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23. Special decompositions of groups, generated by subgroups 169
22.4. Exercises

1. The order of any group consisting of permutations of a finite set of order = is a divisor of n!.

2. In every finite Abelian group of order N the number of elements inverse of themselves is a
divisor of N.

23. Special decompositions of groups, generated by subgroups

23.1. Semi-coupled and coupled left decompositions

Consider the subgroups A > B, € > D of @. Their fields are denoted by 4, B, C, D.
We first ask under what conditions the left decompositions %/;%8, €/, are semi-
coupled or coupled.
Since the intersection 4 n B contains the unit of & and therefore is not empty,
it is obvious, with respect to 4.1, that the mentioned decompositions are semi-coup-
led if and only if

ABnE=¢DnA.
In accordance with 21.2.1, this may be written
AnC) €nB) = AnEC); (An D).
This equality is evidently true if and only if
AnD=EnB. | (1)

Thus we have verified that the left decompositions UA[;B, €/, D are semi-coupled
if and only if the subgroups A n D, € n B coincide, i.e., if A n D =€ n B.

Now suppose the left decompositions %/;B, €/,D are coupled. Then (by 4.1;
20.3.2) we have, besides (1), even:

A=(4nC)B, C=(CnA)D,

from which it follows (19.7.8) that % n € is interchangeable with both 8 and ®
and so:

A= (AnE)B, €=(EnA)D. @)

Conversely, if (1) and (2) simultaneously apply, then with respect to 4.1 and
21.2.1, the left decompositions %/,%B, €/;D are coupled.
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Consequently, the left decompositions U[,B, €/;D are coupled if and only if there
simultaneously holds:

AnD=CnB,
=UnE)B, €= (E€nA,D.

23.2. The general five-group theorem

Consider arbitrary subgroups % 5 B,EC > Dof @.
Suppose the subgroups A n D, € n B are interchangeable. Moreover, let 1 be
a subgroup of & such that

AnEoD>UD (A nD)YE n V)

and let A n € and U be interchangeable with both 8 and D.
Then there holds the general five-group theorem:

The left decompositions (A n €)B/,UB, (€n A)D/,UD are coupled and there-
fore equivalent, whence

(AnC)B/UB =~ (€ n A,YD/,UD.
Moreover, there holds:
AnEBnUD=U= (€ nAWD n UB. (1

Proof. Denote A = (A n €)B, €’ = (€ n A)D and, furthermore, 4 = A’/,'B,
c=¢ '/;D. Then we have A' 5 B, €' o D and, moreover (20.3.2): /—1- Ccd,
C=4cC.

Consider the decompositions:

AnC=A)BnE = nE)E n §B) =AnC)LEnD),
Cn =¢/DnA = € 0 A =@ nW/,(AnD)

and apply the construction described in 4.1 and leading to the coupled coverings
A, € of the decompositions 4, C.

The least common covering of 4 NG, C n A’ is the left decomposition
(A n€)/,(A n D)E n B) (21.5). The decomposition B = (A n €)/,11 is, with respect
to AnED>U D (An B)E n %), a covering of the least common covering of
the decompositions 4 n¢’, C n A’ (21.3) and therefore a common covering
of the latter. In accordance with the mentioned construction, we now define the
decomposition ACyond (C) as follows: Each element of 4 (6 ) is the set of all
elements of 4 (C) that are incident with the same element of B. Then the men-
tioned coupled coverings 4, ¢ are the coverings of 4, C, enforced by 4, C.
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Now let @ ¢ 4 be an arbitrary element. @ is the set of all elements @ € 4 in-
cident with an element b € B. Simultaneously we have b = 1l where x ¢ A n ¢
is a point of %A n €. Obviously, there holds @ = Il ¢ 4 and, moreover (with
regard to 20.3.2),

d=s3 =aUBecd.

