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KYBERNETIKA — VOLUME 59 (2023), NUMBER 1, PAGES 130-159

A NOTE ON THE EXISTENCE
OF GIBBS MARKED POINT PROCESSES
WITH APPLICATIONS IN STOCHASTIC GEOMETRY

MARTINA PETRAKOVA

This paper generalizes a recent existence result for infinite-volume marked Gibbs point
processes. We try to use the existence theorem for two models from stochastic geometry.
First, we show the existence of Gibbs facet processes in R? with repulsive interactions. We
also prove that the finite-volume Gibbs facet processes with attractive interactions need not
exist. Afterwards, we study Gibbs-Laguerre tessellations of R?. The mentioned existence result
cannot be used, since one of its assumptions is not satisfied for tessellations, but we are able
to show the existence of an infinite-volume Gibbs—Laguerre process with a particular energy
function, under the assumption that we almost surely see a point.

Keywords: infinite-volume Gibbs measure, existence, Gibbs facet process, Gibbs—Laguerre
tessellation

Classification: 60D05, 60G55

1. INTRODUCTION

Gibbs point processes present a broad family of models that considers various possibili-
ties of interactions between points. The effect of these interactions is explained through
the notion of an energy function, with states possessing lower energy being more prob-
able than states possessing higher energy. This convention stems from the physical
interpretation, as the notion of Gibbs processes was first introduced in statistical me-
chanics; see [10] for the standard reference. Among others, [§] and [2] provide a general
introduction to the topic of Gibbs point processes in the context of spatial modelling.

Gibbs point processes in a bounded window are defined using a density with respect
to the distribution of a Poisson point process; however, the situation gets much more
complicated once we start to consider processes in the whole R%. As one can no longer
use the approach with a density with respect to a reference process, one can no longer
define the distribution of an infinite-volume Gibbs process (called the infinite-volume
Gibbs measure) explicitly. Instead, the DLR equations (see [I0]) are used, which pre-
scribe the distribution of the process inside a bounded window conditionally on a fixed
configuration outside of this window.
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The standard approach to obtain an infinite-volume Gibbs measure is based on the
topology of local convergence and the result from [4] for level sets of a specific entropy.
One of the standard assumptions for the energy function is the finite-range assumption,
which ensures that the range of interactions is uniformly bounded. It was proved in [I]
that the quermass-interaction process with unbounded grains (i. e., unbounded interac-
tions) exists. Using this paper as an inspiration, an existence result for marked Gibbs
point processes with unbounded interaction was proved in [9].

In the present paper, we address the assumptions of the existence theorem from [J]
and present a modified version of the range assumption. Afterwards, we present two
applications on models from stochastic geometry.

The first one is the Gibbs facet process in R? (see [13]). Here the energy is a function
of the intersections of tuples of facets. We prove that the repulsive model satisfies
assumptions of the existence theorem, and therefore the infinite-volume Gibbs facet
process exists in this case. On the other hand, we find a counterexample in R? for the
case with attractive interactions and we extend it to prove that the finite-volume Gibbs
facet processes with attractive interactions do not exist in R?.

The second application deals with a model for a random tessellation of R2. We con-
sider the Laguerre tessellation L(7y) (see [6]), which partitions R? according to the power
distance w.r.t. at most countable set of generators v C R? x (0,00). We are interested in
the situation where the random set of generators is a marked Gibbs point process with
the energy function depending on the geometric properties of the tessellation.

Gibbs point processes with geometry-dependent interactions (which include random
tessellations) were considered in [3]. Using the concept of hypergraph structure, an
existence result was derived for the unmarked case. It was remarked that the same
existence result would extend to the marked case, and based on this, the existence of an
infinite-volume Gibbs measure for several models of Gibbs-Laguerre tessellations of R3
was derived in [5] under the assumption of bounded marks.

In the case of marks not being uniformly bounded, while the range assumption from [9]
turned out to be more restricting than initially expected, we noticed that one can still
use some of the results from that paper to support the proof of the existence of the
Gibbs—Laguerre tessellation. After a careful analysis of the behaviour of the Laguerre
diagram, we considered as an example the model with energy given by the number of
vertices in the tessellation, where we were able to prove a new existence theorem under
the condition that we almost surely see a point.

2. BASIC NOTATION AND DEFINITIONS

In this paper, we study simple marked point processes. Our state space will be in the
product form R? x S, where d > 2 and the mark space (S,| - ||) is a normed space.
Each point (z,m) € R? x S consists of the location z € R? and the mark m € S. Let
B(R? x S) denote the Borel oc—algebra on R? x S and let B¢ and B{ denote the Borel
o—algebra and the set of all bounded Borel subsets of R%, respectively.

We denote by M the set of all simple counting locally finite Borel measures on R? x S
such that their projections 7/(-) = v(- x §) on R? are also simple counting locally finite
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Borel measures. Each v € M (often referred to as configuration) can be represented as

N
Y= Z 5(z,,m,)v
i=1

where 6.y denotes the Dirac measure, (x;,m;) € R% x S, where z; are pairwise different
points and N € NU {0,00}. Therefore, we can identify v with its support (the zero
measure 0 is identified with (}), v = supp v = {(x1,m1), (x2,m2),...} CRY x 8. As is
usual, we will sometimes regard v € M as a (locally finite) subset of R? x S instead of
a simple counting locally finite measure for the sake of simple notation.

Simple marked point process is a random element in the space (M,9). Here 9 is
the usual o-algebra on M defined as the smallest o-algebra such that the projections
pp : M — R, where pp(v) = v(B), are measurable VB € B(R? x S). The distribution
of a given point process is a probability measure on (M, 9N).

Take v, £ € M, z € R4, A € B? and denote by v, = Zi:mieA (x;,m,) the restriction
of 7 to A x S and by |y| = 7(R¢ x S) the number of points of 7. The sum of measures y
and £ is denoted by v& = 3", 1 ey O(w,m) T 2 (ynyee O(y,n) and the supremum of norms

of all marks in v is denoted by m(y) = sup |[m]|.
(z,m)ey
Let f: R? x S — R be a measurable, y-integrable function. We write

(uf) = [ f@)rtda) = ¥ (@),

xey

We define the set of configurations with points in A X S as My = {y € M : v =1}
The set of all finite configurations is denoted by M; = {y € M : |y| < oo} and for
a > 0 define M, = {y € M :m(y) <a}.

Take € R? and r > 0, then the open ball with centre 2 and radius 7 is denoted by
U(z,r) and the closed ball with centre x and radius r by B(z,r). The complement of
a set A C R? will be denoted by A°, the interior of A by int(A), the closure of A by
clo(A) and bd(A) = clo(A) \ int(A) denotes the boundary of A.

Let A € Bf. A function F : M — R is called local (or A-local), if it satisfies
F(vy) = F(ya) for all v € M.

2.1. Tempered configurations and Gibbs measures

From now on, we fix § > 0. Before we dive into the theory of Gibbs processes, we define
the set of tempered configurations (for reference, see Section 2.2 in [9]). The importance
of this definition lies in the fact that the infinite-volume Gibbs measure is concentrated
on the set of tempered configurations.

Take t € N and set M' = {y € M : (v, (1 + |[m|?*°)) < ¢-1? holds VI € N}.
Then M?m? = UteNMt is called the set of tempered configurations. These configura-
tions have the following property (for proof, see Lemma 2 in [9]). For t € N there exists
I(t) such that VI > I(t) and Vv € M? the following implication holds

(z,m) € W2+ = Bz, |lml)nU(0,1) = 0. (1)



The existence of Gibbs marked processes with applications in stochastic geometry 133

This property inspires the following definition of an increasing sequence of subsets of
M Take | € N and define

M = {y € M*™ ;. B(x, ||m|)NU(0,k) =0, V(x,m) € YU 0,261y, Yk €N, k> 1},

We can see from that M? C M“(tﬂ, Vt € N, and consequently MmP = Uien M.
For simplicity, we will write M instead of M1 in the following text.

The focus of this work is the family of Gibbs point processes. In particular, we will
work with the distributions of these processes, which are called Gibbs measures. Choose
a reference mark distribution Q on the mark space (S, || - ||) and take A € B and z > 0.
As a reference distribution take 7%, the distribution of the marked Poisson point process
in R x S with intensity measure 2 (dz) @ Q(dm), where Aa(dz) is the restriction of
the Lebesgue measure A on A and Q) denotes the standard product of measures.

