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Abstract. Global well-posedness for the Klein-Gordon-Schrédinger system with general-
ized higher order coupling, which is a system of PDEs in two variables arising from quantum
physics, is proven. It is shown that the system is globally well-posed in (u,n) € L% x L?
under some conditions on the nonlinearity (the coupling term), by using the L? conserva-
tion law for u and controlling the growth of n via the estimates in the local theory. In
particular, this extends the well-posedness results for such a system in Miao, Xu (2007) for
some exponents to other dimensions and in lower regularity spaces.
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1. INTRODUCTION

The initial value problem for the d-dimensional Klein-Gordon-Schrédinger system
with the Yukawa coupling is

i0u + Au = —nu,
(1.1) Zn+ (1 —A)n = |ul?,

U(IE, 0) = UO({E), TL({E, 0) = no(x), atn(xa 0) = nl(x)a
where u: [0,7%) x R — C and n: [0,7%) x R — R. This model arises in many
physical situations, such as the interaction between quantum mechanical meson and

nucleon fields (see [7]), the interaction between short and long dispersive waves in
fluid mechanics (see [2]), and other physical systems.
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In [6], it is proven that the system (1.1) is globally well-posed in dimension d = 3 for
(up,no,n1) € L? x L? x H~. This result is further sharpened in [11] where the local
well-posedness is established in dimension d = 2 for (ug,ng,n1) € H* x H* x H*!
with s > —%, k> —%, k—2s< %, k—2 < s <k+1, and the global well-posedness
for s > 0 and s — % <k<s+ % In dimension d = 3, the global well-posedness is
provenfors}Oands—%<k<s—|—1.

As in [5], it is natural to generalize the system (1.1) into the system

i0u + Au = —nf(|u*)u,
(1.2) ?n+ (1 — A)n = F(|lul?),
u(z,0) = uo(x), n(z,0) =no(z), dn(x,0) =mn1(z),

where F' = f and F(0) = f(0) = 0. The particular case F(s) := s™ is denoted by
KGS,,,, which reads

10pu 4+ Au = —mn|u|?(m~ Dy,
(1.3) Zn + (1= A)n = |ul*™,
u(z,0) = uo(x), n(z,0) = no(x), dn(x,0) =mn1(z).

This generalization follows [5], where the term n|u|? is replaced by the more general
term nF(|u|?) in the Hamiltonian of (1.1). A reason that higher-order powers are
introduced to the nonlinearity (or the coupling term) in (1.1) is to adjust the strength
of the nonlinearity relative to the dispersion and study the balance between these
two effects. They are also relevant in various physical models (see [1], [3], [8], [10]
and references therein).

Following the above remarks, it is well-known that the smooth solution of (1.3)
satisfies conservation of mass (see [10], [11], [13])

(1.4) Mul(t) := [[u(t)||L2 = l[uoll Lz =: Muo]
and conservation of the Hamiltonian
1
Hiu,n](t) := [|[Vu(t)[|7: + S U@~ A2t 2 + 10m()]|72) — /Rd n(t)|u(t)[*™ dx
= H[UO, TL()].

The well-posedness for the system (1.3), on the other hand, is much less developed.
For dimension d = 1, this is studied in [10], where global well-posedness is proven in
(u,n) € L?> x HY? for 1 < m < 2. Here, we want to provide global well-posedness
results at lower regularity level.
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We show that KGS,, is (locally or globally) well-posed for (ug,ng,n1) € L? x
L? x H~', dimension d = 1,2, 3, and some range of m using Strichartz estimates.
Similar results also hold in higher dimension. More precisely, our main result is the
following theorem.

Theorem 1.1. KGS,, (1.3) is locally well-posed for (ug,ng,n1) € L%*(R%) x
L2(RY) H—1<Rd>,

(1) for 1 < m < 2 in dimension d = 1,
(2) for 1 < < 2 in dimension d = 2,
(2) for 1 <m < % in dimension d = 3.

Moreover, it is globally well-posed

(1) for1<m < % in dimension d = 1,
<m

(2) for 1 <m < % in dimension d = 2,
(3) for m =1 in dimension d = 3,

and in this case the solution (u,n) € C(R; L?) x C(R; L?) satisfies (1.4) and
(1.5) [[n()]p2 + [0 ()l < exp(clt] [[uoll72) max(|nollzz + Iy | -1, [luol75)

for some (3 := 3(m,d) > 0.

