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Abstract. The goal of this paper is to present a different approach to the homogenization
of the Dirichlet boundary value problem in porous medium. Unlike the standard energy
method or the method of two-scale convergence, this approach is not based on the weak
formulation of the problem but on the very weak formulation. To illustrate the method
and its advantages we treat the stationary, incompressible Navier-Stokes system with the
non-homogeneous Dirichlet boundary condition in periodic porous medium. The nonzero
velocity trace on the boundary of a solid inclusion yields a non-standard addition to the
source term in the Darcy law. In addition, the homogenized model is not incompressible.

Keywords: homogenization; porous medium; Navier-Stokes system; very weak formula-
tion

MSC 2020: 35B27, 76M50, 35Q30

1. INTRODUCTION

Modeling a flow in porous media is an important subject due to its numerous
applications. A standard and very efficient approach is to use a periodic model of
porous medium and the method of homogenization. The porous medium is modeled
as a periodic array of solid structures with fluid flowing around them. Such geometry
allows to derive a model formally and to prove rigorously the convergence of the
homogenization process as the period of the medium tends to zero.

The formal computation using two-scale asymptotic expansions can be found, for
instance see [3] or [16].
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The rigorous proof of convergence for the homogenization procedure can be done
using the celebrated Tartar approach of oscillating test-functions (also called the
energy method) presented in the appendix of [16] (see also [14] for the case of a non-
homogeneous boundary condition). Another approach involves the two-scale conver-
gence, introduced by Nguetseng (see [15]) and popularized by Allaire (see [2]). Those
methods use the weak formulation as the starting point, making non-homogeneous
Dirichlet boundary conditions difficult to treat, as they do not appear explicitly in
the weak formulation. In fact, the non-homogeneous trace needs to be either lifted
from the boundary or suppressed by the test function with zero trace, before the
methods are applied.

One can also use a method called the unfolding, based on the notion of the local
unfolding operator, see e.g. [6].

We propose here slightly different and more direct approach based on the very weak
formulation of the boundary value problem. One of the advantages of such approach
is that the Dirichlet boundary value is apparent in the formulation making the proofs
simpler and the effects of the homogenization process immediately visible. As in the
energy method, our approach does use the particular choice of the oscillating test
functions but in the framework of the very weak instead of weak formulation of our
boundary-value problem. To simplify the convergence of the pressure we also use
the shortcut via the two-scale convergence.

2. THE PROBLEM AND ITS VERY WEAK FORMULATION

We start by a bounded smooth domain Q@ C R", n = 2,3. Then we construct
a periodic cell
Y*=Y\ A

Here, Y =]0, 1[" is a unit cube and A CC Y is its smooth (A is of class C') simply
connected subset.

Y*

Let
K.={keZ": ¢k+ A) C Q}.
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We take some small parameter ¢ < 1 (the average pore size) and put

Y =e(k+Y"), keZ" the kth pore,
Ap =e(k+A), ke Z", the kth obstacle,

A, = U Ag, the solid part,
keK.
Q. =Q\ A, the fluid part.
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We denote by 02 the exterior boundary of the domain and by I'. = 9. \ 92 the
boundary of the pores. We know that, due to the choice of K., the perforations do
not intersect with the exterior boundary, i.e.

onnr, =0.
Let (uc,p:) be the solution to the stationary Navier-Stokes problem

(2.1) —Au, + Re(u. - V)u. + Vp. =f divua. =0 in Q.,
u. =e?g. on 9N, u. = EQG(X, E) on I,
€

where the boundary velocities g. (x) and G(x,y) are assumed to be continuous vector
functions, defined on whole Q and Qx Y *, respectively. Furthermore, G € C1(QxY™)
is Y-periodic in y variable. The necessary condition for the existence of solution has
to be imposed,

(2.2) /(99g5~n—|—/r G(x,?)'nE:O.

To clarify this condition we notice that

5/ G(x, E) -n.dS; — / G(x,y) -ndS,dx.
. € 0JoA
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Bearing that in mind, we assume that the function has the form

(2.3) G(x,y) = P(x,y) + cH(x,y),
where
(2.4) P(x,y) n=0 fory e dA.