An energy function is a mapping H : My — R U {+oo} which is measurable, trans-
lation invariant and satisfies H(6) = 0. Take A € BJ and z > 0. We define the
finite-volume Gibbs measure in A with energy function H and activity z as

1
Pa(dy) = Zn e HON 7% (dy), (2)

where Zy = [e () 7% (dv) is the normalizing constant called the partition function.
Clearly, for the finite-volume Gibbs measure to be well defined, we need 0 < Z) < oco.
This will be satisfied under our assumptions on the energy function H (see Section .

Example 2.1. (Example 2 in [9]) Let ¢ : R‘xR? — R be a non-negative, translation
invariant, measurable function, called the pair potential, and consider

Hi(y) = Zi oz, y) - Yz —yl < |lml| + [In]]}.

(z,m), (y,n)€y

Although there is a natural generalization of the measures 7% to 7%, where 7% is the
distribution of a marked Poisson point process with intensity measure zA(dx) @ Q(dm),
we cannot generalize the definition of a finite-volume Gibbs measure to an infinite-volume
Gibbs measure.

For energy function H and A € B define the conditional energy of v € M in A given
its environment as

Ha(y) = lim H(ya,) = H(ya,\n); (3)
where A,, = [-n,n)¢. For the conditional energy to be well defined, we later pose some

assumptions on H (see Section . For A € Bg, z > 0, energy function H and £ € M,
define the Gibbs probability kernel as

e~ Ha(yaéac)

Z(§)

where Z, (&) = [ e~ Ha(nér) 7% (dy) is the normalizing constant. Again, for Z4 (&, dy) to
be well defined, we need 0 < Zx (§) < oo. Under our assumptions on H (see Section |3]),

Ea(¢ dy) = T (d), (4)
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this will be true for & € M*™. The infinite-volume Gibbs measure is now defined as
a probability measure on M, which satisfies the DLR. equations (named after Dobrushin,
Lanford and Ruelle). This definition follows naturally from the fact that the finite-
volume Gibbs measures also satisfy DLR (see [2], Proposition 5.3).

Definition 2.2. A probability measure P on M is called an infinite-volume Gibbs mea-
sure with energy function H and activity z, if for all A € B,‘f and for all measurable
bounded local functions F': M — R the DLR, equation holds:

/M F(7) P(dy) = /M /MA Flraénc) Za (6, dv) P(d).

The existence of a measure satisfying the definition above is not guaranteed and must
be proved.

3. THE EXISTENCE RESULT

To be able to prove the existence of an infinite-volume Gibbs measure, we need the
following four assumptions: the moment assumption H,,, the stability assumption Hs,
the local stability assumption H; and the range assumption ...

3.1. The Moment and Stability Assumptions

Recall that we have chosen 6 > 0 and a reference mark distribution Q in Section
The moment assumption H,, concerns the distribution Q, as it has to satisfy

Ho, / exp([|m||*)Q(dm) < occ.
S

The rest of the assumptions pertain to the energy function H. The first one is the
stability assumption:

H, : There exists ¢ > 0 such that Vy € My : H(y) > —c(v,1+ ||m||d+5>.

Under the assumptions H, and H,, we have 0 < Z) < oo for all A € Bg and therefore
the finite-volume Gibbs measures are well defined (for proof, see Lemma 4 in [9]). For the
infinite-volume Gibbs measure to be well defined, we need an analogue of the stability
assumption for the conditional energy, the local stability assumption.

H; : For all A € B¢ and all t € N there exists c(A,t) > 0 such that for all £ € M?
the following inequality holds for any vy € My :

Hx(ya éae) > —c(A,t) (34, 1+ [m]*H0) .

Let us emphasize that the lower bound for the conditional energy must hold uniformly
over M!. In the same way the stability ensures that the partition function is finite, it
can be proved that assumptions H; and H,, imply that 0 < Z,(§) < oo, for all A € Bg
and £ € M'*™ (for proof, see Lemma 7 in [9]). Contrary to the stability assumption,
local stability is often, but not automatically, satisfied for non-negative energy functions.
We state our observation regarding the validation of this assumption.
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Observation 3.1. Assume that the energy function H satisfies H(v4)—H(yg) > 0, for
all v € My , whenever B C A; A, B € BZ. Then the conditional energy is non-negative
and the local stability assumption #; holds.

Proof. Let y € M and A € B}. Then 3K € N and points z1,...,zx € R? x § such
that y5 = Zfil 0z, and we can write

K
lim H(ya,) — H(ya,\A) = nlijgoZH(’YAH\{M,A..,MA}) — H(ya,\{z1,....0}) = 0.

n—o00 £
=1

3.2. New formulation of the range assumption

The last assumption considers the range of the interactions among the points. First, we
state the original range assumption from [9].

H, : Fix A € BY. For any v € M!, t > 1, there exists 7(vy,A) > 0 such that
Ha(7) = H(VaeB(0,7(+.0) — H (Va0 B0,7(v.0))\A):

where A @ B(0,R) = {z € R? : Jy € A, |z —y| < R}. It is noted that the choice of
7(v,A) can be
(7, A) = 20(t) + 2m () + 1, (5)

and this choice is used in the proof of the existence theorem. Contrary to the claims
in [9], this choice of 7(y,A) does not work for the presented examples of the energy
function, as we prove in the following lemma.

Lemma 3.2. Consider the state space R? x R and the energy function H; from Exam-
ple Then V6 > 0 there exist A € B and a set Mo C M? such that Vy € M¢

Jim. H(va,) — H(ya,na) = HA(Y) # H(VaeB0,7)) — H(YaeB0,7)\A)

if we choose 7 = 2I(1) 4+ 2m(ya) + 1.

|—=

and afterwards modify the example for general §.
see Lemma 2 in [9])

Proof. First, we consider § =
Step 1) Let § = 1. It holds that

N

()= & 4F 9% _ 200

2
Therefore, we get that [(1) = 2* = 16. Take points (x,m), (y,n) € R? x R, where
x = (120,120), m = 1, y = (150,150) and n = 43. Let A = B(z,¢), where ¢ € [0,1],
and set ¥ = 0(g,m) + 0(y,n)- Then it holds that v € M', B(x,m) N B(y,n) # 0, and
(y,n) & Ya@B(0,r) for 7 =2[(1) 4+ 2m(ya) + 1 = 35, and therefore

lim H(ya,) — H(ya,\a) = ¢(z,9),

n—oo

H(’YA@B(O;)) - H(’Y(A@B(O,T))\A) =0—-0=0.
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Choose k € N such that &k > [(1) and A & B(0,1) C U(0,k) and then define the set
Mc ={v&v,2k+1) : € € ML (z,m) €&, (y,n) € £} € ML We get that Vv € Mg

lim H(vp, ) — H(va,\a) = 9(2,9),

n—oo

Hvagp0,7) — H(V(aeB0,7)\a) =0—0=0.
Step 2) Let 6 > 0. Then we can choose (z,m) and (y,n) in the following way:

1. m=1and z = (2/,0) where 2’ is large enough so that

1

44228 <-4 ((4+2-28 +2/)2=3)75 and 2/ > 1,

1
-2
2. y=(y,0), where y/ =4+2-25 + 2/ and n = ((y/)2 — 3)ﬁ.

Set ¥ = O(z,m) + O(yn) and A = B(xz,e) for some ¢ € [0, %] We again obtain
that v € M, B(x,m)N B(y,n) # () and also that (y,n) ¢ YaeB(0,7) for the choice
7 =2[(1)4+2m(va)+ 1. The choice of M proceeds in the same way as in the first step.
(|

In particular, we have found a counterexample to the claim that for any configuration
YA € My and any § € M? the equality Ha(vaéac) = Ha(yaéa\a) holds as soon as
A @ B(0,2l(t) +2m(ya) + 1) C A. We have given the counterexample for d =2, ¢t =1
and pairwise-interaction model, however, it should be clear that it would be possible to
find counterexamples in the same way for d > 3, ¢ € N and other energy functions, for
which the interaction between two points is given by the intersection of their respective

balldl

We propose the following modification of the range assumption.

o Fix A € Bg and | € N. Then for all v € M"™ such that yse € M' there exists
7 =7(m(ya),l,A) > 0 such that

Hx(v) = H(YaeB(0,r) — H(Y(AeB0,7)\A)>

holds and 7(m(+ya),l, A) is a non-decreasing function of m(y,). Particularly, 7 depends
on e only through .
With this new modified assumption the existence theorem from [9] holds.

Theorem 3.3. (Theorem 1 in [9]) Under assumptions H,, H;, H, and H,, there
exists at least one infinite-volume Gibbs measure with energy function H.

Concerning the use of the range assumption in the original proof in [9], we refer to
the proof of formula (20) on page 990 and the estimation of Jo4 on page 992, which
remain the same.