In particular, we extend the result of [10] for some exponents to rougher data,
matching the level of regularity provided in [6]. We also cover a range of m for which
KGS,, is L? x L?-‘subcritical’ in the sense of scaling (depending on the notion of
scaling used). Note that KGS,,, does not admit the usual notion of criticality based
on scaling, but a notion of criticality based on the kind of scaling done in [9] for the
Zakharov system will be useful in our case too. Refer to Section 3 for details.

We remark that our global well-posedness results use the conservation of mass only
(but not the conservation of the Hamiltonian) and so they are still true regardless
of the sign of the nonlinearity. Furthermore, as a note, by the local well-posedness,
we mean that the solution exists in a small time interval and is unique, that the
solution has the same regularity as the initial data in that time interval, and the
solution depends continuously on the initial data. By global well-posedness, we
mean that the above properties hold for all time ¢ > 0.

This paper is organized in the following way. The notations used in the paper
are introduced in Section 2, followed by a discussion on scaling and criticality in
Section 3. Some linear and nonlinear estimates are established in Section 4. Finally,
main Theorem 1.1 is proven in Section 5.
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2. NOTATIONS

Given A, B > 0, we write A < B if A < k- B for some universal constant k. We
write A= B or A ~ B which means both A < B and B $ A. The notation A < B
means B > k- A. We introduce the notation (z) := /1 + [z[2, and (V) for the
operator with the Fourier multiplier (£). We also use the notation o+ for o € R that
means a number slightly larger than «, i.e., a + ¢ for some € > 0.

Given Lebesgue space exponents ¢, r and a function f(z,t) on R x R, we define
the mixed (space-time) Lebesgue norm

q/r 1/q
1 Fllorgs = (/ (/ If(x,t)l’”dx> dt> |

Let H?® be the usual Sobolev spaces equipped with the norm

N A
151 = Jo+ EPYIFOPE) = 16Tl

where f is the Fourier transform of f. Denote also by f¥ the inverse Fourier
transform of f.

A pair of exponents (q,7) is called admissible for R x R if 2 < ¢, 7 < co and
(g,r,d) # (2,00,2), and

+

RS

d
>

QN

Finally, we introduce the norm

I(no, na)llg = (InoliZz + lnallF-)"?

and the shorthand notation ||n(t)||g := ||(n(t), Om(¢))|lg-

3. CRITICALITY AND SCALING HEURISTICS

First, in order to discuss the useful notion of criticality for KGS,,, we transform
the system into an equivalent system of the first order in ¢ (following [9], [10]). Put

MLy (. 1/2
ny = 2<ni i(1—A) 8tn).
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Then, we have n = ny +n_, on = i(1 — A)"/?(ny —n_), and n, = n_. The
equivalent first order system is
i0u 4+ Au = —m(ny +n_)|u2m Dy,

iOny +(1—A)/2ny = i%(l — A) 2 (Jul?m),
1 1 1/2
u(z,0) = up(x), ny(z,0) = E(no + Y(l — AV nl).

Consider a similar system

i0u + Au = —m(ny +n_)u|>m= Dy,
1

(3.2) iy + (—A)Y?ngy = i§(—A)71/2(|u|2m)7

u(z,0) = uo(x), ni(x,0) = %(no + %(1 - A)1/2n1).

This system does not possess any true scaling, but as in [9], [10], if it were not for
the term Aw in the left-hand side of the first equation in (3.2), which means that the
linear effect of the wave equation is stronger than that of the Schrédinger equation,
then (3.2) would be invariant under the scaling

U uy = )\3/(4m72)u(/\t, AL), nny = A(Qfm)/(mel)n()\t, Ax)

and also would be critical for (ug,n+(0)) € H? x Hf, where s = d/2 — 3/(4m — 2)
and k =d/2—(2—m)/(2m —1).

If it were not for the term +(—A)"/?n in the left-hand side of the second equation
in (3.2), which means that the linear effect of the Schrédinger equation is stronger
than that of the wave equation, then (3.2) would be invariant under the scaling

u i wy = N M2 (N2 AT), nny = AB=m)/Cm=1), (32¢ Az)
and also would be critical for (ug,n+(0)) € H? x Hf, where s = d/2 — 5/(4m — 2)
and k=d/2—(3—m)/(2m —1).