Thus, the condition (2.2) becomes

(2.5) /{99g5~n+6/ H(x,g)-ngzo,

€

meaning that

(2.6) /8Qg€'n:—/Q 8AH(x,y)~ndSde—f—O(6).

So, the only appropriate thing to do is to assume that

g =g+ Eje
with
(2.7) / g-n= —/ H(x,y) -ndS, dx
o0 QJOA
and

(2.8) /BQjE-nzs_l(/Q 8AH(x,y)-ndSydx—e/FEH(x,§)-ne):O(l).

We summarize and in what follows we impose the following conditions on the bound-
ary values:
(1) G(x,y) = P(x,y) + eH(x,y) with G,H € C'(Q x Y*)" periodic in y,
(2) P(x,y) n=0fory € 9A and x € Q,
(3) g. = g+ €je, where g, jo € C(9Q)™ satisfying (2.7) and (2.8).
The source term f is assumed to be an L?(2)" function.

Remark 2.1. The unusual non-homogeneous boundary condition on the solid
part of the porous medium can correspond, for instance, to the flow through an array
of rotating cylinders, like in [9]. The &2 scaling of the boundary values is chosen in
order to get the source term f and the boundary value terms in the limit problem.
If we leave out €2, the source term will not be present in the effective law.
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The very weak formulation (see [7], [8] or [12]) for that problem reads:
Find (u.,p:) € L?(Q:)" x H~ () such that

(2.9) /QE u. - (—Aw + Vr) — / pe divw

QE

:/ f-w+Re/ (us - V)w - u,
Q. Q

€

+€2/69g5'(—g—:—f—ﬂn)—l—g/ra(}(x,?)-(—g:lt—f—wng)

holds for any (w, ) € H?(2.)" x H'(Q.) is such that w = 0 on 0f)..
That problem admits a solution even if f is an H~1(£2.) function and G and g.

are L? functions on the boundary. Such solution is unique, if the Reynolds number
is not too large (see [12] for details). In our case, we have a weak solution, which is
then also a very weak solution, so the existence of the solution is not in question. We
do not use the very weak formulation due to the lack of regularity of the data, but
because it is convenient for passing to the limit, since the Dirichlet boundary value
appears in the formulation.

The homogenization of the Navier-Stokes system in porous medium is a well stud-
ied problem and the reader can consult the papers, see [1], [2], [4], [5], [11], [13],
and [14]. However we present here a different approach based on a very weak for-
mulation which is the main novelty of the paper. To stress the advantages we have
imposed the non-homogeneous boundary condition on the pores boundary. Due to
the non-standard boundary condition, surprising additions to the usual source term
appear. Furthermore, the model obtained is not incompressible.

3. A PRIORI ESTIMATES

In addition to the previous assumptions (2.2)—(2.8), we suppose that
divyP(x,y) = 0.

We also assume, for simplicity, that P(x,y) and H(x,y) vanish for x in the vicinity
of the exterior boundary 9. More precisely x — G(x,y) is compactly supported
in Q. Thus, for ¢ small enough, it equals zero in all the cells that intersect the
boundary. Modifying g. to a function defined on ). is slightly more demanding as
we want the modification to be equal to G(x,x/¢) on the perforations.

Proposition 3.1. There exists a function g. € W1 (Q.)" such that
(3.1) divg. =0,
(3.2) g-=g. ond and g.= G(X, ?) onT,.
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Furthermore, the following a priori estimates hold for 1 < r < oo:

(3.3) eIVE:| L (o)
(3'4) |g6

)

<C
<C

Q)

Proof. We first need to modify g. to become equal to zero on the boundaries of
perforations. To do so we use the Tartar restriction operator R. € L(W 17 ()™, W,),
where

W.={oeWh(Q)": ¢p=0onT.}.

There exists such an operator enjoying the properties (see Appendix in [16], where
it was introduced, or [13] and [14]):

(3.5) e|VR-W|1r0.) < C(IW[Lr0) +elVW[Lr(a),
(36) |d1VR W|LT Q.) < C(| div WlLr(Q) + |W|LT(Q)),
(37) < Oflw

Furthermore, since I'. and 02 do not intersect, by construction

Lr(@))-

R.g. =g on 0f.
Now the function G(x,x/e) + R.g. satisfies the required boundary condition
G(x,g) + R.g. = G(x,g) on I, G(x, ?) + R.g. =g. on 0,

but it is not divergence free. Due to (2.2), we can use the result from [10], Theo-
rem 2.3, page 6 to prove that there exists a function z. € W"(Q.)" such that

(3.8) divz. = divG(x, 2 ) + div Reg.
= e 7ldiv, G (%, 2 ) +div,G(x, 2 ) +div Reg.

