;) too. Therefore (3.23) is proved.

Besides, by (3.26) and (3.27) there exists a positive number 7 such that for any
sufficiently large m

(3.28) (L + (=1)7 d; A (8)) || < 7o for t € [a,b], j=1,2.

Let m be a sufficiently large natural number. In view of (3.8) and (3.23) there exist
(see [15], Theorem II1.2.10) fundamental matrices X and X, of the homogeneous
systems (3.1p) and (3.1,,0), respectively, satistying X (a) = X,,(a) = I,,. Moreover,
X, Xt € BV([a, b]; R™™™), m € N.

Let us show that

(3.29) lim || Xm — X||o = 0.
m— o0

We set Z,,(t) = X (t) — X(¢t) and By, (t) = An(t—) for t € [a,b], m € N. Due
o (1.4), for every t € [a,b], we have di(Bm(t) — Am(t)) = —d2(Bmn(t) — An(t)) =
—d;1A,,(t) and

/ Ad(Bim (1) — Ap (7)) - Zpo (1) = —=d1 A, (£) - Zin(2).
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Consequently,
Zm(t) = (I, — d A (8) 1 (/ d(An (1) — A(T)) - X(7) +/ dBp (1) - Zm(7)>.
From this and (3.28) we get

1Zn(®)] < 70 (em + [Law@mi- ||Zm<r>|) for t € [a.1]

where

e =sn{| [ dtanr) - im0

: t € [a, b]}
Hence, according to the Gronwall inequality (see [15], Theorem 1.4.30),
b b

[ Zim ()| < T0Em exp <7"0 \/(Bm)) < ToEm exp (ro \/(Am)> for t € [a,b].

a a

By (3.15), (3.16) and Lemma 2 from [1], this inequality implies (3.29).
It is known (see [15], Theorem II1.2.13) that if z,, is the solution of (3.1,,), then

T () = Xon(8)m () + frm(t) = fm(a) = Xon (1) /at dX5 () - (f(7) = fim(a)).
Thus, problem (3.1,,), (3.2,,) has a unique solution if and only if
(3.30) det (I (Xm)) # 0.
Since problem (3.1), (3.2) has the unique solution x¢, we have
(3.31) det(1(X)) # 0.
Besides, by (3.6), (3.7) and (3.29) we find
mli_r}ntxJ I (Xm) = U(X).

Therefore, in view of (3.31), there exists a natural number mg such that condi-
tion (3.30) holds for every m > mg. Thus, problem (3.1,,), (3.2,,) has the unique
solution x,,, for m > mg and

(3.32) T (1) XM(t)(lm(XTn))il(Cm — i (Fin(fm))) + Fn(fm) (),
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where

En(fm)(t) = fin(t) = fim(a) — Xm(t)/ AX () - (fn(7) = fin(a)).

According to Lemma 2 from [1] we conclude that

(3.33) lim | X)) = X =0
m—r oo
and
(3.34) o =sup{[| X1 (O] + | Xm (@) t € [a,b], m = mg} < c0.

The equality

implies
X1 (1) = 3\/ for a < s <t <b, m>mo.

This inequality, together with (3.15) and (3.34), yields

lim sup \/

m—o0

By this, (3.17) and (3.29), it follows from [1], Lemma 1 that

(3.35)  lim anil(T)'(fm(T)—fm(a)):/ dX () - (f() = f(a))

m—00

uniformly on [a, b].
Using (3.3), (3.6), (3.7), (3.17), (3.29), (3.30), (3.31) and (3.35), from (3.32) we get

Jim_ s = 2l =0,
where
() = X(OC0) ™ e ~ 1F() + P,
FUO@® = 10~ 1) - X(0) [ X0 () - S,

It is easy to verify that the vector valued function z: [a,b] — R is the solution of
problem (3.1), (3.2). Therefore xo(t) = z(t) for ¢ € [a, b]. O
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Proof of Theorem 3.1. First we prove the sufficiency. Due to (2.5) and (3.10)
we can assume without loss of generality that