Similarly, if it were not for the term i0;u in the left-hand side of the first equation
in (3.2), then (3.2) would be invariant under the scaling

w s uy = ANy M), e iy = A2 G (0 )

and also would be critical for (ug, n+(0)) € HSx HF, where s = k = d/2—5/(4m — 2).
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If it were not for the term i0;ny in the left-hand side of the second equation
in (3.2), then (3.2) would be invariant under the scaling

U uy = Az/(Qm_l)u(AQt, AT), nny = AQ/(Qm’_l)n()\Qt, Ax)

and also would be critical for (ug,n+(0)) € H:x HF, where s = k = d/2—2/(2m — 1).

From these heuristics, we see that our local and global well-posedness results cover
the values of m in the L? x L?-subcritical region under some or all conditions above
for the dimension d = 1,2,3. The L? x L?-critical problem is more difficult to
establish, and will be the subject of future research.

4. ESTIMATES FOR THE GROUP AND THE DUHAMEL TERMS

Let U(t) := el'® be the free linear Schrédinger group and let G(t) be the free
linear Klein-Gordon group, i.e.,

sin(t(1 — A)1/2)

G(t) (o, m1) = cos(t(1 = A)!/ o + =755

ni.

We begin with the following well-known estimates on the linear term.

Proposition 4.1 (Linear estimates). We have:

W) U@uollc@:L2) = lluol 2
(2) (Strichartz estimates) If (¢, ) is an admissible pair, then ||U(t)uol[zazr < [[uol| L2
) 1G(#)(no, n1)llewsg) = [1(no; n1)llg-

Proof. Refer to Remark 2.2.1 and Theorem 2.3.3 in [4] for the detailed proof
of (1) and (2). For (3), let n solve the linear Klein-Gordon equation, i.e.,

(4.1) oin—An+n=0

with the initial data (n(0), 9;n(0)) = (ng,n1). We apply the operator (V)1 to (4.1),
then multiply by (V)~19;n. On the Fourier side, we have

@€ + € 2am(e)oRnce) s =0
or equivalently the conservation identity
e([In(®)l|72 + 10 (t)[7-1) = 0,

which implies the asserted statement. Il
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Next, we need the following estimates for the nonlinear term.

Proposition 4.2 (Nonlinear estimates). We have:

(1) (Strichartz estimates) If both (g, r) and (§,7) are admissible pairs, then

/t Ut —t)f(z,t')dt

< . N
c(orL2) HfHL[qc;,T]LQI7

/tU(t—t’)f(x,t’)dt’
0

, S HfHLﬁ;)T]Lf;/’

LF@,T]LQ

where p’, ¢ are Holder dual to p, q, respectively.
(2) Also,

Proof. Refer to Theorem 2.3.3 in [4] for the proof of (1). The proof of (2) is
in [6], Lemma 2.3. O

Esin((t —t') (1 — A)Y/2 INEW)
/o 4 (1—)(A)1/2) )f(xvt)dt

Sl gt
c([0,7%:6) o

The estimates above will be used to establish our main theorem.

5. PROOF OF THE MAIN THEOREM

The goal of this section is to prove Theorem 1.1. We mainly use the standard
space-time norms, Strichartz estimates, and Holder inequality. We prove the case
d = 1 in detail and then make a remark about the cases d = 2, 3. For convenience, as
in [12], introduce the Strichartz space S°(I x RY) (or just S°) for any time interval I
as the closure of the Schwartz functions under the norm

||U||SO(Ix[Rd) = sup HuHLgL;-
(g,r) admissible

In particular, the S° norm controls the C(I; L?) norm.

Proof of Theorem 1.1 ford = 1. First, let 1 < m < g Define the Duhamel
maps Ag and Ag as

(5.1) As(u,n):= U(t)uo—i/o Ut —t')(mn|u/*™ D) (z, ') dt’,

(Jul*™)(z, 1) dt".

Psin((t —¢')(1 — A)Y/?
62 Ao(w) = Gle)m.m) + [ ((t(lt—)(Al)l/QA) )
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We look for a fixed point (u(t),n(t)) = (As(u,n),Ag(u)) in a closed ball of
S°([0,T] x R) x C([0,T);G). Estimating Ag in S° by applying Strichartz estimates
with (¢,7) = (00, 2) and the Holder inequality, we have

[As(u, ) | soqo,7yx8) S luollz2 + Inful>™ Dul|
(5-2m)/4)

o, L%

<ol + T Inful?" = Dull s

< llwoll s + T2 ]| e g 22

< lwollze +TE=>™Hinll o o,r1:0) 1l S 011 r) -

Also, estimating Ag in C([0,T); G) by applying Proposition 4.1, the Sobolev embed-
ding, and Holder inequality,
[Ac(w)lleo.rig) < (0, n1)llg + C|||u|2m||L1