LAfter seeing our counterexample from Lemma the authors of [9] submitted errata with a cor-
rected form of formula by means of adding a term that depends on the distance from the origin.
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4. GIBBS FACET PROCESS

The first model we consider will be the process of facets (presented in [I3]). For d > 2
denote by Gy the space of all (d — 1)-dimensional linear subspaces of R? and let S%~!
denote the unit sphere in R?, then A(n) € G4 denotes the linear subspace with unit
normal vector n € S4~1. Let A(n) € Gg and R > 0. Then a facet V(n, R) with radius
R and normal vector n is defined as V(n, R) = A(n) N B(0, R).

As we can see from the definition above, each facet is uniquely described by its
radius R and its normal vector n (up to the orientation of n). Therefore, it is natural
to choose the space of marks as (S, - ||) = (RTL, | - ||) with the standard Euclidean

nor lm|| = \/Zfﬂl m2. The marks will be specified by choosing the reference mark

distribution Q so that it satisfies Q(S%™! x (0,00)) = 1, where S%! is the semi-closed
unit hemisphere in RY,

Sdl U{uESd1:u1:0,~-~,ui,120,ui>0}.

Clearly, there exists a bijection between S‘fl x (0, 00) and the set of all facets, the first
d coordinates define the normal vector for the corresponding facet and the last coordinate
defines the radius. Take v € M, then we define the set of all facets (shifted to their
location) corresponding to configuration v as A(y) = {x + V(n,R) : (z,n,R) € ~}.
The energy of a configuration will depend on the number (and volume) of intersections
among the facets. The energy function of a facet process is defined as

H(v) = Zajgzbj('y), where as,...,aq € R and
j ©)
Hd_j(m Kz) < OO] .

i=1

oi(v) = Z;é H*I (ﬂ Ki) 1
() i=1

Kl,..‘,K]’GA o

Here, H* denotes the k-dimensional Hausdorff measure on R¢ and Z7é denotes the sum
over all j-tuples from A(y). From now on, the indicator in @ will be denoted by 1. ;.
4.1. Existence of Gibbs facet process with repulsive interactions

To verify the existence of the Gibbs facet process, we must verify the assumptions of
Theorem [3.3] Regarding the assumption H,,, we have to choose the mark distribution
Q such that

/ exp((1 + B2)4/2+9)Q(d(n, R)) < oo
$9471%(0,00)

To address the assumption H,., we rewrite the definition of sets M in the language
of facets.

2We will use the notation ||m|| for the Euclidean norm when talking about mark m from R¢ and |z|
when talking about location point « from R%.
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Lemma 4.1. Take v € M'*™_ ~ e M". Then VI > [, and for all K € A(7) we have
the following implication: K € A(yy(0,2141)c) = KNU(0,1) = 0.

Proof. Weknow that the implication (z,m) € vy (0,2141)c = U(0,[)NB(z, ||m]) =0
holds VI > Iy (from the definition of M ) and in our case B(z, |m||) = B(z, V1 + R2).
Clearly K C B(z,v/1+ R?) and therefore K NU(0,1) = 0. O

Now we will show that the range assumption holds.

Theorem 4.2. The energy function H of a facet process defined in @ satisfies the
range assumption H,.

Proof. Fix A € B and |y € N. We want to prove that for all v € M®*™ such that
Yae € M' there exists 7 = 7(m(74),lo, A) > 0 which is a non-decreasing function of
m('yA) and for which it holds that HA(’)/) = H(’VA@B(O,T)) — H(,Y(A@B(O,T))\A)'

Take ig € N large enough so that A C A;, = [—io,i)". From the definition of the
conditional energy, we have that H(7) = limp—o0 (H(ya,) — H(ya,\a)) -

We can write for all n > ig

d

H(ya,) — H(ya,\a) = Zaj Z;é He—I <n Ki) “loo,j
) i=1

J=2  Ki,...K;jeA(va,

d ) J
e ¥ w(As) 1
j=2 i=1

K1, . K;€A(7A,\A)

Now define for general sets A C B, A, B € B{, and for j = 2,...,d the set of all j-tuples
of points from « in B (or more specifically the set of (non-ordered) j-tuples of facets
represented by these points) such that at least one of these points lies in A:

Ci(v,A,B)={{Ki,...,K;}: K; € A(yp) forall i =1,...,j and Ji s.t. K; € A(ya)}.

Then for any 7 > 0 and n large enough so that A @ B(0,7) C A,, we can write

d

H(y,) — H(w,\a) = D4y > H7 (ﬂ Ki) “leoj

Jj=2 {K17"')Kj}ecj(’Y’A)A@B(Oﬂ-))

J
+ Zaj Z Hdij (ﬂ Kz) . ]-oo,j~
i=1

=2 {K1,.. K }eC;(7,AAn)\C; (7, A,ASB(0,7))

(7)

Clearly, the first sum does not depend on n and it is in fact equal to the desired
H(yaeB(0,7)) — H(V(aeB0,7)\A))- Therefore, it is sufficient to show that for the right
choice of 7 each summand in the second sum is 0. Consider the following steps.

1. We have l;(m(y5),A) = min{l e N: A@ B(0,m(ya)) C U(0,1)} < oo, since m(ya)
is finite.
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2. Let lg(m(’}/A),lo,A) = max{lo,ll(m("yA),A)}.
3. Take 7(m(ya),lo,A) = min{k € N: U(0, 2la(m(vya),lo,A) +1) C A® B(0,k)}.

Then clearly for a < b we have that 7(a,lo,A) < 7(b,lg,A). Now, let ng be the
smallest n such that A @ B(0,7(m(ya),l0,A)) C Ap. Let n > ng and fix j € {2,...,d}.
For simplicity, denote 7 = 7(m(va), lo, A) and Iy = la(m(ya), lo, A) from the second step
in the definition of 7.

Take {K1,...,K;} € Ci(v, A, An) \ Cj(v,A,A @ B(0,7)). From the definition of C;
there exist indices i,k € {1,...,75},4 # k such that K; = z + V(n,R) € A(ya) and
Ky € A(va,\aeB(0,7))-

In particular, considering the choice of 7 above, it holds that K; C U(0,[3) (from the
first and second step), Ki € A(yu(0,21,+1)) (from the third step) and Iy > Iy (from the

second step). We get from Lemma that K; N K, = 0 and so HYJ ( 3:1 Ki> =0.

This holds for all {K,...,K;} € Cj(v,A,An) \ Cj(v,A,A @ B(0,7)) and therefore we
have for all n > ng and for 7 = 7(m(ya), lo, A):

d J
(7 —j
H(va,) = H(va,\0) @ > a; > 5 (ﬂ Kz) oo j-
j=2 i=1

{K1 ..... K]‘}€C]‘(’Y,A,A@B(O,T))

O

Consider now a situation where the constants a; in the definition of the energy func-
tion of facet process satisfy a; > 0 for all j = 2,...,d. This leads to repulsive interactions
between the facets, i.e., configurations with a lot of interacting facets will have higher
energy, compared to those with disjoint facets, and they will be therefore less probable.
We have the following existence result.

Theorem 4.3. Let the energy function @ of a facet process satisfy a; > 0, for all
Jj € {2,...,d} and assume that the reference mark distribution Q satisfies H,,. Then
the infinite-volume Gibbs facet process exists.

Proof. In this case, the energy function H is non-negative and, therefore, the stabil-
ity assumption H¢ holds. Since H clearly satisfies observation the local stability
assumption H; also holds. Theorem shows that also the range assumption H, is
satisfied and therefore the assumptions of Theorem hold and the existence is proven.

a
4.2. The counterexample for attractive interactions in R?
Consider the facet process in R?, i.e., the energy function is
£
H(v) = az Z HY (K1 N K3) - 1o s. (8)
K1,K2€A(y)
Suppose that as < 0 (we can assume for simplicity that as = —1). This leads to attrac-

tive interactions between the facets. We will show that the finite-volume Gibbs measures
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do not exist. The first step will be to find a sequence {yn}nen C M contradicting the
stability assumption Hg. In the second step, we show that we can modify these config-
urations (under some mild assumptions on the mark distribution Q) to form a sequence
of subsets Ay, v C M/ for some A € Bg, such that 75 (Ax,n) > 0, VN € N, and H, does
not hold on UNeN Ap,n. In the final step, we use sets A,y to show that the partition
function Z, is infinite.

Step 1)

Consider the following lemma.

Lemma 4.4. The energy function of a facet process in R? (i.e., (8)) does not satisfy
the stability assumption Hg for as < 0.

