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On prime labeling of union of tadpole graphs

Sanjaykumar K. Patel, Jayesh B. Vasava

Abstract. A graph G of order n is said to be a prime graph if its vertices can

be labeled with the first n positive integers in such a way that the labels of any
two adjacent vertices in G are relatively prime. If such a labeling on G exists

then it is called a prime labeling. In this paper we seek prime labeling for union

of tadpole graphs. We derive a necessary condition for the existence of prime
labelings of graphs that are union of tadpole graphs and further show that the

condition is also sufficient in case of union of two or three tadpole graphs.
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1. Introduction

We consider only finite, simple and undirected graphs. The vertex set of

a graph G is denoted by V (G). The cardinality of an arbitrary set A is de-

noted by |A|. For a positive real number x, by bxc we mean the greatest integer

less than or equal to x.

Definition 1.1. A bijection f : V (G)→ {1, 2, . . . , |V (G)|} is said to be a prime la-

beling of a graph G if f(u) and f(v) are relatively prime (i.e. gcd(f(u), f(v)) = 1)

whenever u and v are adjacent vertices of G. A prime graph is a graph that ad-

mits a prime labeling.

It is quite easy to observe that every path and every cycle is a prime graph.

The following lemma gives a useful condition for claiming the non-existence of

prime labeling of certain graphs. The condition is in terms of the independence

number of a graph which is usually denoted by α(G).

Lemma 1.2 ([1]). For a graph G, if α(G) < b|V (G)|/2c then it is not prime.

The notion of prime labeling was originated by A. P. Entringer and was dis-

cussed in a paper by A. Tout et al. in [7] almost forty years ago. Since then,

extensive study has been carried out related to prime labeling and some of its
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interesting variants like Gaussian prime labeling, see [4], and neighborhood-prime

labeling, see [5]. A brief summary of results related to prime labeling and its

variants is available in [2]. Our recent interest is in the study of prime labeling of

union graphs. In [6], we have studied prime labeling of graphs that are obtained

as a union of one point union of cycles. In the present paper, we study prime

labeling in the context of union of tadpole graphs.

Definition 1.3. The tadpole graph Tn,m (also known as dragon or kite) is the

graph obtained by linking the cycle Cn and the path Pm with an edge from

a vertex of Cn to a pendant vertex of Pm.

Thus the graph Tn,m consists of n+m number of vertices and the same number

of edges. For instance, the graph of tadpole T5,3 is as shown in Figure 1. Tadpole

Figure 1. Tadpole graph T5,3.

graphs have been extensively studied in the context of graceful and super edge

magic labelings. M. Truszczynski in [8] has shown that Tn,m are graceful for all

n ≥ 3 and m ≥ 1 whereas S. R. Kim and J. Y. Park in [3] have shown that Tn,1
is super edge magic if and only if n is odd and that Tn,3 is super edge magic if

and only if n is odd and at least 5. Our results on tadpole graphs in this paper

are briefly discussed below.

It is quite easy to show that every tadpole graph Tn,m is prime. But we

quickly realize that investigating about prime labeling of union of tadpole graphs

needs some serious thinking. We begin our investigation by deriving a necessary

condition for the existence of a prime labeling for the union of finitely many

tadpole graphs. Next we show that this condition is also sufficient if we restrict

our attention to graphs that are union of at the most three tadpole graphs. Later,

we prove that if n is an even number, then the union of six or fewer copies of Tn,n
admits a prime labeling. Finally, we show that if n+m is an even number, then

the union of Tn,m with any other prime graph of order n+m, results into a prime

graph.
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2. Main results

We introduce the concept of parity for the tadpole graph Tn,m. The idea

about parity is quite useful in understanding our main results to follow. We say

that Tn,m is of r-s parity if the parities of n and m are r and s, respectively.

The following table indicates how parity of the tadpole graph defines a relation

between its order and its independence number. This relation is useful for getting

a necessary condition for the union of tadpole graphs to be prime.

