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Abstract. Let X be a Banach space, B(X) the algebra of bounded linear operators on X
and (J, ||-|.7) an admissible Banach ideal of B(X). For T' € B(X), let Ly and Rj 7 € B(J)
denote the left and right multiplication defined by Lj7(A) = TA and R;r(A) = AT,
respectively. In this paper, we study the transmission of some concepts related to recurrent
operators between T € B(X), and their elementary operators Ly and R 7. In particular,
we give necessary and sufficient conditions for L ;1 and R to be sequentially recurrent.
Furthermore, we prove that L ;7 is recurrent if and only if 7'® T is recurrent on X @ X.
Moreover, we introduce the notion of a mixing recurrent operator and we show that L ;1
is mixing recurrent if and only if 7" is mixing recurrent.

Keywords: hypercyclicity; recurrent operator; left multiplication operator; right multi-
plication operator; tensor product; Banach ideal of operators
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1. INTRODUCTION AND PRELIMINARIES

Throughout the paper, let X be a Banach space with dim X > 1, such that X*, its
dual, is separable, and use B(X) and K(X) to represent the algebra of all bounded
linear operators on X and the algebra of all compact operators on X, respectively.
For T € B(X) the orbit of a vector x € X under T is the set

Orb (T,z) :== {T"z: n e N}.

One of the most important and studied concepts in the linear dynamical systems is
that of hypercyclicity. An operator T € B(X) is said to be hypercyclic if there is
some vector z € X such that Orb (T, z) is dense in X. In this case, z is called a
hypercyclic vector for T'. Note that on the Banach space setting, Rolewicz (see [24])

DOI: 10.21136/MB.2023.0047-22 1

© The author(s) 2023. This is an open access article under the CC BY-NC-ND licence @®®E


https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2023.0047-22

in 1969 gave the first examples of hypercyclic operators. Birkhoff in [4] introduced
the notion of topological transitivity and he showed that T" € B(X) is hypercyclic
if and only if it is topologically transitive. Recall that T € B(X) is said to be
topologically transitive, if for each pair (U, V') of nonempty open subsets of X, there
exists a positive integer n such that

™U)NV #0.

For more information about hypercyclicity and their related properties in a linear
dynamical system, we refer to the books [19] by Grosse-Erdmann and Peris, and [3]
by Bayart and Matheron, and the survey article [18] by Grosse-Erdmann.

The concept of recurrence was introduced by Henri Poincaré in 1890 (see [23]).
Recently, in the context of linear dynamical system, recurrent operators have been
studied by Costakis et al. in [9]. An operator T' € B(X) is called recurrent if for every
nonempty open subset U C X, there exists a strictly positive integer n such that

T U)YNU # 0.

A vector x € X \ {0} is called a recurrent vector for T, if there exists a strictly
increasing sequence of positive integers (k,)nen such that TF»z — x as n — oo.
In the remainder of this paper, we say that T is sequentially recurrent if it has a
recurrent vector. Obviously, hypercyclicity implies recurrence. For more information
about this class of operators, we refer to [1], [6], [10], [11], [12], [16], [26].

Let Y be a Banach space, we recall that T € B(X) is said to be quasi-similar or
quasi-conjugate to S € B(Y) if there exists a continuous map ¢: X — Y with a dense
range such that Sop = @oT'. Moreover, T and S are called similar or conjugate, if ¢ is
a homeomorphism. Furthermore, a property P is said to be invariant under similarity
or conjugate, if it holds: T € B(X) has the property P, then every operator S € B(Y)
that is similar or conjugate to T" has also the property P, see [19], Definition 1.5 and
Definition 1.7.

For T € B(X), we denote by L and Ry the left multiplication operator defined
by Ly(S) = TS for S € B(X) and the right multiplication operator defined by
Rp(S) = ST for S € B(X), respectively. From [15], we see that (J,|-]|s) is a Banach
ideal of B(X) if the following conditions hold:

(i) J C B(X) is a linear subspace.
(ii) The norm ||-||; is complete in J and ||S|| < ||S||s for all S € J.
(i) For all S € J, for all A, B € B(X), ASB € J and ||[ASB||; < ||A|llIS]/1| Bl
(iv) The rank-one operators z ® * € J and ||z ® *||; = ||z||||z*| for all z € X and
e X*.