(3.36) | Hyt — H oo = 0.

lim
m—0o0
By this and Lemma 2.2 from [2], we conclude for every m € N that the function
x € BV([a,b]; R™) is a solution of problem (3.1,,), (3.2,,) if and only if the function
y(t) = Hp,(t) z(t) is a solution of the problem

dy = dAZ (1) -y + df, (1), LL(y) = cm,

where

A () = Z(Hpny An) (1), [ (8) = B(Hn, fin)(8)s 1 (y) = ln(Hy'y),  m €N,

In addition, inclusion (3.5) holds if and only if

((Afs Fni ) )im=1 € S(AG, f5315)-

Moreover, the conditions of the theorem concerning the sufficient case, coincide with
the ones of Theorem 3.3 for the introduced problems. Thus, the sufficiency follows
from Theorem 3.3.

Let us show the necessity. Let inclusion (3.5) hold. Let ¢, € R™ (m = 0,1,...)
be an arbitrary sequence of constant vectors satisfying condition (3.3) and let e; =
(0ij)71, where 6;; =1 and 0;; = 01if i # 7, 4,5 = 1,...,n (Kronecker symbol).

In view of (3.5) we may assume that problem (3.1,,), (3.2,,) has a unique solu-
tion x,, for every natural m without loss of generality.

For anym € Nand j € {1,...,n} let us denote Zmj(t) = m () —2m;(t), where 5
is the unique solution of system (3.1,,) under the boundary value condition I, (z) =
¢m — €j. Moreover, let X,,(¢) be the matrix valued function whose columns are
Zm1(t), .., Zmn(t). It is evident that

(3.37) ln(zmj) =¢;, j=1,....,n; m=0,1,...
So, if >~ ajzm;(t) = 0 for some m € N and a1,...,0an € R, then using (3.37) we
j=1
n
have )" aje; = 0 and therefore oy = ... = a,, =0, i.e. X, (Xo(t) = X(¢)) is the
j=1

fundamental matrix of the homogeneous system (3.1,,0).
We may assume without loss of generality that X, (a) = I,,, m € N. Due to (3.5),
condition (3.29) holds and therefore using Lemma 2 from [1] we get that (3.33) holds.
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Let us assume that H,,(t) = X,,}(t) (m € N) and verify conditions (3.9)—(3.12) of
the theorem. Condition (2.5) is evident because H(t) = Ho(t) = X, *(t), and X is
the fundamental matrix of system (3.1¢). By (3.33), condition (3.10) holds uniformly

on [a,b]. According to Proposition I11.2.15, from [15] we have

(3.38) XNt =1, - B(X,,', An)(t), meN.
Therefore,
(3.39) Hpn(t) + B(Hp, A)(t) = I, m e N.

So condition (3.9) holds.

Due to (3.33), condition (3.38) implies that (3.11) is fulfilled uniformly on [a, b].
On the other hand, by (1.3), (3.38) and the definition of the solution of system (3.1,,)
we find

B(Hyn, ) () = B(Hm,xm / dA,, xm(s))(t)

— B(Hy, 1)t ( m/ dA,, ))(t)

= B(X., " an)(t) — dB(Xml,Am)(S) “ T (5)

- [t - X))

= X (D) (t) — xm(a) for t € [a,b], m e N.

m

Hence

B(Hp,, fr)(t) = Hp(t) £ (t) — 2 (a), m € N.