Graph G Parity α(G) |V (G)| Relation between

α(G) and |V (G)|
T2n,2m even-even n+m 2n+ 2m 2α(G)=|V (G)|
T2n+1,2m+1 odd-odd n+m+ 1 2n+ 2m+ 2 2α(G)=|V (G)|
T2n,2m+1 even-odd n+m+ 1 2n+ 2m+ 1 2α(G)=|V (G)|+ 1

T2n+1,2m odd-even n+m 2n+ 2m+ 1 2α(G)=|V (G)| − 1

Table 1. Relation between the independence number and the

order of a tadpole graph.

Theorem 2.1. Let G be a graph obtained by taking the union of a finite number

of tadpole graphs. Suppose G =
⋃k

i=1 Tni,mi
. If G is prime, then

(1)
|{i : ni is odd and where 1 ≤ i ≤ k}|

+ |{i : mi is even and where 1 ≤ i ≤ k}| ≤ k + 1.

Proof: Assume that

|{i : ni is odd and where 1 ≤ i ≤ k}|
+ |{i : mi is even and where 1 ≤ i ≤ k}| ≥ k + 2.

Then G must contain at least two odd-even tadpoles. We assume (without loss

of generality) that Tn1,m1
and Tn2,m2

are of odd-even parities. As a result

|{i : ni is odd and where 3 ≤ i ≤ k}|
+ |{i : mi is even and where 3 ≤ i ≤ k}| ≥ k − 2.

Now set H =
⋃k

i=3 Tni,mi
and consider a non negative integer λ such that

|{i : ni is odd and where 3 ≤ i ≤ k}|
+ |{i : mi is even and where 3 ≤ i ≤ k}| = k − 2 + λ.
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We use this identity to show that

2α(H) = |V (H)| − λ.
For this, we set

ce,o = |{i : Tni,mi
is even-odd and where 3 ≤ i ≤ k}|,

co,e = |{i : Tni,mi
is odd-even and where 3 ≤ i ≤ k}|,

ce,e = |{i : Tni,mi is even-even and where 3 ≤ i ≤ k}|, and

co,o = |{i : Tni,mi is odd-odd and where 3 ≤ i ≤ k}|.

It is obvious that ce,o + co,e + ce,e + co,o = k − 2 and moreover

(co,e + co,o) + (co,e + ce,e) = (|{i : ni is odd and where 3 ≤ i ≤ k}|)
+ (|{i : mi is even and where 3 ≤ i ≤ k}|)

= − 2 + λ

= ce,o + co,e + ce,e + co,o + λ.

Consequently, co,e = ce,o + λ and so using the relation between the independence

number and the order of a tadpole graph, see Table 1, we deduce that

2α(H) = 2

k∑
i=3

α(Tni,mi) =

k∑
i=3

(ni +mi) + (ce,o − co,e) = |V (H)| − λ.

This means that 2α(H) ≤ |V (H)| and as a result

2α(G) = 2α(H) + 2α
(
Tn1,m1

⋃
Tn2,m2

)
≤ |V (H)|+

∣∣∣V (Tn1,m1

⋃
Tn2,m2

)∣∣∣− 2

= |V (G)| − 2 < |V (G)| − 1.

Thus α(G) < b|V (G)|/2c and so in view of Lemma 1.2, we conclude that G is not

a prime graph. �

Theorem 2.1 gives a necessary condition (1) for the union of k tadpole graphs

to be prime. We shall show that this condition is also sufficient when k = 2

or 3. For this, we first ask the reader to verify the statements of the following two

lemmas (which simply state condition (1) in terms of the parities of the tadpole

graphs).
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Lemma 2.2. For the graph G = Tn1,m1

⋃
Tn2,m2

, the condition

|{i : ni is odd and where 1 ≤ i ≤ 2}|
+ |{i : mi is even and where 1 ≤ i ≤ 2}| ≤ 3

holds if and only if the parity of at least one of the two tadpoles is different from

being odd-even.