= (div, P + div,H + ediv, H) (x, ;) + div R.g.,
(3.9) z. =0 on 0f),,

and

) < C|(div, P+div, Htediv, H) (x, ;) +div R.g.

<C
L7(9e)
The above result is well known (see e.g. [14] or a general discussion of the problem
n [10]). Adding up the above, we have constructed the function

g Z€+G(X —) + R.g.

having the required properties. O
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Proposition 3.2. If 111% Ree3~% = 0 for some 6 > 0, then the following a priori
e—
estimates hold

(3.10) e Vue|p2q,) < C,
(3.11) e 2|ue2(0. < C,
(312) |p€|L2(QE) < C

Proof. Let 4, from the above condition on Re, be such that 0 < § < 1. We test
the equation with
u. — Ezgs.

We get
(3.13) /Q V]2 = 52/9 Vu. - Vg +/Q (f — Re(u. - V)u.) - {u. — ¢%.}.
To estimate the integrals on the right-hand side we use the Poincaré inequality
lue — £%8cr2(0.) < Ce|V(u. — £°8:)|r2(0.),
the embedding H* C L®
lu. — &°8:|1s(0.) < O|V(ue — £°82) |12 (an)

and the interpolation for s = 6/(3 — 2J) (and thus 2 < s < 6 )

— 13/s—1/2 — 13/2—-3/s
|u5 - Ezgle/z(Qa)/ |u€ - €2g€|L/6(QE)/

053/871/2|V(u6 - 52g5)|L2(Qa)
= 051_6|V(u5 — €2§€)|L2(QE)

(3.14) lu. — 8.

Lo(Q) S
<

with C' > 0 independent of e. Obviously 6 =3/2—3/s > 0.
The first integral on the right-hand side is easily majorized by

CE|VUE|L2(QE).

Next, the use of the Poincaré inequality and (3.3) implies

/ f. {u‘S — 5255} < C’|u5 — €2E€|L2(QE) < CE(|VUE|L2(QE) + E).

€

Now we need to estimate the inertial term
Re/ (ue - V)ue 28,
QE
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We need the interpolation inequality (3.14) and the estimate (3.4) for r large enough.
For s = 6/(3 — 20) (like before) and r» = 3/ (so that 1/2+1/s+ 1/r = 1), we have

CRe E?2|Vl.15|[12(95)|u6

Le(0.)|8e

Re/ (u: - V)u. - £%g. L7(Q)
Q

€

CRe 62|VUE|L2(QE)|UE

Ls(Qe)

CRe €2|vu€|L2(QE)(|u€ - 52§€

L. +€°)
CRe €2|VUE|L2(QE)(51_6|V(UE - €2E€)|L2(Qa) + 52)
CRe 63_5|VUE|L2(QE)(|Vue|L2(QE) +e)

INCINCIN NN

(notice that 6 =3/2 — 3/s). Finally

(3.15) Re/ (ue - Viue - ue = Resﬁ/ |g€|2g6 -ndS,
Q a0

6 +Re66/FE‘G(x,§)‘2G<x,§).nEde

< CRe&b.

Under the condition hII(l) Res37% = 0 we have proved (3.10). Then the Poincaré
e—

inequality implies (3.11) and the Necas inequality implies (3.12) (see e.g. [1], [13]

or [14] for details). O

4. CONVERGENCE OF THE HOMOGENIZATION PROCESS

As usual, we extend the velocity to €2 by zero and the pressure by its mean value
in each cell:

- .
. in Q
uE in Qev p €9

4.1 = =4 1 ,
4.1) { 0 in A., el p° in A..
[Y¢| Y

[{td]

In the sequel we drop the sign and denote the extensions simply by the same
symbols (u®, p®). Those extensions satisfy the same a priori estimates. See [11] for
details of the pressure extension. In what follows, the functions (u., p.) are defined

on the whole  and
(4.2) 5_2|u€|L2(Q) <O, |p€|L2(Q) < C.