The rank-one operator z ® z* is defined on X by (z ® 2*)(z) = (z,2™)x = z*(2)x
forall z € X, 2* € X* and any z € X. The space of all finite rank operators F(X)
is defined as the linear span of rank-one operators. We recall that a Banach ideal
(J,|Ill7) of B(X) is said to be admissible if F(X) is dense in J with respect to the
norm ||| s.

Let T € B(X), if (J, ||-]| s) is an admissible Banach ideal of B(X), we denote by L ;1
and Ry r the left multiplication operator defined by L;r(S) = TS for S € J and
the right multiplication operator defined by R;r(S) = ST for S € J, respectively.

The hypercyclicity of elementary operators has long been considered by several
authors. For instance, Chan in 1999 (see [7]) investigated the hypercyclicity in oper-
ator algebras, he proved that hypercyclicity can occur on the operator algebra B(H)
in the strong operator topology, when H is a separable Hilbert space. Also, he stud-
ied the hypercyclicity of the left multiplication Ly defined on B(H). Subsequently
his idea was used and developed by several authors, see, for example, [5], [8], [20],
[22], [27], [28]. Recently, Gilmore et al. (see [13], [14]) have been investigated the
hypercyclic properties of the commutator maps L7 — Ry and the generalised deriva-
tions Ly — Rp. On the other hand, Bonet et al. (see [5], [21]) use tensor product
techniques to characterize the hypercyclicity of L;r and R ;7. This result has been
extended to the supercyclic case, see [2]. This prompted us to study the recurrence
of L‘]’T and R]’T.

In the present work, we introduce the concept of mixing recurrent operators, and
we study the transmission of being recurrent, sequentially recurrent, and mixing
recurrent between operators T' € B(X) and their multiplier operators L and Ry 7.
In Section 2, we prove some necessary and sufficient conditions for L;r and R ;1 to
be sequentially recurrent. Moreover, we establish a necessary and sufficient condition
for the left multiplication L ;r to be recurrent on an admissible Banach ideal (J, ||-||.s)
of B(X). In particular, we show that L ;7 has a recurrent property if and only if
T @ T has it, too. In Section 3, we introduce the concept of mixing recurrent and
we show that it is preserved under quasi-conjugate. Furthermore, we show that T is
mixing recurrent if and only if T'® T is mixing recurrent. Finally, we prove that L r
has a mixing recurrent property if and only if 7" has it, too.

2. RECURRENT AND SEQUENTIAL RECURRENT PROPERTY OF THE LEFT
AND RIGHT MULTIPLICATION OF OPERATORS

In this section, we characterize the recurrence and the sequentially recurrence of
the left and right multiplication on an admissible Banach ideal (J, ||-||;) of B(X).

Theorem 2.1. Let T € B(X). Then the following are equivalent:



(i) T is sequentially recurrent on X.
(ii) Ly is sequentially recurrent.
(iii) T @ T is sequentially recurrent on X € X.

Proof. (i) = (ii) Suppose that T is sequentially recurrent on X. Then there
exist a vector z € X \ {0} and a strictly increasing sequence of positive integers
(kn)nen such that T*rz — x asn — co. Let A =12 ® ¢ € J where ¢ € X*, then

I(Lyr)*A— All; =0 asn— oco.

Thus L ;1 is sequentially recurrent.
(ii) = (iil) Assume that L7 is sequentially recurrent. Then, there exist a vector
A € J\ {0} and a strictly increasing sequence of positive integers (k,)nen such that
I(Ljr)F(A) — All; — 0 as n — co. We pick 2,y € X such that {z,y} is linearly
independent and put
p: J> XEPX, S Sz o Sy.

For B € J, we have
(poLyr)(B) =(T&T)op(B).

Therefore, po Ly = (T' & T) o ¢ on J. Hence, for all integers m € N, p o LTy =
(T®T)" oy on J. Then

(T ® T)k op(A) —p(A)]] -0 asn— .