Lemma 2.3. For the graph G = Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3 , the condition

|{i : ni is odd and where 1 ≤ i ≤ 3}|
+ |{i : mi is even and where 1 ≤ i ≤ 3}| ≤ 4

holds if and only if one of the following four possibilities occur:

(a) At least one of the three tadpoles is of even-odd parity.

(b) There exists a pair of tadpoles with even-even and odd-odd parity.

(c) At least two of the three tadpoles are of odd-odd parity.

(d) At least two of the three tadpoles are of even-even parity.

In view of Lemma 2.2, Lemma 2.3 and Theorem 2.1, we conclude that the parity

conditions stated in these two lemmas are necessary for claiming the primality of

the respective union graphs. Our next few results focus on showing that these

parity conditions are also sufficient for the said results.

Proposition 2.4. The graph G = Tn1,m1

⋃
Tn2,m2

is prime if the parity of at

least one of the two tadpoles is different from being odd-even.

Proof: For j = 1, 2, let Cnj and Pmj denote the cycle and the path involved in

the tadpole Tnj ,mj
. Further, we denote the vertices of Cnj

by uj1, u
j
2, u

j
3, . . . , u

j
nj

and that of Pmj by vj1, v
j
2, v

j
3, . . . , v

j
mj

such that ujnj
is adjacent to vj1.

We assume (without loss of generality) that the parity of Tn1,m1
is different

from odd-even. Thus either n1 is even or both n1 and m1 are odd. We show that

G is prime in either case.

Case-I: Assume that n1 is even. Define f : V (G)→ {1, 2, . . . , |V (G)|} as

f(u1i ) = i+ 1 for all i,

f(v1i ) = n1 + i+ 1 for all i,

f(u2i ) = n1 +m1 + i+ 1, i 6= n2,

f(u2n2
) = 1,

f(v2i ) = n1 +m1 + n2 + i for all i.
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The definition of f is illustrated in Figure 2 and it suggests that except for the

pair (u11, u
1
n1

), all the other pairs of adjacent vertices in G have either consecutive

labels or one of the two labels is equal to 1. Moreover, f(u11) = 2 whereas

f(u1n1
) = n1 + 1 is an odd number and so we conclude that any two adjacent

vertices in G have relatively prime labels under f .

Figure 2. Prime labeling of T6,3
⋃
T7,4.

Case-II: Assume that n1 and m1 both are odd.

Subcase-1: Let n1 6≡ 1 (mod 3). Define g : V (G)→ {1, 2, . . . , |V (G)|} as

g(u1i ) = i+ 2 for all i,

g(v1i ) = n1 + i+ 2 for all i,

g(u21) = 2,

g(u2i ) = n1 +m1 + i+ 1, i 6= 1, n2,

g(u2n2
) = 1,

g(v2i ) = n1 +m1 + n2 + i for all i.

The definition of g is illustrated in Figure 3. Note that except for the pairs

(u11, u
1
n1

) and (u21, u
2
2), every other pair of adjacent vertices have either consecutive

labels or one of them is labelled as 1. Also g(u11) = 3 is relatively prime to

g(u1n1
) = n1+2 since n1 6≡ 1 (mod 3), whereas g(u21) = 2 and g(u22) = n1+m1+3

are relatively prime since n1 +m1 + 3 is an odd number.

Subcase-2: Let n1 ≡ 1 (mod 3). If n1 ≡ 1 (mod 3) then the labeling g is no longer

prime and so we modify it as per our requirement. Define h : V (G) → {1, 2, . . . ,
|V (G)|} as

h(x) = g(x), x 6= u1i , where i = 1, 2, . . . , n1 − 1,

h(u11) = g(u1n1−1),

h(u1i ) = g(u1i−1), i = 2, 3, . . . , n1 − 1.
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Figure 3. Prime labeling of T5,3
⋃
T8,2.

We ask the reader to verify that h defines a prime labeling on G and thus con-

cludes the proof of the proposition. �

Our next goal is to establish that the graph obtained by taking the union of

three tadpoles is a prime graph under any of the four parity conditions stated in

Lemma 2.3. We achieve this by proving the next four propositions in which the

vertex set of the graph Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3 is fixed as follows. For j = 1, 2, 3;

let Cnj
and Pmj

denote the cycle and the path involved in the tadpole Tnj ,mj
.