Theorem 4.1. Let (u.,p.) be the solution to the Navier-Stokes problem (2.1) in
the porous domain Q.. Then their extensions on whole (2, given by (4.1), converge as

e 2u. =~ v, p.— q weakly in L*(Q),
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where (v, q) is the unique solution of the Darcy problem

(4.3) v=K({F -Vgq), divv=-— H(x,y) -n,dS, inQ,
O0A
(4.4) v-n=g-n on Jf.

The permeability tensor K is defined using the auxiliary problem (4.5). The effective
source term is F = f — K~ 'h with h = (Hy,...,H,) and

8Wk

Hi(x) = (y) - P(x,y)dSy.

A on
The auxiliary function wy, is the solution of the cell problem (4.5).

Proof. As our domain is complex, the main problem is the construction of the
appropriate test function. Since it must have a zero trace on the boundary 0.,
it is rapidly oscillating. One simple way to construct such test function is to take
(Wik(y), 7k(y)), the solutions to the auxiliary problem

(4.5) —Aywi + Vym = e, divywy =0 inY™,
wp =0 ondA, (wg,n)is Y-periodic, k=1,...,n.
We pose
wi(x) = wi(x/e),  m(x) = m(x/e).
The oscillating functions wj take into account the zero trace on the grained bound-

ary I'.. To complete the test function choice, we need to take care of the exterior
boundary condition. For that, we take ¢ € C§°(£2) and pose

(4.6) We =W, m=¢c ‘T

From the a priori estimates (4.2) we deduce that there exist some limits v € H!(Q)"
and ¢ € L*(Q) such that (at least for a subsequence)

e 2u. = v, p.—q weaklyin LQ(Q).
Furthermore, there exists Q(x,y) € L?(Q x Y*) such that
(4.7) Pe = @ two-scale

and ¢(x) = [} Q(x,y)dy (see e.g. 2] for the two-scale compactness theorem ). We
can prove more for the pressure. Let v € C5°(€2; e, (Y™)") and v (x) = v(x,x/¢),
then (4.7) implies
6/ pe divv® — / Q(x,y)divyv(x,y) dy dx.
Q. QJy-
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On the other hand
5/ pgdivveze/ VuE-VVE—I—eRe/ (u€~V)u€~V€—€/ f-v®
Q. Q. Q. Q.

< €|VUE|L2(QE)(|VVE|L2(QE) + Re |u€|L2(QE)|V€|Loo(QE))

+ €|V€|L2(QE)|f|L2(QE)
< C(e +Ree®) — 0.

Thus
[ [ @ey)ivy vy dydx = 0= Qlx.y) = ).
Y*
Therefore
(4.8) pe — q(x) two-scale.

To derive the effective equations we start from the very weak formulation (2.9) with
the test functions (w.,7.) given by (4.6),

(4.9) / u - (—Aw, + V) + Re/ (ue - V)ue - we — / pe divw,
Q Q

. . Qe
—/Qaf.w6 +€2/an6 . (_8(;:: —|—7r€n)—|—52/FEGr(x7 ;) . <_g:1v: —|—7r5n6).

We pass to the limit, term-by-term, in the above very weak formulation. Obviously

(4.10) / e JRICOE

(4.11) Re

/Q (ue - V)ue - wip| < Re|Vue|pz(g)|uelzzo) W Lo @) ¢l L= (@)

< Ce3Re — 0.
The two-scale convergence of the pressure (4.8) implies
(4.12) / pewj, - Vo — / a(Wk) - V.
Q. Q

Next we concentrate on the term

/ u. - (—Aw, + V7)) = 5_2/ u. - (—Aywi, + Vymi)p — 25_1/ u. - V,wiVep

—/ us-wiAap—i—e_l/ mut - Vo
Qe Qe
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The first part is the most important,

6_2/ u. - (—Aywi + Vymi)p = 6_2/ e, up — / Vg p.
Qe Qe Q

For the remaining terms

‘—26_1/ u. - Vyszgo—/ u. -wiAng—e_l/ Tu - Vgo‘
Q. Qe

€

< C€71|@|H2(Q)|HE|L2(QE) < Ce — 0.