Proof. Take N € Neven, ny,ne € S} and R > 0 and vy € M satisfying
i) supp vn = {(:101,711,1%),...,(ac%,nl,R)7 (x%_i_hn%R), .., (xN,n2, R)},

ii) normal vectors ni,ng € S}F satisfy ny # na,

iii) the location points satisfy z; = (z},0)T, where 1 = 21 > 21 > ... > 2, > 0 and
2

— 1 1 1
_1_1‘%+1<x%+2< <z <0,

iv) R > 0 is a sufficiently large constant (depending on ni,ns) such that the facets
z1 + V(ny, R) and TN+ V(n2, R) intersect.

It holds for these configurations that each facet given by the points (x;,n1, R),
i e {1,..., %}, intersects all facets given by the second half of the points and there
are no intersections within the first half and within the second half. So, we have that

a N N
How) =~ Y HU(KiNKy) lep=-5- 5.

Ki1,K2€A(yN)

At the same time (yy, 1+ [[m[?"0) = SN (14 (1 4+ R%)2) = N - (1+ (1 + R?)'*3).
Denote by b := (1 + (1 + R2)1+%) < oo the constant, which does not depend on N.
Assume for contradiction that H, holds, i.e., there exists ¢ > 0 such that Vy € M we
have H(y) > —c(v,1+ ||m|?>*°). Then we get that VN € Neven —& - & > —¢. N -p,
which is clearly a contradiction. O

Step 2)
From now on, we assume that there exist vectors u,v € Si_, some constants 0 < a <
b < o0 and € > 0 such that

QU(u=e) x (a,b)) >0, QU(v=Ee) x (a,b)) >0and U(u+e)NU(vte) =10, (9)

where U(u £ ¢) = {w € S, : |[<(u,w)| < e} (here <(u, w) denotes the angle between
the vectors u and w). We are able to find a set A such that if two facets have centres
inside A, their normal vectors do not differ too much from u and v, respectively, and
their length is at least a, then they must intersect at one point.
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Lemma 4.5. For given constants a,e > 0 and two different vectors u,v € Si there
exists a set A € B2 such that

[z +V(n, R) N (y+V(m,T))| =1

holds for all z,y e A,z #y,n € U(ute),meU(vte)and R > a,T > a.

Proof. Set Ag = [—1,1]2 and take m,y € Ao, n € U(u+¢), n = (n1,n2)T, and
m € Ulv£e¢), m = (my1,me)T. We will denote by (z,y) the standard dot product
on R2. Denote by p(z,n) = {z € R?: (2,n) = (n,z)} the line given by a point x and a
normal vector n and analogously the line p(y, m) given by a point y and a normal vector
m. Then, due to the assumption @, n # +m and these two lines intersect at one point
P(z,y,n,m) = A='b, where b = ({n,z), (m,y))T and

A= ni1 no
my Mo ’

Then we can define a function f; as the distance from point x to the intersection
P(I7 y’ n? m)?
fl(mvyan,m) = ||CE - P(xvyvnam)”

This is a continuous function on Ag X Ag X U(uzte) x U(v+e), which is a compact subset
of R®. Therefore, the function f; has a maximum M; on this set. Analogously, we can
define f> as the distance from point y to the intersection P(z,y,n,m) and there exists
its maximum Ms on Ag X Ag X U(u +¢) x U(v £ &). Now, we only need the following
observation. Take any s > 0, then
f1(81‘7 sY,n, m) = ||S.13 - P(va sy, n, m)” = ||8$ - A_1(<7’l, 8$> 5 <ma 8y>)TH
= SH.’IJ - A_le = Sfl(xvyvnvm)'
Therefore, the maximum of f; on sAg x sAg xU(uzxe) xU(vLe) is sM; and analogously

the maximum of fo on sAg X sAg x U(u+¢e) x U(v £ €) is sMa. Now it is enough to
find s > 0 small enough such that max{sMj, sM>} < a and take A = sAg = [—s, s]*. O

Now we take A from Lemma [4.5] and denote

G.=AxU(ute)x (a,b) and 'y, = (22p ® Q) (Gy,),
G, =AxU(vte)x (a,b) and T, = (22x ® Q) (Gy),
D=AxS\(G,UG,) and A = (zAp ® Q) (D).

Then we define, Vk € N, the following set of configurations
Apor ={y € My : [y =2k, v(Gu) = k, ¥(Go) = k} C Ma. (10)

Due to the assumption (E[), it holds that

Tk Ik
Ti(Angr) =e 2 e vt eTTv. L5 (11)
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and thanks to Lemma@ we have that Vk € N and Vy € A o

#
Hy)=- > H(KiNKy) leo=—Fk k. (12)
Ki,K2eA(7)

Step 3)

So far, we have only shown that the assumption H, (and consequently #;) is not
satisfied for negative ay and therefore we cannot use Theorem Now we prove that
the finite-volume Gibbs measures do not exist.

Theorem 4.6. Let az < 0 and assume that the mark distribution Q satisfies @ Then
it holds that Zz = 400, VA € B%, and therefore the finite-volume Gibbs measures do
not exist.

Proof. Take A from Lemmaand A2k, k € N, defined in . Then Vk € N

L CUEY R T
Mna

AR 2k

. Fu k Fv k
=" mi(Apar) = oD e ( k') R ( k')

We have used and . Thanks to Stirling’s formula the right side converges to oo
with k& — oo and therefore Zp, = oco. Now take any A € Bg. Since H is assumed to
be translation invariant, we can, without loss of generality, assume that there exists
a constant 1 >t > 0 such that tA C A. Returning to the proof of Lemma we could
have used the approach from Step 2) for tA and everything would have worked in the
same way, so we can assume, without loss of generality, that A C A.

Now denote D = A x S\ (G, UG,,) and A = (2A; ® Q)(D). Then we can write

Zy = / e‘H(")ﬂ'f\(d'y) > / e—H('Y)w/?\(d’y) =
M5

A2k
k k
k2 K2 —-A T, (F ) -T, (F )
— & (Apap) = € oD e T I:' R I:! 7
and we can again use Stirling’s formula to get that Z; = co. |

5. GIBBS-LAGUERRE TESSELLATIONS

In this section, we consider Gibbs—Laguerre processes, which present a model for random
tessellations of R?. Since it is not possible to use the existence theorem from [9] to
prove that an infinite-volume Gibbs—Laguerre process exists, we considered a particular
energy function, and, using some parts of the proof from [9], we were able to derive
a new existence theorem under the assumption that we almost surely see a point.
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5.1. Tessellations and Laguerre geometry
We say that a set T = {C; : i € N}, where C; C R?, is a tessellation of R?, if
i) int(C;) Nint(C;) = 0 for i # j,
ii) U, C; = R2 (it is space filling),
iii) [{C; €T :C;NB#0}| < oo for all B C R? bounded (7 is locally finite),
iv) the sets C; (called cells) are convex compact sets with interior points.

The cells of a tessellation are convex polytopes (see Lemma 10.1.1 in [I2]). We
define an edge of cell C' as a 1-dimensional intersection of C' with its supporting hyper-
planes, and we define a verter of cell C' as a 0-dimensional intersection of C' with its
supporting hyperplanesﬂ We denote the set of all edges of C' by A;(C) and the set
of all vertices of C by Ag(C). We also define the set of edges of a tessellation T as
S1(T) = {F(y) : dim(F(y)) = 1, y € R?} , where F(y) is the intersection of all cells of T
containing the point y, F'(y) = Neer. yec C- Analogously, we could define So(T'), the
set of vertices of a tessellation T. It always holds that (J- o, Ao(C) = So(T'), but it can
happen that (Jocp A1(C) # S1(T). However, we will not consider such tessellations.

A tessellation T is called normal if it satisfies that | Jo o A1(C) = S1(T'), every edge
is contained in the boundary of exactly two cells and every vertex is contained in the
boundary of exactly three cells.

We will now focus on Laguerre diagrams (see [0] for general theory), which are based
on the power distance from some fixed set of weighted points. For z,z € R? and u > 0
define the power distance of z and weighted point (z,u) as p(z, (z,u)) = |z — z|* — u2.
Denote for points x,y € R? and weights u,v > 0

HP ((a?,u), (y,v)) = {Z eR?: p(Zv (xau» = p(z, (yav))}
= {z€R2:2(y—m,z>:|y|2—\x|2+u2—v2}

the line (called radical azis) separating R? into two half-planes and

P ((z,u), (y,v)) = {2 € R* : p(z, (z,u)) < p(z (y,v))}

:{zER2:2<y—m,z>§\y|2—|x|2+u2—v2} (13)
the closed half-plane, whose points are closer to (z,u) than to (y,v) w.r.t. to the power
distance.