Further, we denote the vertices of Cnj by uj1, u
j
2, u

j
3, . . . , u

j
nj

and that of Pmj by

vj1, v
j
2, v

j
3, . . . , v

j
mj

such that ujnj
is adjacent to vj1.

Proposition 2.5. The graph G = Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3 is prime if at least

one of the three tadpole graphs is of even-odd parity.

Proof: We assume (without loss of generality) that Tn1,m1
is of even-odd parity

and prove the result by considering two cases.

Case-I: Let n1 +m1 + n2 6≡ 2 (mod 3). Define f : V (G)→ {1, 2, . . . , |V (G)|} as

f(u1i ) = i+ 3 for all i,

f(v1i ) = i+ n1 + 3 for all i,

f(u2i ) = 4− i, i = 1, 2,

f(u2i ) = i+ n1 +m1 + 1, i 6= 1, 2,

f(v2i ) = i+ n1 +m1 + n2 + 1 for all i,

f(u3i ) = i+ n1 +m1 + n2 +m2 + 1, i 6= n3,

f(u3n3
) = 1,

f(v3i ) = i+ n1 +m1 + n2 +m2 + n3 for all i.

The definition of f is illustrated in Figure 4. The definition of f suggests that

except for the pairs of vertices (u11, u
1
n1

), (u22, u
2
3) and (u21, u

2
n2

), every other pair

of adjacent vertices has either consecutive labels or one of them has label as 1.
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Figure 4. Prime labeling of T4,3
⋃
T5,4

⋃
T3,2.

Further, since f(u1n1
) = n1 + 3 and f(u23) = n1 + m1 + 4 are odd integers and

labels of u11 and u22 are 4 and 2, respectively, we have gcd(f(u11), f(u1n1
)) = 1 and

gcd(f(u22), f(u23)) = 1. Finally f(u21) = 3 and f(u2n2
) = n1 + m1 + n2 + 1 are

relatively prime as n1 +m1 +n2 6≡ 2 (mod 3) and thus f is a prime labeling on G.

Case-II: Let n1 +m1 + n2 ≡ 2 (mod 3). If n1 +m1 + n2 ≡ 2 (mod 3) then the

function f defined above is not a prime labeling of G since

gcd(f(u21), f(u2n2
)) = gcd(3, n1 +m1 + n2 + 1) = 3.

So to overcome this problem we modify f as per the following two subcases.

Subcase-1: Assume that n2 is odd. Define g : V (G)→ {1, 2, . . . , |V (G)|} as

g(x) = f(x), x 6= u2i , where i = 1, 2, . . . , n2 − 1,

g(u21) = f(u2n2−1),

g(u2i ) = f(u2i−1), i = 2, 3, . . . , n2 − 1.

Here g(u21) = n1 + m1 + n2 and g(u22) = 3 are relatively prime because n1 +

m1 + n2 ≡ 2 (mod 3). Further, note that the vertices adjacent to u2n2
are u21 and

u2n2−1 whose labels are n1 + m1 + n2 and n1 + m1 + n2 − 1, respectively. But

g(u2n2
) = n1 +m1 + n2 + 1 is an odd number now and so it is relatively prime to

g(u21) and g(u2n2−1). Concluding that g is a required labeling is now easy.

Subcase-2: Assume that n2 is even. Define h : V (G)→ {1, 2, . . . , |V (G)|} as

h(x) = f(x), x 6= v21 , x 6= u2i ,

h(u2i ) = f(u2i+2), i = 1, 2, 3, . . . , n2 − 2,

h(u2n2−1) = f(v21),

h(u2n2
) = f(u22),

h(v21) = f(u21).
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Observe that h(v21) = 3 and h(v22) = n1 +m1 +n2 +3 are relatively prime because

n1 + m1 + n2 ≡ 2 (mod 3). Further, the neighbors of u2n2
are u21, u2n2−1 and v21

whose labels are n1 +m1 + 4, n1 +m1 + n2 + 2 and 3, respectively, which are all

odd integers, whereas h(u2n2
) = 2. Therefore verifying that h is a prime labeling

on G is not difficult now. �

Proposition 2.6. The graph G = Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3

is prime if there

exists a pair of tadpoles with even-even and odd-odd parity.