H—l
7

1o, n1)llg + elllul*™ s 21

N

< l(no, na)llg + T~ m)/2||u||24m/]<m D pam
< ll(no,na)llg + T~ m)/2||u||50([0,T]xR)~

Similar estimates hold for the differences Ag(ui,m1) — As(uz,n2) and Ag(u1) —
Ag(uz2), namely

[As(u1,m1) — As(uz,n2)l|s0

B 2m 2(m—1
< T2/l e oy (lua 297 + fluz 257 [Jur — usl o

+ (a3~ + a2l & lIna = nalleqo.1:6))
and
1AG(u1) = Ac(u2)lleqorie) S TCT™2(Jua |55 + Nuzll S5 llur — ullso.
Standard argument then implies that if 7" is such that
TE™ 2 || 737 S 1,

(5-4) TO=2/ lug|| 732 (no, 1) [lg S 1
IO~ luol| 72 < II(no,na)llg,

then the mapping (Ag, Ag) is a contraction, yielding a fixed point (u,n) which is
a solution to (1.3) on [0, 7] such that

(5.6) llullsoco,r1xr) < lluoll L2,
(5.7) Inllcome) < l(no,ma)llg + cTG™/2||ug || 22

468



Now, let 1 < m < I. By the conservation of mass, ||u(t)||r2 = ||uol/r2 and so we are
only concerned with the possibility of the growth of ||n(t)||g from one time step to
the next. Suppose that after a number of iterations, we have ||n(t)|lg > [Ju(t)||33 =
luo||?7". Take this time as the initial time ¢ = 0 so that ||(no,n1)llg > [uol|?7-
Then (5.5) is satisfied automatically. Also, by (5.4), we may take the time increment

of size
(5.8) T ~ ([luoll3% 2|l (o, na)llg) =4/ =™

We see from (5.7) that we can perform K iterations on time intervals, each of
length (5.8), where

[[(r0, n1)llg
5.9 Ko~ @ UG
( ) T(3—m)/2||uO||2LgL

before the quantity ||n(t)||g doubles. The total time we advance after these K iter-
ations is

T2 (no,ma)llg (luoll 73 2l (o, m1)llg) 4™ D/20 =2 (ng, ma)llg

KT ~
Juolzt JwolZE
(o, )| 54/ O72m g T/ B=2m) .
= ||u0|‘§‘22m+4)/(5*2m) ||U I @m+4)/(5—2m) ||u0||262m73)/(5*2m)

by (5.9) and (5.8), where in the last line we used the fact that (7 — 4m)/(5 —2m) > 0
and [|(ng,n1)|lg > |luo||?% by assumption at this time. The last expression is inde-
pendent of ||n(t)||g. We can now repeat this entire procedure, each time advancing

the time interval of length ~ ||U0||L(6m B/o=2m),

Upon each iteration, the size
of |n(t)||g is at most doubled, giving the exponential-in-time upper bound stated in

the theorem. This completes the proof. O

For the dimension d = 2,3, the proof is similar as soon as we have the following
estimates.

Remark 5.1. For d = 2, applying the Strichartz estimates with (¢,7) =
(4/(2m —1),4/(3 — 2m)) and Holder inequality, we have

1As (s )| s00,71x82) S lluollze +TE2™72 | nll oo, 1:0) 1w S0y w2y

and, similarly, |Ac (u)llc(o,r1:0) < [1(no,m1)llg + T2~ |ull§8(0 7y xge)-
For d = 3, applying the Strichartz estimates with (g, 7) = (2/(2m — 1),6/(5 — 4m))
and Holder inequality,

1A (us )| 010,71 x89) S Iluollzz + T =™l oo,m30) 1ullE 00 )

and, similarly, |Ac (u)l|lco,r1:6) S 10, m1)llg + T O™/ ul|38 0 1) rs)-
The rest of the proof follows as before.
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Remark 5.2. In [10], the proof of the global well-posedness for (1.3) in

L2
the

x H'/? is proven using Bourgain’s restriction norm method. We remark that
results can be proven using more elementary methods (standard space-time

Lebesgue spaces, the Sobolev embedding and Hélder inequality) as outlined in the

pro

1]
2]
8]
[4]
[5]

[6]

(7]
8]
[9]
[10]
[11]
[12]

[13]

of of Theorem 1.1 above.
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