Now take at most countable subset v C R? x (0,00) of weighted points, which will
be called the set of generators. We will use the notation x = (2, z") for « € ~, where 2’
denotes the location and z” the weight of the point. Assume that v satisfies assumption
(RO): Vz € R? there exists rIneiglp(z, x).

We define the Laguerre diagram of ~y as
L(y) = {L(z,7) s w € v, L(x,7) # 0},

3See [I1, Section 2.4., for the theoretical background.
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where L(x,v) is the Laguerre cell of x in ~ defined as

L(z,7) = {z € R*: p(z,2) < p(2,y) Yy €7}

We call 2’ the nucleus of the cell L(x,v) and denote by v = {z' : (2/,2") € ~} the
set of nuclei of v. The set of points from -, whose cells are empty, is denoted by
E(v) = {z € v : L(z,v) = 0}. Clearly from the definition, the (possibly empty)
Laguerre cell can be written as

L(z,7) = () P(z,y). (14)

YyeY

The following conditions were derived in [6] for L(7y) to be a tessellation. We say that
v C R? x (0,00) fulfils reqularity conditions if it satisfies
(R1) for all (z,t) € R? x R only finitely many € v satisfy |z — o/|* — (2)2 < t,

(R2) conv{z’: (2/,2") € v} = R%
We say that v C R? x (0, 00) is in general position if the following conditions hold
(GP1) no 3 nuclei are contained in a 1-dimensional affine subspace of R?,
(GP2) no 4 points have equal power distance to some point in RZ.

The following can be shown (see [6], Theorem 2.2.8.). Let v satisfy (R1) and (R2).
Then every cell L(z,v), € v, is compact, L(7) is locally finite and space filling and
L(y) = {L(z,7) € L(v) : int(L(z,7)) # 0} is a face-to-face tessellation. If ~ satisfies
(R1),(R2), (GP1) and (GP2), then all cells of L(-y) have dimension 2 and the Laguerre
diagram L(7) is a normal tessellation.

A finite set of generators will not satisfy condition (R2), but this case can be eas-
ily treated separately. Assume that v C R? x (0,00) is finite, v = {x1,...,zn} for
some N € N. Then assumption (R0O) holds and therefore the Laguerre cells L(zx,~)
are well defined. We see from that each cell is an intersection of finitely many
closed hyperplanes, i.e., bounded L(z,7) are convex polytopes. L(y) is space filling
and for two points x;,x; € v such that their cells have non-empty interiors, we get
that int (L(x;,7)) Nint (L(z;,7)) = 0. Let A;(x,7) denote the set of i-dimensional
intersections of the cell L(z,v) with the hyperplanes HP(z,y),y € <, and define
Ai(7) = Uye, Ailz,7), i = 0,1. The following can easily be proved.

Proposition 5.1. The diagram L(v) is well defined for a finite set of generators +.
Assume that v satisfies (GP1) and (GP2). Then it holds that the cell L(z,v), z € 7, is
either empty or has dimension 2, each vertex v € Ag(y) lies in the boundary of exactly
three cells and each edge e € Aq(7) lies in the boundary of exactly two cells.

For finite v in general position we say that L(7) is a generalized normal tessellation.
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5.2. Gibbs—Laguerre measures

To model a random Laguerre diagram L(¥), we consider a Laguerre diagram with
random set of generators ¥, where ¥ is a marked point process in the space R? x (0, o0).
Our aim was to consider ¥ to be an infinite-volume marked Gibbs point process with
energy function depending on the geometric properties of L(¥) and to use Theorem
to show that there exists an infinite-volume Gibbs-Laguerre measure with unbounded
weights. Unfortunately, the range assumption #, turned out to be an insurmountable
obstacle, and our approach needed to be adjusted.

5.2.1. The energy function and finite-volume Gibbs measures

Let the state space be R? x R with mark space (R, || - ||) and take a mark distribution Q
such that Q((0,00)) = 1 and such that #H,, holds. We will work with energy function

_ ) 2 ey Doz, )l if E(v) =0,
H(v) = {+oo it B(y) 40, v E Mjy. (15)
We sum the number of vertices for each Laguerre cell and we forbid the configurations
for which there exists an empty cell. Clearly, H is non-negative. Therefore, the stability
assumption 7, is satisfied and the finite-volume Gibbs measure P, (dy) (see (2))) in
A € B? with energy function and activity z > 0 is well defined.

It holds (see Proposition 3.1.5 in [6], or [I4]) that

73 ({y € M : v is in general position}) = 1, VA € B2, Vz > 0. (16)

Therefore, also Py ({y € M : v is in general position}) = 1, particularly the Laguerre
diagram L(y) is a generalized normal tessellation for Pj-a.a.y. Since configurations
with empty cells are forbidden, we also get that

PA({v: E(y) =0}) =1. (17)

In the following proposition, we present the key observation for the energy function
H from . This observation will later allow us to show that the conditional energy
H)y is attained as soon as all cells belonging to the points in A are bounded.

Proposition 5.2. Let H be the energy function defined in and take v € M such
that it satisfies (GP1), (GP2) and E(y) = 0. Assume that the Laguerre cell L(z,) of
a point = € « is bounded. Then we have that H(y) — H(y\ {z}) = 6.

Proof. Let~yandz be as assumed. Then L(v) (and also L(y\z) thanks to Lemmal7.1])
is a generalized normal tessellation, and we know that L(xz,v) = ﬂle P(xz,yF) for y¥ € v
such that L(z,v) N L(y?,v) # 0, k € N. In particular, since L(x,) is bounded, we have
|Ag(x,7v)] = k. The Laguerre cells of points y € v\ {y7,...,y7} do not change by
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Fig. 1. Comparison of a Laguerre diagram with and without a point
z. The Laguerre cell L(z,+) is the grey pentagon, full lines are its
edges, the edges of the neighbouring cells in L(v) are the dashed lines,
circular points are the vertices in L(y). Triangular points are the
additional vertices in L(v \ {z}) and dotted lines are the additional
edges of the cells L(y7,~ \ {z}) arising from the removal of the
point z.

removing the point x, and therefore we can write

k
H(vy) — H(y\{z}) = [Ao(z,7)| + Z [0y, ) = [Ao(yis v \ {z})]
. =t (18)
= k+Z|Ao(yf‘}7)| — Aoy, v\ {2})].-

By removing the point z, the neighbours of z partition the cell L(x,~) into k non-
empty bounded convex polytopes K, ..., K} such that L(y?, v\ {z}) = K; U L(y¥,~).
Denote by v; the number of new vertices attained by the nucleus yf and realize that
each neighbour y¥ shares two vertices with the nucleus x. Therefore

k - k
H(y) = H(y\{z}) = k+Z2—vi—3k—Zvi. (19)

The partition of the cell L(z,~) by its neighbours defines a graph structure (see Figure
with vertices V' = Ag(z,v) U Va, where V4 is the set of new vertices, which appear after
the removal of the point x, V2 = Ag(v \ {x}) \ A¢(y). The set of edges is defined as
E = Aq(z,7v) U Eo, where Ej is the set of new edges (intersected with L(zx,~)), which
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appear after the removal of the point x. Since both L(v) and L(\ {z}) are normal, all
vertices have degree 3. Thus, we have that

3-VI=2-1E] = 3(k+[Va]) =2(k + |E2). (20)

Since we assume that there are no empty cells, the graph (V, E) is a connected graph
without cycles (i.e., a tree), and we know that

V| =Bz +1 = k+|Va=|E)+1 (21)

Putting together and , we get that |V3| = k — 2. From normality we also get
that Zle v; = 3+ |Va| and that, together with li completes the proof. O

5.2.2. The existence of the limit measure and its support

In what follows, we present the definitions and results directly taken from Section 3 in [9].
All of these results hold under the two assumptions H, and H,, and the proofs can be
found in [9]. Denote by P, = Py, the finite-volume Gibbs measure on A, = [—n,n)?,
n €N. Forn € Nand x € Z2 set Af = A, + 2nk. Then {Af}, <z is a disjoint partition
of the space R2.

For all n € N let P,, be the probability measure on M under which the configurations
in disjoint sets A are independent and identically distributed according to the finite-
volume Gibbs measure P,,. For x € Z? denote the shift operator on R? by 9,.(z) = 2+ k.
Let n € N, A € B? and define the empirical field P, associated to the probability measure

P, and the estimating sequence P,

_ 1 N A 1
P T Peen wma R Y ment @
|An] KEA,NZ2 [An] KREZZNA L ACY . (Ay)

Denote by P(M) the space of probability measures on M. Function F on M is
called tame if there exists a > 0 such that |[F(v)| < a(1+ (v,1+ [m|/**°)). Denote
by L the set of all tame local functions F' : M — R. We define the topology 7. of local
convergence on P(M) as the smallest topology such that the mapping P — [ FdP is
continuous for all F' € L.