Proof: Assuming that Tn1,m1
is of even-even parity whereas Tn2,m2

is of odd-

odd parity, define f : V (G)→ {1, 2, . . . , |V (G)|} as

f(u11) = 2,

f(u1i ) = i+ n2 +m2 + 1, i 6= 1,

f(v1i ) = i+ n1 + n2 +m2 + 1 for all i,

f(u2i ) = 5− i, i = 1, 2,

f(u2i ) = i+ 2, i = 3, 4, . . . , n2,

f(v2i ) = i+ n2 + 2 for all i,

f(u3i ) = i+ n1 +m1 + n2 +m2 + 1, i 6= n3,

f(u3n3
) = 1,

f(v3i ) = i+ n1 +m1 + n2 +m2 + n3 for all i.

The definition of f is illustrated in Figure 5. Note that if (u, v) is a pair of adja-

Figure 5. Prime labeling of T6,4
⋃
T5,3

⋃
T3,2.

cent vertices which is different from (u11, u
1
2), (u11, u

1
n1

), (u21, u
2
n2

) and (u22, u
2
3) then

f(u) and f(v) are relatively prime because either f(u) and f(v) are consecutive

integers or one of them is equal to 1. Moreover if (u, v) = (u22, u
2
3) then f(u) = 3

whereas f(v) = 5 and so they are relatively prime. Finally, if (u, v) is one of

the three pairs (u11, u
1
2), (u11, u

1
n1

) or (u21, u
2
n2

) then the same holds since f(u) is

either 2 or 4 whereas f(v) is an odd number for these three pairs. Thus f is

a prime labeling on G. �
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Proposition 2.7. The graph G = Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3

is prime if at least

two of the three tadpole graphs are of odd-odd parity.

Proof: Assume that the tadpoles Tn1,m1
and Tn2,m2

are of odd-odd parity. We

consider four cases over here.

Case-I: Let n1 6≡ 1 (mod 5) and n1 + m1 + n2 6≡ 1 (mod 3). Define f : V (G) →
{1, 2, . . . , |V (G)|} as

f(u1i ) = i+ 4 for all i,

f(v1i ) = i+ n1 + 4 for all i,

f(u2i ) = i+ 2, i = 1, 2,

f(u2i ) = i+ n1 +m1 + 2, i 6= 1, 2,

f(v2i ) = i+ n1 +m1 + n2 + 2 for all i,

f(u31) = 2,

f(u3i ) = i+ n1 +m1 + n2 +m2 + 1, i 6= 1, n3,

f(u3n3
) = 1,

f(v3i ) = i+ n1 +m1 + n2 +m2 + n3 for all i.

The definition of f is illustrated in Figure 6. We see that if (u, v) is a pair of

Figure 6. Prime labeling of T5,3
⋃
T7,3

⋃
T3,2.

adjacent vertices which is different from (u11, u
1
n1

), (u21, u
2
n2

), (u22, u
2
3) and (u31, u

3
2)

then gcd(f(u), f(v)) = 1 because either f(u) and f(v) are consecutive integers or

one of them is equal to 1. Further, if (u, v) is one of these four pairs then the

same holds due to one of the following three reasons:

◦ f(u) = 5 , f(v) = n1 + 4 and n1 6≡ 1 (mod 5);

◦ f(u) = 3 , f(v) = n1 +m1 + n2 + 2 and n1 +m1 + n2 6≡ 1 (mod 3);

◦ f(u) is a power of 2 and f(v) is an odd number.

Thus f is a prime labeling on G whenever n1 6≡ 1 (mod 5) and n1 +m1 + n2 6≡
1 (mod 3). Note that if one of these assumptions fails then f is not a prime
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labeling but it may be modified to give a prime labeling in each of the respective

cases. We give these modified labelings and ask the reader to verify the details.