Thus
(4.13) / u. - (—Aw. + Vr.) — / kP
Q. Q

The first of the two boundary integrals, the one on the exterior boundary, equals

ez/mge : (—% +7r6n)

Finally, the integral on the grained boundary gives an unusual new source term. We

g2 /FE G(X, ?) . (_?9:: +7r5n5) — 0.

(4.14)

< C€|g€|L2(1—*) < Ce = 0.

have

First of all,

o[ m(xD) (G vnn)

— e / (—V, w5 - . + 7in.) - Hix, x/e)p + &3 / H(x,x/c) - wS
. e

dip
on,

< Ce’l.| < Ce = 0.

Since P - n. = 0, it remains to compute

We proceed as follows:

r. On et Jetmroa) On

with
K.={meZ": ¢(m+Y") C Q}.
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Since P and ¢ are smooth, we have
|[P(em +ey,y) — P(em,y)| < Cely| < Ce

and

lp(em + ey) — p(em)| < Cely| < Ce

uniformly. Thus

E/(erBA) 8(;?( ) 'P(X’ ?)ﬂx) 5%

0
=e"plem + 6y)/ %(y) -Plem +ey,y) dS,
8A oOn
8Wk

n

= c"p(em) (y) - P(em,y)dS, + O™,

OA 8n

so that

8wk
9 E(y) -Plem + ey, y) dS,

8wk n
€ . B -PpdS, = m;{ e"p(em +€y)

0
Y olem) [ Sk (y)-Plem,y)dS, + O(c)
mek. OA 5‘n

= Y e"p(em)Hi(em) + O(e),

mekK,

where
(9wk

i) = [ )

-P(x,y)dS,.

The sum

Z e"p(em)H(em)

mekK,

is the Riemann integral sum (for equidistant partition) of the integral

/Q () (x) dx = / /d ) OWe (). P(x,y) dS, dx.

Thus, as ¢ — 0,

(4.15) €/F % (?) . P(x, ?)g@(x) dS; = | o(x)Hi(x)dx.

Q
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In (4.10)—(4.15) we have found the limits of all the integrals in the very weak formu-
lation. Summing up all those limits leads to

(4.16) /v @ — Z/ 8% /<zn: >so,

Jj=1

where

Denoting by
K = [K,;;] with K;; = (w!) :/ wl(y)dy= [ Vwl . Vw'dy
* Y*

the strictly positive and symmetric permeability tensor,

— (H1,..., 1)
and
(4.17) F/ = fI — (K™ 'h);
we get

- ZKkj(Fj - 8%) or v=K(F - Vqg).
j=1

Furthermore, for any smooth scalar function

/Fgg-nz/)-i-E/FaH(x,?)-nEw—a2/9u5~V1/)—>/Qv-V1/).

Using (2.3) and the same steps as in (4.15), we get

5/ H(X, f) ‘NP — / P(x) H(x,y) - n,dS, dx,
r. € Q 8A
implying that

/Fg-mp—l—/ﬂw(x) 8AH(x,y)-ndeyd><:/v-V¢.

Q

Thus

divv + H(x,y) - n,dS; =0 inQ, v.-n=g-n ondQ.
DA

The problem obtained is well posed due to the condition (2.6).
Since (4.4) has a unique solution, there is only one accumulation point for (u., p.),
so that the whole sequence converges, not only the subsequence. Il
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Remark 4.1. Testing the auxiliary problem (4.5) with P, we get

ow
/ Vywi(y) VyP(x,y)dy = — s 8—nk(Y) -P(x,y)dSy + / er - P(x,y)dy
so that
) == [ Vwily) V,Pey)dy + [ e Plxy)dy.
Y* *

It is important to notice that Hj depends only on the boundary values of P, which
are given. It should not depend on the way we have extended P on the whole domain,

as this extension is not unique.

Remark 4.2. It is worth noticing that the only place where we used the peri-
odicity in the convergence proof, is the periodicity lemma, i.e., the fact that

wi(x/e) = (wy) weakly in L*(Q).
So, assuming that the auxiliary problem

(4.18) —?AwS + eV =ey, divw; =0 inQ.,

wip,=0 onl., k=1...,n,

admits a solution such that wj — M}, weakly in L?(92), it would be enough to prove
that v = K(F — Vq) with K;; = M, - e;.
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