Lemma 5.3. (Proposition 1 in [9]) Let (P,),en be the stationarised sequence de-

fined in . Then there exists a subsequence (P, )xen such that P, 5 P, where P is
a probability measure on M invariant under translations by s € Z2.

In the following text, we w.l.o.g. assume that (P,)nen =% P.

Lemma 5.4. (Propositions 2 and 3 in [9]) The measures P, and P defined in
satisfy that P,,(M"™) =1, n € N, and P(M'"?) = 1. Furthermore, for all ¢ > 0 there
exists | € N such that P, (M') >1—¢,¥n e N.
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5.2.3. The set of admissible configurations

We would like to show that for the energy function H defined in the measure P
satisfies Definition[2.2] First, we need to prepare some preliminary results. We will show
that P-a.a. configurations satisfy that L(y) is a normal tessellation with no empty cells.
We know, thanks to Lemmas |5.4] and (see Appendix), that P-a.a.~ satisfy (R0) and
(R1). Condition (R2) is satisfied, since P is stationary under translations by x € Z2.

Lemma 5.5. If ¥ is a simple marked point process whose distribution is invariant under
translation by s € Z? then it almost surely satisfies the assumption (R2) or it is empty,
i.e., P(conv{z’: (z/,2") € ¥} € {R? 0}) = 1.

The proof of this lemma is just a slight modification of the proof of Theorem 2.4.4. in [12].
For assumptions (GP1) and (GP2) and the non-emptiness of the cells, we use the con-
vergence in the 7, topology.

Lemma 5.6. It holds that P-a.a.~ are in general position and satisfy E(vy) = ().

Proof. Define for k£ € N the sets M’g“p = {y € M : v, is in general position} and
Mg, = {7y € M : v is in general position}. Then we have that Mg, = (), oy ME, and
also that M]g“p C M’;; I and therefore any probability measure P on M satisfies that
limy o0 P(/\/l’g“p) = P(Mg,).

Now fix k € N. Then according to we have for all A € B? and for all z > 0 that
T3 (Mgp) = 1, so also 7 (M%) = 1. Therefore, for n > k we have that

1
P, MFE :/ —HOan) 12 (dy) = 1
( gp) M’;p ZA,,Le 7TA,L( ’7)
and since A C A,, we also have Isn(./\/lgp) = 1. Now take P,, = ﬁ ZneAanZ |5n019,§1.
It holds that if Ay + s C A, then P, o 91 (ME)) = 1. It also holds that for all
K € Ap_p—1 NZ?% we have Ay, + k C A,,, so we can write Vn > k + 1

PuME) = —— S BLousl(Mh)
(QTL) KEAN,NZ2
n—k—1))> ~
_ & — DS G X Puodl(My)

HeATL\An7k710Z2

Therefore, lim,, oo Py (M’;p) = 1. Since P is a limit of {P,, },ey in the 7, topology and
1[ye M’;p] is a tame and local function, we get that 1 = lim,, o Pn(M};p) = P(M’;p).
This holds Vk € N and therefore I5(/\/lgp) = 1. For the second part, we define sets

M, ={yeEM:E(r)=0}, and M* = {y e M:E(ya,) =0}, k€N, Aj, = [—k,k)2.

Due to Lemma and the fact that P-a.a.y € M satisfy the regularity conditions and
are in general position, we can write limy_,o, P(M¥) = P(M.). Fix k € N, then
together with the implication E(y,,) =0 = E(y,) = 0 imply that P,,(M*) =1 for
alln > k. The rest of the proof follows analogously as in the previous case. g
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Definition 5.7. The set of admissible configurations is defined as
M = {y € M"™P : y satisfies (R1), (R2), (GP1), (GP2) and E(y) = 0} U {a}. (23)

Using Lemmas and together with Lemma from Appendix, we have the
following proposition.

Proposition 5.8. Consider the set of admissible configurations M defined in (23). It
holds that P(M) = 1. Particularly for P-a.a.y # 6 we have that L(y) is a normal
tessellation.

5.2.4. An infinite-volume Gibbs—Laguerre measure

Recall formula for the conditional energy of a configuration v in A. Thanks to
Proposition [5.2] we know how this function looks for admissible configurations.

Lemma 5.9. Take v € M and recall that our energy function is of the form . Then
we have that Ha(y) =6 |ya], VA € B2.

Proof. If 4y =0, then it clearly holds. For v # 6 we have that y5 = {z1,...,zp} for

some M € N. Denote v4 = {z1,...,2;}. From the definition of the conditional energy
M
_ 1 _ _ : iy i—1
Ha(y) = lim H(ya,) = H(ya,\0) Zl lim H(ya,\a7h) — HOva, a7 -
Thanks to the assumptions on v we get that L(vy) is a normal tessellation with no empty
cells and therefore for all i = 1, ..., M there exists n large enough so that L(z;,7a,,\ AYR)
is bounded. Proposition implies lim,, H('YA,L\A'Y/i\) — H(vAn\ij\_l) = 6, which
finishes the proof. |

Recall that M, = {y € M : m(y) < a}, a € N, is the set of configurations whose
marks are at most a. We define an increasing sequence of local sets (i.e., subsets of M
whose indicator is a local function). Take A € B? and [,n,a € N and define

C(A,a,l,n) = {& € M : £ satisfies assumptions (C1) and (C2)}, where

1
) . e il
(C1) : there exists u € {p \a 10 €U (07 21) 5 (24)

1
(C2) : Vy € My, Yo € yp we have L(z,{5,\a U{z}) CU (0) 21) )

Put B(A,a,l) = U,enC(A,a,l,n), and A(A,a) = ey B(A, a,1), then VA € B} and
Va,l,n € Nit holds that C(A,a,l,n) C C(A,a,l+1,n), C(Aya,l,n) C C(Aja,l,n + 1),
B(A,a,l) C B(A,a,l+1), and A(A,a) D A(A, a+1). We also have the following equality.

Lemma 5.10. Take A € Bg, then we have that

M = ﬂ U UMQO(AJI,Z,H)U{a}.

aeNIleNneN
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Proof. The relation O clearly holds. Take £ € M, & # 6. We would like to show
that Va € N there exist {,n € N such that £ € C(A,a,l,n). Fix a € N and consider
n>ng=min{n € N:Ju €, \a} and I > lp = min{l € N: A,,, C U(0, 31)}. This will
ensure that assumption (C1) is satisfied.

Now w.l.0.g. assume that A is closed (otherwise, work with clo(A)). We will use
the observation that L((z,2"),7v) C L((z',a),7), whenever 2" < a. Therefore, to prove
(C2), it is enough to prove that for some n,l € N and Va’ € A we have that

1
L((z',a),éa,\aU{(a',a)}) CU (0, 21) )
It holds (since & € M) that Va’ € A there exist n,, [, such that

L ((gj/7a)7fAnm\A U {(aj/7a)}) cU <O, ;lm> .

Then, because of the representation and the openness of U (O, %lm), there exists
g, > 0 such that also Yy’ € U(2',e,) we have that

L((.0) &0 U0 0)) € U (0,50 )

Therefore, we have an open cover of A, A C | U(z',e,) and since A is a compact

/€A
set, there exists a finite cover A C Uzj\il U(x},e5,). To finish the proof, it is enough to
take n = max{ng, Ny, ..., Neyt and I = max{lo,ls,, ..., lzy }- O

Recall formula 1) for Gibbs kernel Z,(¢,dy) = %Wﬁ(dv). We need to make
sure that this quantity is well defined, at least for almost all configurations. To do
that, we need the following observation which can be proven similarly as in [6],

Proposition 3.1.5. (see also [7], Proposition 4.1.2.).

Lemma 5.11. Take £ € M such that it is in general position. Then for all A € B7 and
for all z > 0 we get that for m%-a.a.y € M also {xcya is in general position.

Now we can show that the Gibbs kernel is well defined for all £ € M U M; .

Lemma 5.12. Let £ € M or £ € M/ such that it is in general position and E(£) = 0,
then we have that 0 < Z(€) < oo, VA € B2, Vz > 0.