Case-II: Let n1 6≡ 1 (mod 5) and n1 +m1 + n2 ≡ 1 (mod 3).

Define g : V (G)→ {1, 2, . . . , |V (G)|} as

g(x) = f(x), x 6= u2i , where i = 1, 2, 3, . . . , n2 − 1,

g(u21) = f(u2n2−1),

g(u2i ) = f(u2i−1), i = 2, 3, . . . , n2 − 1.

Case-III: Let n1 ≡ 1 (mod 5) and n1 +m1 +n2 6≡ 1 (mod 3). Define h : V (G)→
{1, 2, . . . , |V (G)|} as

h(x) = f(x), x 6= u1i , where i = 1, 2, . . . , n1 − 1,

h(u11) = f(u1n1−1),

h(u1i ) = f(u1i−1), i = 2, 3, . . . , n1 − 1.

The definition of h is illustrated in Figure 7.

Figure 7. Prime labeling of T11,3
⋃
T7,3

⋃
T3,2.

Case-IV: Let n1 ≡ 1 (mod 5) and n1 +m1 + n2 ≡ 1 (mod 3). Define s : V (G)→
{1, 2, . . . , |V (G)|} as

s(x) = h(x), x 6= u2i , where i = 1, 2, . . . , n2 − 1,

s(x) = g(x), x = u2i , where i = 1, 2, . . . , n2 − 1.

�

Proposition 2.8. The graph G = Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3

is prime if two or

more tadpoles are of even-even parity.



44 S. K. Patel, J. B. Vasava

Proof: Assume that Tn1,m1
and Tn2,m2

are of even-even parity. We define the

required labeling as per the following two cases on the number n1 + m1. The

verification part is left to the reader.

Case-I: Let n1 +m1 6≡ 2 (mod 3). Define f : V (G)→ {1, 2, . . . , |V (G)|} as

f(u1i ) = i+ 3 for all i,

f(v1i ) = i+ n1 + 3 for all i,

f(u2i ) = i+ 1, i = 1, 2,

f(u2i ) = i+ n1 +m1 + 1, i 6= 1, 2,

f(v2i ) = i+ n1 +m1 + n2 + 1 for all i,

f(u3i ) = i+ n1 +m1 + n2 +m2 + 1, i 6= n3,

f(u3n3
) = 1,

f(v3i ) = i+ n1 +m1 + n2 +m2 + n3 for all i.

The definition of f is illustrated in Figure 8.

Figure 8. Prime labeling of T6,4
⋃
T4,4

⋃
T3,2.

Case-II: Let n1 +m1 ≡ 2 (mod 3). Define g : V (G)→ {1, 2, . . . , |V (G)|} as

g(x) = f(x), x 6= v1m1
, u22,

g(v1m1
) = f(u22),

g(u22) = f(v1m1
).

�

We may summarise the results proven so far as:

Theorem 2.9. The graphs Tn1,m1

⋃
Tn2,m2

and Tn1,m1

⋃
Tn2,m2

⋃
Tn3,m3

are

prime if and only if the condition (1) holds with k = 2 and k = 3, respectively.



On prime labeling of union of tadpole graphs 45

Our next two theorems focus on prime labeling of graphs that are obtained as

a union of more than three tadpole graphs.

Theorem 2.10. Let kTn,n denote union of k copies of Tn,n. If n is even, then

the graph G = kTn,n is prime for 1 ≤ k ≤ 6.

Proof: For j = 1, 2, . . . , k, let Cj
n and P j

n denote the cycle and the path involved

in the jth copy of the tadpole Tn,n. Further, we denote the vertices of Cj
n by

uj1, u
j
2, u

j
3, . . . , u

j
n and that of P j

n by vj1, v
j
2, v

j
3, . . . , v

j
n such that ujn is adjacent

to vj1.

The case k = 1 is trivial whereas k = 2 and k = 3 are included in our previous

results. So here we prove the result for k = 4, 5 and 6 only. We give appropriate

labeling in each of the three cases and show only nontrivial calculations. The

reader can easily verify the other details.