This implies that T @ T is sequentially recurrent on X € X.

(iii) = (i) Suppose that T @ T is sequentially recurrent on X € X, then there
exist a nonzero vector x @y € X @ X and a strictly increasing sequence of positive
integers (ky)nen such that

(TeT)(roy)=TreeTry 20y asn— oo

Hence T*" 2 — 2 and T"*»y — y as n — oo. Consequently, T is sequentially recur-
rent on X. O

Theorem 2.2. Let T € B(X). Then the following are equivalent:
(i) T* is sequentially recurrent on X*.

(if) Ry Is sequentially recurrent.
(iil) T* @ T* is sequentially recurrent on X* @@ X*.



Proof. (i) = (ii) Suppose that T* is sequentially recurrent on X*. Then, there
exist a vector ¢ € X*\ {0} and a strictly increasing sequence of positive integers
(kn)nen such that T*r»p — ¢ as n — co. Let A =1 ® ¢ € J where z € X, then

||(RJ7T)]€"A —All; =0 asn— 0.

It follows that Rjr is sequentially recurrent.

(ii) = (iil) Assume that Rjr is sequentially recurrent. Thus, there exist a vector
A € J\ {0} and a strictly increasing sequence of positive integers (k;,)nen such that
|(Ryr)kn(A) — All; — 0 as n — oo. We pick z},25 € X* such that {z}, 23} is
linearly independent and put

p: J > X P X", S Mt @ St

For B € J, we have

(poRyr)(B)=(T"&T")op(B).
Therefore, p o Ryr = (T* & T*) o p on J. Consequently, for all integers m € N,
po Ry = (T*®T*)™op on J. Thus

(T* @ T*)k" op(A) —p(A)|| =0 asn — oco.

It follows that T* @ T™* is sequentially recurrent on X* @5 X*.

(iii) = (i) Suppose that T* @ T™* is sequentially recurrent on X* @ X*, then there
exist a nonzero vector @1 @ p2 € X*@ X* and a strictly increasing sequence of
positive integers (k,, )nen such that (T* @ T*)F (o1 @ p2) = (T*)kn 1 © (T*)Fr g —
01 @ @9 as n — co. Thus (T*)* ¢ — @1 and (T*)*py — o as n — co. Hence, T*
is sequentially recurrent on X*. O

In the following lemma, we prove that the notion of recurrence is preserved under
quasi-conjugate. This lemma will be useful in the sequel.

Lemma 2.1. Let X and Y be two Banach spaces and let T € B(X) be quasi-
conjugate to S € B(Y'). If T is recurrent on X, then S is recurrent on Y.

Proof. Let U be a nonempty open subset of Y. Since T is quasi-conjugate to S,
it follows that ¢ ~!(U) is a nonempty open subset of X. On the other hand, T is
recurrent on X, so there exists a positive integer n € N* such that

T~ (U) N~ (U) # 0.

Hence, there exists a vector z € ¢~ 1(U) such that T"z € =1 (U). This implies that
o(x) € U and S™¢(x) = o(T™z) € U. Consequently, S"(U)NU # 0. It follows
that S is recurrent on Y. O



The following theorem gives a necessary and sufficient condition for L;r to be
recurrent.

Theorem 2.3. Let T € B(X). Then the following are equivalent:

(i) Ly is recurrent.
(ii) T @ T is recurrent on X @ X.

As a consequence, if L is recurrent, then T is recurrent on X.

Proof. (i) = (ii) Assume that L;p is recurrent. We pick z,y € X such that
{z,y} is linearly independent and put

: J%X@X, S Sz @ Sy,
 is surjective and for A € J, we have
(poLr)(A) = (T &T)ep)(A).

Therefore, po Ly = (T ®T) o ¢ on J. Now, consider the commutative diagram

Lemma 2.1, implies that T'@® T is recurrent on X € X. Consequently, 7" is recurrent
on X by [9], Proposition 2.10.