Proof. At first take £ € M. Then we know that £ is in general position, satisfies
the regularity conditions, and also E(£) = (). Thanks to Lemma we have that also
EpneYa, ¥ € M, satisfies the regularity conditions and according to Lemma we have
that for 7%-a.a.v € M it holds that {xeya is in general position. If E(Exeya) # 0, then
Hp(Epeya) = +00. Otherwise, thanks to Lemma we get that Hp(Eaeya) = 6 |yal-
Altogether Hp(€xcva) > 0 for mi-a.a., and hence Z5 (&) = [ e~ Halmére)nz (dy) < oo.
Now take { € My, which is in general position and has no empty cells, and denote
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M = [¢pc|. Then we can write Hp(xe7a) = H(Exeyn) — H(éxe) > —H (énc) > =3+ (%),
since L(€xc) can have at most (Af) vertices. Hence Z5 (&) = [ e Halnérc)nz (dy) < oco.
(|

Particularly, E5 (recall formula ) is well defined for all £ € M and £ € M which
are in general position and satisfy E(¢) = (0. Define the cut-off kernel

=ma 1{71\ S Ma} . efHA(’YA@\n\A)
= ' 7d = T 7T_Z d .
e Zy"(Ea,nn) Aldy)

Using the second part of the proof of Lemma we can see that =" is well defined
for all £ in general position with E(£) = (.

Recall sets M' from Section The following final auxiliary lemma justifies the
definition of the sets C(A,a,l,n). These sets are chosen so that the conditional
energy depends only on the boundary condition inside A,,.

Lemma 5.13. Let A € B?, and take a,n,l € N such that U (0,20 +1) C A,, and
A@ B(0,a) C U(0, %l) Then for all £ € C(A, a,l,n) N M" and for all v € M, such that
&peya are in general position and FE(€xc) = () we have that

i) E(facya) #0 <= E(éa,\an) # 0,

i) Ha(Eneva) = Ha(Ea,0074)-

Proof. First, we assume i) and prove ii).

Take &,~ satisfying the assumptions. We have yp = {x1,...,2} for some M € N.
Denote by 74 = {z1,...,2z;}, i = 1,..., M. If E(£5xcya) # 0 then according to i) also
E(&a,\a7a) # 0 and we have Hp(§acya) = +oo = Ha(Ea,\a7A)-

If E(€aeya) = E(&a,\a7A) = 0, then thanks to the definition of the set C'(A,a,l,n)
we have that the cells L(x;, {5, \a7}) are bounded Vi € {1,..., M}. Recalling Proposi-
tion for our energy function H, we can write

Ha(Ea,\av8) = H(Ea,\av8) — H(Ex,\A)

M M
i i—1y P2l
=Y H(én\avh) — HEn 70 ) 2-26:6' R7NE

i=1 i=1

Using Lemma [5.9] we also have that Ha(€acva) = 6+ |7al.

Now, it remains to prove i). Take &,~ satisfying the assumptions. The implication
<= always holds, so we only have to prove that if there exists an empty cell for {xcyy,
then it is already empty in €4 \a7a (remember that E({xc) = 0).

Let there exist @ € £xeyp such that L(z,&xeya) = 0 and assume for contradiction
that E(§y,\ava) = 0. This means that either z € & or L(z,&x,\a7a) # 0. Recall
Lemma [7.4] and consider the three possible locations of the point :

1) z € ya: Then Vz € L(x,85,\a7A) there exists y € {ac such that p(z,y) < p(z, 7).
However, from the choice of n and ! and from the definition of the set C(A,a,l,n) we
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know that y' € U(0,20 + 1)°, 2’ € U(0,31) and z € U(0, 31). Using Lemma [7.4] we get
that
LI
p(z,9) < plz,2) <P < plz, (v, W' = 1) < p(2,9),

which is clearly a contradiction.
2) x € &a,\a: We know that L(z,6aeya) = 0 but L(x,&5,\a7a) # 0 and also
L(z,&p<) # 0. Therefore,

Vz € L(xz,&pc) Ju € o such that z € L(u,&rcya),

25
Vz € L(w,&a,\aVA) 3y € Eac such that 2z € L(y, {acya)- (25)

If 3z € L(x,8ac) N L(x,€,\A7A), then there exist u € 5 and y € i such that
p(z,9) = p(z,u) and again we get a contradiction with Lemma
Therefore L(z,&x) N L(x,65,\a7a) = 0. Then there exists z € L(x,£,,\ava) such

that Ju € ya such that p(z,2) = p(z,u), i.e., z € L(u,&x,\a7a). Since by (25) there also
exists y € {ac such that z € L(y,&acya), we again get the contradiction p(z,y) < p(z,u).

3) # € &xc: We know that L(z,6peya) = 0 and L(x,6rc) # 0. Therefore for all
z € L(x,&xc) there exists u € 5 such that p(z,u) < p(z,z). Particularly, we can
assume that p(z,u) < p(z,v) for all v € v, and therefore z € L(u, &xeya) C U(0, 31).
Therefore L(z, £xe) C U(0, £1). Notice that 2’ € U(0,2/+1)°. From the definition of the
set C' there exists y € &5\ such that ' € U(0, %Z), which implies that Vz € L(x,xc)
we have that
() < plavy) < P20 ple, (@14~ 1) < plz,),

which is the final contradiction and the proof is finished. O

We are now ready to prove our main result.

Theorem 5.14. Consider the probability measure P from Lemma and assume that
it satisfies P({0}) = 0. Then the DLR, equations hold for all A € B? and for all mea-
surable bounded local functions F. Particularly P is an infinite-volume Gibbs measure
with energy function H defined in and activity z > 0.

Proof. Take A € BZ, measurable bounded A-local function F', We will show that

5o = ‘/F(fy)P(dy) — //F(M)EA(g,dy)ﬁ(dg) <e, Ve > 0.

Fix ¢ > 0. Find ¢y smallest such that A C A;,. We will w.1l.0.g. assume that iy =1
(otherwise work with n > iy in the whole proof). Then there exists a € N such that

1. 73(Mg) > 1—e.
For this a find [ € N such that
2. A& B(0,a) C U(0,31),
3. PMY>1—¢ P, (M) >1—¢forallneN (from Lemma,
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P(B(A,a,1)) > 1 — ¢ (from Proposition [5.8] Lemma [5.10] and P({a}) = 0).
For these a and [ we can find k£ € N such that
5. U(0,214+1),C Ay,
P(C(A,a,l,k)) > 1—2e.

Fix a,l, k and recall measures lsn deﬁngd in . It holds that Isn satisfy (DLR)A and
they are asymptotically equivalent to P, in the sense that for any G € £ we get that

lim,, 0 ‘IG(W) — [ G(%) ‘ 0 (see [9], page 988).

In particular, there exists ng such that Vn > ng we get that Isn(/\/l) >1—e¢. It also
holds that P, ((M")¢) > P, ((M')¢). Therefore there exists n, > ng such that

7. Pn(Ml) >1—2¢for all n > nq,

8. Pn(C(A,a,l,k)) >1—3e for all n > ny.

Now we have everything we need to estimate dp. Assume w.l.o.g. that |[F| < 1 and
recall that P(M) = 1.

o= | [ PP - [ [ FonzEate anplag) < PUC(La L0 N 1))
Jrepan [ F(w)EA(s,dv)P(df)‘
Laee| [ropay - [ F<7A>Ei’“<f,dw>|5<ds>|
—k,a fram) P
Lo L PovER€an - [ Pz an) P<d£>|
+ [ o /(MQ)CF<7A>EA<§,dv>P<ds>|.

Now we have for some b < oo:

/ / F(m)EA(g,dw)ﬁ(df)‘
C’(A,a,l,k)ﬂMl (Ma)c

1 z D z c
< / /(MQ)C FoE TP < TR(Ma))- m{o})

+

\/\H
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Now for P-a.a. £ € C(A,a,l,k) N M" we can use Lemma to show that

Vﬂ ek e - [ HME«Aﬁ

a

e—HA(EAC’YA) ZA(&) - Ziya(g) -
F(ya) ( Za(€) - Zzlia(f) > A(dy)

/. )

INGEGIN . o
S/ oz TAldy) <b "ZA(ﬁ) —Zy (5)‘ <b e
M, ({o})
Therefore, we can estimate

0o <c-e+

where ¢ = 3 + b+ b%. We continue with d;:
61 < P((C(A,a 0, k) N ML) L/ P - [ [ F %uAfwwmd
3.,6.
< 38—|—‘/F( P(dy) — //F”yA “(&,dy)P (df)‘=:38+52.