Case-I: Let k = 4. Define f : V (G)→ {1, 2, . . . , 8n} as

f(uji ) = 2n(j − 1) + i+ 1, j = 1, 2 and for all i,

f(vji ) = 2n(j − 1) + i+ n+ 1, j = 1, 2 and for all i,

f(u3i ) = 4n+ i+ 3 for all i,

f(v3i ) = 5n+ i+ 3, i = 1, 2, . . . , n− 2,

f(v3i ) = 3n+ i+ 3, i = n− 1, n,

f(u41) = 1,

f(u4i ) = 6n+ i, i = 2, 3, . . . , n,

f(v4i ) = 7n+ i for all i.

The definition of f is illustrated in Figure 9. Since n is an even number, we have

◦ gcd(f(u11), f(u1n)) = gcd(2, n+ 1) = 1;

◦ gcd(f(u21), f(u2n)) = gcd(2n+ 2, 3n+ 1) = gcd(2n+ 2, n− 1) =

gcd(2(n− 1) + 4, n− 1) = gcd(4, n− 1) = 1;

◦ gcd(f(u31), f(u3n)) = gcd(4n+ 4, 5n+ 3) = gcd(4n+ 4, n− 1) =

gcd(4(n− 1) + 8, n− 1) = gcd(8, n− 1) = 1;

◦ gcd(f(v3n−2), f(v3n−1)) = gcd(6n+ 1, 4n+ 2) = gcd(2n− 1, 4n+ 2) =

gcd(2n− 1, 2(2n− 1) + 4) = gcd(2n− 1, 4) = 1.
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Figure 9. Prime labeling of 4T6,6.

Case-II: Let k = 5. Using the labeling f , we define g : V (G)→ {1, 2, . . . , 10n} as

g(x) = f(x), x = uji , v
j
i , j = 1, 2, 3 and for all i,

g(u4i ) = 6n+ i+ 1 for all i,

g(v4i ) = 7n+ i+ 1 for all i,

g(u51) = 1,

g(u5i ) = 8n+ i, i = 2, 3, . . . , n,

g(v5i ) = 9n+ i for all i.

As n is even, gcd(g(u41), g(u4n)) = gcd(6n + 2, 7n + 1) = gcd(6n + 2, n − 1) =

gcd(6(n− 1) + 8, n− 1) = gcd(8, n− 1) = 1.

Case-III: Let k = 6. Using the labeling f , we define h : V (G) → {1, 2, . . . , 12n}
as

h(x) = f(x), x = uji , v
j
i , j = 1, 2, 3 and for all i,

h(u4i ) = 6n+ i+ 1 for all i,

h(v4i ) = 7n+ i+ 1, i = 1, 2, . . . , n− 2,

h(v4i ) = 11n− i− 2, i = n− 1, n,

h(u5i ) = 8n+ i− 1 for all i,

h(v5i ) = 9n+ i− 1, i = 1, 2, . . . , n− 2,

h(v5i ) = 11n− i, i = n− 1, n,
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h(u61) = 1,

h(u6i ) = 10n+ i, i = 2, 3, . . . , n,

h(v6i ) = 11n+ i for all i.

Since n is even,

◦ gcd(h(u41), h(u4n)) = gcd(6n+ 2, 7n+ 1) = gcd(6n+ 2, n− 1) =

gcd(6(n− 1) + 8, n− 1) = gcd(8, n− 1) = 1;

◦ gcd(h(v4n−2), h(v4n−1)) = gcd(8n− 1, 10n− 1) = gcd(8n− 1, 2n) =

gcd(1, 2n) = 1;

◦ gcd(h(u51), h(u5n)) = gcd(8n, 9n− 1) = gcd(8n, n− 1) =

gcd(8(n− 1) + 8, n− 1) = gcd(8, n− 1) = 1;

◦ gcd(h(v5n−2), h(v5n−1)) = gcd(10n− 3, 10n+ 1) = gcd(10n− 3, 4) = 1.