Thus we have verified that the elements of the decomposition 4 are the left
cosets, generated by UB, of the points lying in A n €. The sum of these cosets
is evidently (U n €)UB = (A n €)B. Hence:

A= AnE)B/,uB.

Analogously, we obtain ¢ = (€ n A)D/,UD. It follows that the left decompo-
sitions (A n €)B/,UB, (€ n WD/, UD are coupled. In accordance with the second
equivalence theorem (6.8), they are also equivalent.

Moreover, (by 4.1) we have: 4 n ¢ = B and therefore (by 2.3):

(Adns@)n (@ nsd)=B;
furthermore, (by 4.1):
ArnsC=0nsd.
Thus we have arrived at the formulae 4 n s€ = € ris4d = B or
(X n€)B n (€ n WD)/,((€ n A)D n DY)
= (€ n WD n (A n€)B)/((An€)B n UD) = (A nE)/, 1

from which (1) immediately follows.

Remark. Under the same assumption there, naturally, holds an analogous
statement about the right decompositions and so, in particular,

A nE)B/UB ~ (€ n WD, UD.
Especially for 1 = (% n D)€ n B) we have the general four-group theorem:

Let A> B, € > D be arbitrary subgroups of &. Suppose that the subgroup
A -n D 48 interchangeable with € n B, the subgroups A n €, A n D are interchangeable
with B and € n A, € n B with D. Then the left decompositions

AnC)B/(AnD)B, € nWD/,(€ n B)D
are coupled and therefore equivalent so that

A nC)B/i(AnD)B =~ (€ n WD/,(€ n B)D.
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Moreover, there holds:
CnAWB N (€ nB)D = (AnD)YE n B)
=UnC)Dn (AnD)B.

An analogous statement applies to the right decompositions and so we have,
in particular,

A nC)B/ (AN DYB =~ (€ n WD/,(E n B)D.

23.3. Adjoint left decompositions

Let again A > B, € > D be arbitrary subgroups of & and 4 > B, C > D
their fields.

Our object now is to find out the circumstances under which the left decompo-
sitions A/,B, €/,D are adjoint with respect to B, D.

The question is answered by the following theorem:

The left decompositions U/[;B, €/;D are adjoint with respect to B, D if and only if
the subgroups A n D, € n B are interchangeable. Then there holds:

AnDYBnEC=ECnB)D nA= (A n D)E n B). (1)
Proof. By 2.6.5 we have

DcUBnC=DcUA,B)nC=Dc A,Bn6),
Bc@®nd=Bc6DnAd=EBc E,DnA).

Consequently, with regard to 21.2.1, there holds:

sDcUABnC)=sDcA,B)nC=s(Dc (AnE),€nB)),
SBC€[Dnd)=sBCCD)nd=sBc€nA)UnD)

which (by 20.3.2) may be expressed in the form:

sDcABnC)=AnD)BnC = (4nD)CnB), 0
sSBCcC®nd)=(CnBDnA = (CnB)AnD). @)

a) Suppose A/;B, €/,D are adjoint with respect to B, D. Then we have, by (2),
(4 nD)(C n B) = (C n B)(4 n D).

We see that A nD, € n B are interchangeable. Consequently, the product
(A n D) n B) is a subgroup of @. Moreover, from (2) we conclude that the
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field of this subgroup coincides with either of the sets (4 n D)Bn C, (C n B)D n 4,
a fact expressed by the formulae (1). Note that neither % n D, B nor € n B, D
are necessarily interchangeable.

b) Suppose the subgroups € n D, € n B are interchangeable. Then, by (2),
there holds sDc A/, BrnC) =sBcE/,DnAd) and we observe that the
decompositions A/, B, €/,D are adjoint with respect to B, D, This accomplishes
the proof.

Analogously, for the right decompositions there holds:

The right decompositions /. B, €/,D are adjoint if and only if the subgroups
A nD, € nD are interchangeable. In that case:

BAN DY nE=DEnB)n A= (A nD) (€ n B).