Now we use the asymptotic equivalence for P, and P, and the fact that F(v) and
= [F(v ”k “(v, dv) are bounded (and therefore tame) local functions. Let n > nq,
then we have the following estimate for ds:

@:Vf( P(dv) — //Fm:Tfmwmﬂ

< ‘/F(q/)dP ~7)dP,, ‘/F n(dy) — // (a)Z5 (€, dy)P n(dé)‘
V/Fm:ﬁgm @9~ [ [Fanzk umnmﬂ
We can choose ny > nq so that Vn > ngy we have
’ / P(dy) — / F(y ‘ <e,
[ [ oz 5@(%)//Hwﬁ?@mﬁmﬁ§e

Therefore, for n > ny we can write

Jo < 2e + ‘/ n(dy) — // (va)ERV (&, dy) n(dg)‘ =:2¢ + 3.
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Now for our last estimate. Since P,, satisfies DLR,, we can write

5= | [ FOPa@) - [ [ Panzieea) n(do‘

O—l—’//F’yAHAfd’y n(dg) — //F%:ﬁ“é‘dv)ﬁn(d@‘

IN

= _ —k,a A

< /C(A’GM)HMI [/ F(ya)EA(€,dy) /F('YA)HA (€, d’y)] Pn(dé‘)‘
+2-P((C(Aa, L k) N M)

7.,8. _ - A

: /C(A,a,z,k)rwu [/ Fya)Za(&, dv) /M F(y)ER(&, d’Y)] Pn(dé“)‘

a a

F(72)Za (€, dy)Pu(d€)| +10-¢.

(Ma)e

Now analogously as in and we can estimate

‘ / / F(a)Za (€, dy)P(d€)

/cm wd Al / ) [Ea(6.dy) - 257 (6, dv)] Pu(de)

a

<b-¢

< .c

Putting everything together, we get that (recall that ¢ = 3 + b + b?)
do<c-e+d <(c+3)e+dy<(c+5)e+d3<(2c+12)e.

This finishes the proof. g

6. CONCLUDING REMARKS

In this paper, we have commented on the recent existence result from [9] for the Gibbs
marked point processes. We provided a new formulation of the range assumption and
applied the general theorem to the family of Gibbs facet processes with repulsive in-
teractions in R?, d > 2. We also proved that the finite-volume Gibbs facet processes
with attractive interactions do not exist in R?2. We believe that it should be possible
to show that the finite-volume Gibbs facet processes with attractive interactions do not
exist in any dimension. In the last section, we considered the Gibbs-Laguerre tessella-
tions of R? and proved that, under the assumption that P({6}) = 0, the infinite-volume
Gibbs—-Laguerre process exists for the energy function given in .

It is natural to ask, whether the result of the last section can be generalized to
random tessellations of R? with some other energy function or to higher dimensions (we
thank the referee for raising these questions). Regarding the first one (some other energy
function in R?), the key ingredients here are the definition of the sets C'(A, a,l,n) in
and Proposition [5.2] which lead to Lemma [5.13] Therefore we would need for the other
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energy function to either satisfy that H(y) — H(v \ {z}) is equal to a constant (which
does not seem probable) or we would need an analogy of Lemma to be true. At this
moment, we are not aware of any such energy function. Regarding the generalization
to higher dimensions for energy function given by (I5), both [9] and [6] are formulated
for general d > 2 and it is true that it should be possible to formulate several of the
results of Section [f| for d > 2. However the proof of Proposition [5.2] does not work for
higher dimensions, since cycles appear in the graph structure even if we forbid empty
cells and therefore the result for trees cannot be used. Considering generalizations to
other energy functions in higher dimensions, the same remarks as for d = 2 apply.

7. APPENDIX

This appendix contains several technical lemmas about Laguerre diagram and its cells
and the connection between tempered configurations and Laguerre theory. These results
are used in Section Although we formulate them for d = 2, since the approach of
Section [5.2] cannot be easily generalised to higher dimensions, it should be possible
to reformulate the results in this section for d > 2 (provided we consider the general
formulation of conditions (R1), (R2), (GP1) and (GP2) from [0]).

Let v C R? x (0,00), then the following lemma can be easily shown.

Lemma 7.1. If ~ satisfies (R1), (R2), (GP1) and (GP2) and E(v) = (. Then, for all
z € v also E(y\ x) =0 and v\ z satisfies (R1), (R2), (GP1) and (GP2).

It holds that Laguerre cells can be represented as a finite intersection of the closed
half-planes P(x,y). The proof of the following claim is just a slight modification of the
proof of Lemma 10.1.1. in [12].

Lemma 7.2. Let v C R? x (0,00) be such that L(y) is a tessellation. Then for all
L(z,v) € L(v) there exist k, € Nand y7 € v\ E(vy), i =1, ..., ks, such that

ke
L(‘T7’Y) = mP(x,yf) (28)
i=1
The points {y7, ... ,yil} can be chosen as those points whose cells intersect the cell

L(z,~y) and we call them neighbours of the point . The same holds if « is finite and in
general position. If we take into consideration the definition of tempered configurations,
we can get a similar result for empty Laguerre cells.

Lemma 7.3. Let v C R? x (0,00) be such that v € M it satisfies the regular-
ity conditions and is in general position. Then Va € E(v) there exist k, € N and

Yis- -, Yg, €7 such that L(z,v) = ﬂfil P(z,y?).

Proof. Let 2 € E(y). Then it must hold that B(z',2") C U,e., 2, B(Y',y"). The
set B(z',z") is bounded and ~ is tempered, therefore, there exists [ such that I > i(¢),
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U(0,1). Therefore, we know that Yy € vy (0,2141)

where [(t) is from , and B(z',z") C
= (). So we can write

we have that B(z',2”) N B(y',y")

B(a',z") C U B(y',y").

YEYU(0,2141)s YT

Let ¢ = vy(o,2041)c U {z}, then according to Lemma it holds that ¢ satisfies
the regularity conditions and is in general position. Particularly L(p) is a (normal)
tessellation. Furthermore it holds that B(z',2") ¢ U,c, 2, B(y',y") and therefore
0 # L(xz,p) € L(p). This allows us to use Lemma and we get that there exist
yt,...,yr € @ such that L(z,¢) = (" P(x,yf). Altogether we get that

Lz =Py = (] Pa@yn () Pys=

yey YEYU(0,21+1) YEYU(0,21+1)¢
Ny
= () Pawynlze)= () Payn()Py).
YEYU(0,21+1) YEYU(0,21+1) =1
There are only finitely many points in vy (g 2141), which completes the proof. O

What follows now is an auxiliary lemma for the proof that tempered configurations
satisfy (RO) and (R1).

Lemma 7.4. Let | € N. Then Vz € U (0, 3{) and Vy' € U(0,2l + 1)¢ the following
inequalities hold

2
p(z, (Y| 1) >1*> sup |w—z|".
wel(0,51)

Proof. Clearly the second inequality holds. For the first one, we can simply write
2 2 2
P W =) = o=y = (1= D> =2+ | = 2(z0) = /[ + 20| - 17
> [o” =202l Iy + 21y |1 =12 = |2 + Uy | = D) + 1] (= 2e]) 2 1P+ 1> 12,
|

Lemma 7.5. It holds that all v € M gsatisfy (RO) and therefore the Laguerre cells
L(z,7) are well defined. Furthermore, it holds that all v € MM satisfy the first
regularity condition (R1).

Proof. Take z € R? and v € M?, t € N. We want to show that there exists
minge,p(z,x). Clearly, if v € My, the assumption is satisfied. Consider an infinite
configuration v. We will use the property of tempered configurations given by ,
which states that there exists {(t) such that VI > [(¢) the following implication holds

(ZC/, SUN) €YU (0,2141))c = B(l‘l, 1’”) n U(Ov l) =0. (29)

Choose [ large enough so that
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i) 1> 1(t) and ii) z € U (0, 31) and there exists z € Y (0,31)-
2
Clearly, such [ can be chosen. Lemma[7.4] states that Vy' € U(0,20 + 1)°

p(z, (W | =1) > sup  |w— 2z (30)
wEU(O,%l)

We know, because of property , that
y" <Y =1 VY =(,9") € vwo2+1))e

and therefore p(z,y) = |y’ —2|* = ()2 > |y — 21> = (|y'| = 1* = p(=, (¢, [y/| = 1)).
Then, using together with point ii) above, we get that Yy € vy (0,2141))

plz,y) > sup  |w—z[> >’ — 2> > p(z,2)
weU(0,31)

and this completes the proof as then minge~p(2, ¥) = Minyeqy 44, P(2,7), which exists
thanks to the local finiteness of ~.

Now consider (R1). We want to show that for every z € R? and ¢ € R only finitely
many elements y € v satisfy |z — y/|* — (y”)2 < t. But this is a clear consequence of the
derivations above. Take z € R? and ¢t € R. Then there exists [ large enough such that
12 >t and such that it satisfies i) and ii). Then we have that Yy € VW (0,2041))°

ey =W 2=y = (Y D 2 P>
and therefore only the points y € vy (o,2:41) (and there are finitely many of them) can

satisfy |z —o/)* — ()% < t. 0
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