�

Theorem 2.11. If n ≥ 3, then the graph G = kTn,n−2 is prime for all positive

integers k.

Proof: The vertices of the cycle and the path involved in the jth, 1 ≤ j ≤ k,

copy of the tadpole Tn,n−2 will be denoted by the symbols uji and vjr such that

ujn is adjacent to vj1, where 1 ≤ i ≤ n and 1 ≤ r ≤ n − 2. We define f : V (G) →
{1, 2, . . . , k(2n− 2)} as

f(uji ) = 2(j − 1)(n− 1) + i for all j and all i,

f(vjr) = 2(j − 1)(n− 1) + n+ r for all j and all r.

The definition of f is illustrated in Figure 10. Thus

Figure 10. Prime labeling of 5T4,2.
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gcd(f(uj1), f(ujn)) = gcd(2(j − 1)(n− 1) + 1, 2(j − 1)(n− 1) + n)

= gcd(2(j − 1)(n− 1) + 1, n− 1)

= gcd(1, n− 1) = 1.

The remaining pairs of adjacent vertices are labelled with consecutive integers

and hence f is a prime labeling on G. �

Our final result is about the union of a tadpole graph with a prime graph of

the same order.

Theorem 2.12. Consider a tadpole graph Tn,m whose order n + m is an even

number. If H is a prime graph of the same order then the graph G = H ∪ Tn,m
is also a prime graph.

Proof: As usual we shall denote the vertices of the cycle and the path involved in

the tadpole Tn,m in terms of u and v, respectively. Let f be a prime labeling of H

which exists because H is assumed to be a prime graph. Consider an arbitrary

prime number p laying strictly between n + m and 2(n + m) that exists due to

Bertrand’s postulate which states that if N > 1, then there is a prime number

laying strictly between N and 2N . We prove the theorem by considering the

following three cases on the prime number p.

Case-I: Let p = 2n+m. Define g : V (G)→ {1, 2, . . . , 2n+ 2m} as

g(x) = f(x), x ∈ V (H),

g(ui) = m+ n+ i for all i,

g(vi) = m+ 2n+ i for all i.

Since

gcd(g(u1), g(un)) = gcd(n+m+ 1, 2n+m) = gcd(n+m+ 1, p) = 1,

it is obvious that g is a prime labeling.

Case-II: Let p < 2n+m. Define h : V (G)→ {1, 2, . . . , 2n+ 2m} as

h(x) = f(x), x ∈ V (H),

h(ui) = p+m+ i, i = 1, 2, . . . , 2n+m− p,
h(ui) = p− n+ i, i = 2n+m− p+ 1, 2n+m− p+ 2, . . . , n,

h(vi) = p+ i, for all i.

Note that the labels of u1 and un are p + m + 1 and p, respectively, which are

relatively prime because p is a prime number strictly greater than m+1. Further,
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n+m being an even number, we have

gcd(h(u2n+m−p), h(u2n+m−p+1)) = gcd(2n+ 2m,n+m+ 1)

= gcd(n+m,n+m+ 1) = 1.

The argument that h is a prime labeling is trivial now.

Case-III: Let p > 2n+m. Define s : V (G)→ {1, 2, . . . , 2n+ 2m} as

s(x) = f(x), x ∈ V (H),

s(ui) = p− n+ i for all i,

s(vi) = p+ i, i = 1, 2, . . . , 2n+ 2m− p,
s(vi) = p− n−m+ i, i = 2n+ 2m− p+ 1, 2n+ 2m− p+ 2, . . . ,m.

The verification part is similar and so it is left to the reader. �

3. Conclusion and future scope

We have derived a necessary condition for the union of tadpole graphs to be

prime and have shown that the condition is also sufficient if we consider union of

at most three tadpole graphs. Investigating the sufficiency part in case of four

or more tadpoles could be an interesting and a challenging task. Also, we have

proved that kTn,n is prime for all even numbers n and for all k ≤ 6. Similar

investigation for odd n or higher values of k will be also interesting.
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