(if) = (i) Suppose that T'@ T is recurrent on X €@ X and let U be a nonempty
open subset of J. Put

P: XGBX—M]7 Y1 DY2 = Y1 @1 + Y2 @ @2

where @1, 2 € X*. ¢ is continuous and so there is a nonempty open subset U; x Uy
of X ® X such that ¢(U; x Uz) C U. Thus, there exists an integer n € N* such that

((T @T)n(Ul X UQ)) N (Ul X UQ) 75 0.
Hence, there exists z1 @ zo € Uy X Uy such that T"z; @& T"z9 € Uy X Us. Therefore

T"(p(21 @ 22) =T"(21 @1+ 22 @ p2) =T"21 @ p1 +T"22 @ 2
=@(T"21 ®T"29) € (U x Us) C U.

On the other hand, T"(o(U; x Us)) C T™(U). Hence
T”(gp(zl D 22)) S Tn(U) NnU.

It proves that (L;7)"(U)NU = Lyp»(U)NU =T™U)NU is nonempty. Conse-
quently, L ;7 is recurrent. Il
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Remark 2.1. Costakis et al. in [9], Proposition 2.10 proved that if T'® T is
recurrent, then T is recurrent. The problem here is whether T' @ T is recurrent
whenever T is recurrent (see [9], Question 9.6). In Theorem 2.3, we have proved that
if L is recurrent on (J, ||-|| ), then T is recurrent on X. For the converse, it is an
open question.

3. MIXING RECURRENT PROPERTY OF THE LEFT MULTIPLICATION OF OPERATORS

In this section, we investigate mixing recurrent operators and prove that it is
preserved under quasi-conjugate. On the other hand, we characterize the mixing
recurrent property of the left multiplication on an admissible Banach ideal (.7, ||| s)
of B(X).

Motivated by the concept of mixing operators and their connection to hypercyclic-
ity, see [3], [17], [25], we introduce the notion of mixing recurrent operators.

Definition 3.1. A dynamical system 7: X — X is called mixing recurrent if
for any nonempty open subset U of X there exists an integer N € N such that

T"(U)NU #0 ¥n>N.

In the following lemma, we show that the class of mixing recurrent operators is
preserved under quasi-conjugate.

Lemma 3.1. Let X and Y be Banach spaces and let T € B(X) be quasi-conjugate
to S € B(Y). If T is mixing recurrent on X, then S is mixing recurrent on Y.

Proof. Let U be a nonempty open subset of Y. Since T is quasi-conjugate to .S,
it follows that ¢~1(U) is a nonempty open subset of X. But 7' is mixing recurrent
on X, so there exists a positive integer N € N such that

T (e ' (U)Ne  (U)#0 Yn=N.

Hence, there exists a vector € ¢~ (U) such that T"x € o~ !(U) for alln > N. Then
o(x) € U and S™¢(z) = p(T™x) € U for all n > N. Consequently, S"(U)NU # 0
for all n > N. Thus, T is mixing recurrent on Y. (I

Lemma 3.2. Let X; be Banach spaces and T; € B(X;), 1 < ¢ < m. The following
are equivalent:

(i) T; is mixing recurrent on X;, 1 <i < m.
m m
(ii) @@ T; is mixing recurrent on P X;.

=1 =1



Proof. (i) = (ii) Assume that TZ is mixing recurrent on X; (1 < ¢ < m) and

let U be a nonempty open subset of @ X, then there exist nonempty open subsets U;

of X; (1 < i< m) such that Uy x Ug >< . X U,, C U. Therefore there exists N; € N
such that T)"(U;) NU; # 0 for all n > N; (1 <i<m). Let N = max N, thus

1<i<m
m k m
(@Ti) (UL % oo X U) V(UL % o x Un) = @TFEW) N U) #0 Yk N.
=1 =1
Consequently
m k
(@T) U)NU£0 Yk>N
=1

m m
Then € T; is mixing recurrent on @ X;.

i=1 i=1
m m
(ii) = (i) Suppose that € T; is mixing recurrent on € X; and let U; be a non-
i=1 i=1
empty open subset of X; (1 < ¢ < m), then there exists an integer N € N such

that

m

(én)”(m X o X Un) N (U1 X o X Un) = EIFU) AU #0 ¥z N.
i=1

i=1

Thus 77 (U;) NU; # 0 for all n > N (1 <@ < m). Therefore, T; is mixing recurrent
on X; for every i € {1,2,...,m}. O

Theorem 3.1. Let (J,||-]|s) be an admissible Banach ideal of B(X) and T €
B(X). Then the following are equivalent:
(i) T is mixing recurrent on X.