By this and (3.33), if we take into account that due to the necessity of the theorem,
condition (3.4) holds, we conclude that condition (3.12) holds uniformly on I, as
well. The theorem is proved. (I

Proof of Theorem 3.2. The theorem immediately follows from the proof of the
necessity of Theorem 3.1. (]
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Proof of Corollary 3.1. By (3.26) and (3.27) (or (3.28)) we have

lim > (diHp(s) - diAp(s) — diH(s) - d1A(s)) = Onsn,

m—r oo

a<s<t

lim_ > (diHp(s) - difm(s) = diH(s) - dif(s)) = On,
a<s<t

lim_ > (deHp(s) - daAp(s) — doH(s) - daA(s)) = Onxn
a<s<t

and

dim Y (doHi(s) - dafm(s) — d2H(s) - d2f(s)) = On

uniformly on [a, b]. From these, integration-by-parts formula (1.5), (3.24) and (3.25),
we get that conditions (3.11) and (3.12) are fulfilled uniformly on [a,b]. So, the
corollary follows from Theorem 3.1. O

The proofs of Theorem 3.4 and Corollary 3.2 can be found in paper [2]—they
coincide, respectively, with Corollary 1.4 and Corollary 1.5 from this paper.

Remark 3.1. In Theorem 3.2, equality (3.11) from Theorem 3.1 has the form

lim BX," An)(t) = B(Xg ', A)(),

m—00

which evidently holds due to equalities (3.14) and (3.38) for every m € N. Moreover,
by (3.38) condition (3.9) is valid.

Remark 3.2. Using equality (1.7), from (3.1,,0) by the definition of the solution
of the homogeneous system, we conclude

4 X (t) = dAR) - Xp(t), j=1,2, m=0,1,...
and therefore by (3.13)
4 X, (8) = =X (O + (1)) d A1) AR, j=1,2% m=0,1,...

If we take into account these equalities, due to integration-by-parts formula (1.5)
and (1.6) we obtain

B(X;!, A)(t) = / X5 (r)AD(Am)(7), m €N
and

BX3!, fu)(t) = / X2 (P D (fu)(7), m €N,
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where D,,,(X): BV([a,b] : R**!) — R"*!_m € N, are the operators defined by

D(X)() = X (1) + Y (In — d1An (1)) " di A (1) X (7)
- Z (I 4 da A (7)) " Pdo A (1) X (1) for t € [a,b], m € N.

a<T<t

Remark 3.3. In all theorems and corollaries, we can assume without loss of
generality that H(t) = I,.

Remark 3.4. In Theorems 3.1, 3.3 and 3.4 and Corollaries 3.1, 3.2, if condi-
tion (3.13) holds, we can assume that H,,(t) = Y, 1(t), where Y,, is the fundamental

m

matrix of the homogeneous system (3.1,,9) for every m € N. In addition, con-
dition (3.9) automatically holds, because by (3.39) its left-hand side equals to 1.
Analogous condition, i.e. the condition concerning the upper limits, is automatically
held everywhere, as well.

4. PROOFS OF THE MAIN RESULTS

4.1. Proofs of Theorems 2.1-2.4. Due to the definition of the solutions
of the generalized system (3.1) we conclude that the vector valued function z €
AC([a,b]; R™) is a solution of system (1.1) if and only if it is a solution of sys-
tem (3.1), where

Moreover, by the Hahn-Banach theorem there exists a bounded vector valued
functional [,.: BV([a,b]; R™) — R™ such that

Li(x) =1(x) for x € C([a,b]; R™)

and the norm of the operator I, on BV([a, b]; R™) equals to the norm of the operator
on C([a, b]; R"), Le. [IL ] = [lZ]]-

So we can assume that l.(x) = [(x) without loss of generality. Therefore prob-
lem (1.1), (1.2) is equivalent to problem (3.1), (3.2).

Consider now the difference boundary value problem (1.1,,), (1.2,,), where m € N.
For every natural m we define the matrix valued and vector valued functions A,, €
BV ([a,b]; R™*™) and f,, € BV([a,b]; R™) and the bounded vector valued functional
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lm: BV([a,b]; R™) — R™, respectively, by the equalities
(41) Am(a) = Am(’rom) = Oan, A Tkm <ZG1m ZGQm Z — ]_ >

k—1 k
1 ; X
“w (§;G1m<z> +2_ Gamli- 1)) for ¢ € 71, Tl k € Nons

k

(42)  funla) = F(rom) = O, fmmm)—;(}jglm +Zgzmz—1>

=0

k—1 k
1
-— (Zglm(i) + Zggm(i - 1)) for t € |Tk—1m, Tem[, k¥ € Np;
i=0 i=1
(4.3) ln(z) = Lin(pm(z)) for x € BV([a,b]; R™), ¢m = Vm.