(if) Ly is mixing recurrent.

Proof. (i) = (ii) Suppose that T is mixing recurrent on X and let U be a
nonempty open subset of J. Note that D and ® are countable dense subsets of X
and X*, respectively. Then

m
X = {in(@@i: reD, goiEfI)}

i=1
is a dense subset of J with respect to ||-||;-topology, see [2], Lemma 2.1. Therefore

m
there exist x1,29,...,2,; € X and ©1,92,...,¢0m € X* such that > z; ® p; € U.

Put m m m =t
p: @X — J, @yi — Zyi ® @;.
i=1 i=1 i=1



 is continuous and so there are nonempty open subsets Uy x Us X ... x U, of @ X
such that o(U; x Uz X . U ,) C U. On the other hand, Lemma 3.2 1mphes that

@ T is mixing recurrent on @ X and so there exists an integer NV € N such that
i=1 i=1

(TM(U) x T™(U2) X ... X T™(Up))N Uy x U2 X ... xUp)#D ¥Yn>=N

Hence, there exists 21 20D ... Pz € Uy x Us X ... X Uy, such that (T2 @ T2 ®
. @T"zy,) € Uy X Uy X ... X Up,. Therefore

T (1 D 22D ... DB zm))

= T”(zm:zz ®<Pi> = iT"Zi ® @5
= go(T’:;l@ T 20 @ TG;T”zm) €pUy xUsx...xUpy)CU.
Furthermore, T"(o(Uy x Uy X ... x Uy,)) C T™(U). Hence
T p(z1 @ 22D ... B zm)) € TU)NT.
It follows that (Lyr)"(U)NU = Ly« (U)NU = T™({U) N U is nonempty for all
n = N. Therefore, L;r is mixing recurrent.

(if) = (i) Assume that L is mixing recurrent. We pick z,y € X such that {z,y}
is linearly independent and put

@: J%X@X, S— Sz @ Sy.
@ is surjective and for A € J, we have
SOOLLLT(A) = (T@T)OQP(A)

Therefore, po Lyjr = (T'®T) o ¢ on J. Now, consider the commutative diagram

Lemma 3.1 implies that 7€) T is mixing recurrent on X € X. Now, by Lemma 3.2,
T is mixing recurrent on X. (I
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We have the following corollary.

Corollary 3.1. If K(X) is an admissible Banach ideal of B(X), then for all T €
B(X), the following are equivalent:

(i) T is mixing recurrent on X.
(i)

(iii

Lt is mixing recurrent on K(X).
Ly is mixing recurrent on B(X) in the strong operator topology.

Proof. (i) & (ii) A consequence of Theorem 3.1, since K(X) is an admissible
Banach ideal of B(X).

(i) = (iii) Assume that T is mixing recurrent on X and let U be a nonempty open
subset of B(X) in the strong operator topology. Since (X)) is dense in B(X) with
the strong operator topology (see [8], Corollary 3), then K(X)NU is nonempty. Let
A e K(X)NU, we can find z € X \ {0}, ¢ > 0 such that

(VeB(X): |[(V—A)z| <} CU.

Let
W:{Venuy”w—Am<Jl}

]|

U’ is a nonempty open subset of K(X) with the norm operator topology. By The-
orem 3.1 with J = K(X), there exists an integer N € N such that Ly (U") N U’ is
nonempty for all n > N. It follows that Ly»(U)NU # 0 for all n > N. Conse-
quently, Ly is mixing recurrent on B(X) in the strong operator topology.

(iii) =) (i) By the same technique as in the proof of Theorem 3.1. O
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