It is not difficult to verify that the defined matrix valued and vector valued func-
tions have the following properties:

(4.4)  d1Am(Thm
djAm(t) =

(4.5)  difm(Tem
dj frm (t

1 1
= EGlm(k), dgAm(Tkm) = EGQm(k), k= 1, e,y
= Opxn fort € la,b\ {Tim,- s Tem}, J=1,2;

1 1
= Eglmu{:)v d2fm(Tkm) = EQZm(k), k=1,...,m,
0” forte[a’ﬂb]\{Tlmﬂ"'aTkM}v j:1a2

for every m € N.

Lemma 4.1. Let m be an arbitrary natural number. Then the vector valued
function y € E(N,,;R") is a solution of the difference problem (1.1,,), (1.2,,) if
and only if the vector valued function © = ¢ (y) € BV([a,b]; R™) is a solution of
the generalized problem (3.1,,), (3.2,,), where the matrix valued and vector valued
functions A,, € BV ([a,b]; R"*™) and f,, € BV([a,b]; R™) and the bounded vector
valued functional l,,, are defined by (4.1)—(4.3), respectively.

Proofof Lemma4.l. Lety € E(N,,; R™) be a solution of system (1.1,,), m € N.
Then by (1.6), (1.7) and the equality ©(Tkm) = ¢m(y)(Tem) = y(k), k € Ny, we get

/ " A (P (1) + F (7o) = F(Teo1m)

k—1m

1 1 1 1

1 1 1 1
= EGlm(k)y(k + EGQm(lq —Dy(k—1)+ Eg“”(k) + agzm(k -1)

=Ay(k — 1) = m(Tkm) — Tm (Th—1m)
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and

1 1
dlmm(Tkm) = mm(Tkm) - mm(Tkm_) = Ealm(k)y(k) + Eglm(k)
= dlAm(Tkm) + dlfm(Tkm)7 ke Ny

Ao (Th—1m) = Tm (Th—1 m+) — T (Th—1m)

= y(K) ~ y(k — 1) ~ - Gan(R)y(k) — - gun ()

1 1
= Esz(k —Dy(k—1)+ EQQm(k -1)
- dQAm,(Tk—l m) + d2fm,(7-k—1 m)

for every m € N and k € N,,,.

Analogously, we show that if the vector valued function € BV ([a,b]; R"™) is a
solution of the generalized problem (3.1,,), (3.2,,,) defined above, than the vector
valued function y(k) = pm(z)(k) (k = 1,...,m) will be a solution of the difference
problem (1.1,,), (1.2,,) for every natural m. O

So, we show that the convergence of the difference schemes (3.1,,), (3.2,,), m € N,
is equivalent to the well-possed question for the corresponding linear generalized
boundary value problem (3.1), (3.2).

In view of Definitions 2.1 and 3.1, the following lemma is true.

Lemma 4.2. Inclusion (2.3) holds if and only if inclusion (3.5) holds, where the
n X n-matrix valued functions A, A,,, n-vector valued functions f, f,, and n-vector
valued functionals I, l,,, m = 1,2,..., are defined as above, by (4.1)—(4.3), respec-
tively.

In order to use Theorems (3.1)—(3.4) and Corollaries 3.1, 3.2, we need to establish
the forms of the operators applying in those results for particular case which corre-
spond to the matrix valued and vector valued functions and vector valued functional
defined by (4.1)-(4.3).

Let H, H,,, m € N, be the matrix valued functions appearing in Theorem 3.1. It
follows from the proof of this theorem that the matrix valued functions H,, (m € N)
appearing in the proof have the property analogous to matrix valued functions A,
m € N. In particular, we can assume that H,,(t) = I, for t € |7k—1m, Tem[, k € Nm,
m € N. So we have

(4.6) Hp(Th—1m~+) = Hn(Tkm—), k€N, meN.

Due to the definition of the operator B, integration-by-parts formula (1.5) and
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equalities (1.6) we have

/H )dA,

+Zd2H

a<T<t

B(Hy, An

> Hp(r)d A

a<tT<t

—Zle

a<t<t

= Y diHp(7) - diAp(7)

a<tT<t

dgAm(T)

+ Z Hp, (1)da A, (1)
+ Y doHp(7) - dpAp(7)

a<T<t

for t € [a,b], m € N and therefore

vm (1)
Hm(Tkm_)dlAm(Tkm)
k=1
Vm (£)—1
+ Z Ho (Tem+)d2 A (T ) for t € [a,b], m € N.
k=0

(4.7)  B(Hm,Ap)(t) =

Analogously, we show that

vm (t)
Z Hp, Tkm )dlfm(Tkm)
k=1
U (t)—1
+ Z Hp, (Tem+)do fin (Thm ) for t € [a,b], m € N.
k=0

(4.8)  B(Hm, fm)(t

Let
Him (k) = Hy(Tkm—) and  Hap (k) = Hiyn(Tkm ), k € &m, m € N.
Then due to (4.6) we get
Hy(Th—1m+) = Him(k), ke Ny, m € N.

From this and equalities (4.7) and (4.8), using equalities (4.4) and (4.5), for every
natural m we obtain

vm (t)

(4.9) B(Hypm, Am) Z Hip (k) (G (k) + Gom (K — 1))
and
Vi (t)
(4.10) B(Hp,, fm)(t Z Him (k) (g1m (k) + gam(k — 1)) for t € [a,b].
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Moreover, for every natural m we have the equalities

(4.11) Hp(t) = d;B(Hp, A (t) = O,
d, B(Hm,fm)(t) =0, forte[a,b\{r0,....,7m}, j=1,2,
(4.12) Hon(Tkm) = (=1) (Him (k + j = 1) = Ham(k)),
d; B(Hm,A ) (Thm ) = %Hlm(ﬂj —1)Gym(k) for k€N, j=1,2.

Hence, by (4.9)—(4.12) we conclude

(4.13) \b/(Hm + B(Hp, Ay)) = f: (HHQm(k) — Hyp (k) + %Hlm(k)Glm(k)H
a k=1

1
|| () = Ham (b = 1) + — Hi () Gom (6 = 1)), men.
Thanks to Lemmas 4.1, 4.2 and equalities (4.9)—(4.13), we conclude that Theo-
rems 3.1-3.4 have the forms of Theorems 2.1-2.4, respectively, and Corollaries 3.1, 3.2
have the forms of Proposition 2.1 and Corollary 2.1, respectively, in the considered

case.

4.2. Proof of Theorem 2.5. As above we show that problems (2.17), (2.18)
and (2.17,,), (2.18,,), m € N, are equivalent to the generalized boundary value
problems (3.1), (3.2) and (3.1,,), (3.2,), m € N, respectively, where x = g, (),

k
Am(a) = Am(TOmo) = Onxn; Tkmo Z Glm + Z Gom (Z - 1)
and
k
= Gin(i) + > Gom(i—1) fort €7 1m; Tkml, k € Ny
k
fm(a) = fm(TOmo) = Onv fm Tkmo Zglm + z:.g2m(Z - ]-)
=1
and

t) = Zglm(i) + Zggm(i —1) fort€|Tk—1m,Tkml[, k€ Npmy;

I () = L (Pmo(2))  for z € BV ([a,b; R"), ¢m = ym

for every m € N. Here we assume that Ao(t) = A(t), fo(t) = f(t), lo(z) = (2);
Gjo(k) = Gj(k), gjo(k) = g;(k), j = 1,25 Lo(y) = Lin(y).

In addition, Definition 2.2 is equivalent to Definition 3.1. So, in this case, Theo-
rem 3.1 has the form of Theorem 2.5, Corollary 3.2 has the form of Corollary 2.2.
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