23.4. Series of subgroups

In this chapter we shall describe the properties of the series of subgroups on the
basis of our theory of series of decompositions, developed in Chapter 10. This
new theory will prove extremely useful in connection with invariant subgroups
(24.6) considered in the classical theory of groups.

1. Basic notions. Let % > B denote arbitrary subgroups of &. By a series of
subgroups of the group &, from U to B, briefly, a series from W to B, we mean a
finite x(=1)-membered sequence of subgroups A, ..., A, of & such that: a) The
first and the last member of the sequence is A and B, respectively, i.e., A; = A,
A, = B; b) each subsequent member is a subgroup of the subgroup immediately
preceding it, thus:

(A 2)91132[2:)-;-3?[“ (=9B).

Such a series is briefly denoted by (). The subgroups %, ..., %, are the members
of (N). A, is the initial and A, the final member of (). By the length of (A) we mean
the number of its members.

Each subgroup U of @&, for example, is a series of length 1 whose initial as well
as final member coincides with .

Now let (%) =) %; > -+ > 9, be a series from A to B.

A member of () is called essential if it is either the initial member A, or a
proper subgroup (19.4.1) of the member immediately preceding it; otherwise it
is said to be inessential. If there occurs in () at least one inessential member
A, then we say (since U,,; = U,) that (A) is a series with iteration. If all the
members of (A) are essential, then (A) is a series without iteration. The number o'
of the essential members of () is the reduced length of (). Obviously, there holds:
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1 <&’ < «, where a’ = «, characterizes the series without iteration. Analo-
gously as in case of series of decompositions (10.1), (%) may be reduced by
omitting all the inessential members (if there are any) or lengthened by inserting
further subgroups. The notion of a partial series or a part of (Y) does not need any
further explanation.

By a refinement of (W) we mean a series of subgroups of @ containing (%) as
its own part. Every refinement of () has therefore the following form:
QI],I D e D Q[l.ﬁr-l D QIL@! D 9/[2_1 D e
D WU g1 D U p, @ vor D Wiy D Uavn 1D o0 D W oy 1

where %, 5 = A, y = 1,..., «, and the symbols f;, ..., f.,; stand for positive
integers; if f; = 1, then the members A; ; > --- D W; 5;-; are not read.

2. Associated series of left and right decompositions. Let
() =)Ao - DU

be a series of subgroups of @.
Associate, with (), the following series of left and right decompositions:

((@/1%) :) LU = = @Y,

Then we speak about series of left or right decompositions associated with or
corresponding to (N). It is obvious that the series (&/,%) or (&/,A) is obtained by
replacing each member U, (y =1, ..., «) of (A) by &/, A, or &/,N,, respectively.

Consider, for example, the series of left decompositions (&/,%). In the same way
we could, of course, consider the series of right decompositions (/).

First, the statements set out below are evidently correct:

The series (N) and (&, N) have the same length .

The series (W) and (6/,N) are simultaneously without or with iteration and have
the same reduced length o' (< «).

The series of left decompositions (& /,Q}) associated with an arbitrary refinement
© () of (N) is a refinement of (&/,N).

By means of the notion of associated series of left and right decompo-
sitions we may study the properties of the series of subgroups on the basis of the
theory of the series of decompositions. All we have to do is to apply the consi-
derations relative to the series of decompositions to the series of subgroups. But
we must make sure to apply only those properties as are common to both the left
and the right decompositions. The importance of this remark will be realized later.
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3. The manifold of local chains. Consider an arbitrary series (%) of subgroups
of §:

(=)W, 2A (x=1)
and, furthermore, the corresponding series of left and right decompositions on @:

(B =) 6% = - = 6%,
((®/r9’[) =) @5/1'911 = = @/r%u-

We know that to each element @ of (&/,%,) or (&/,), respectively, there
corresponds a local chain of the series (&/,%) or (&/,A) with the base.d. The set
of the local chains belonging to the individual elements of &/,%, or &/,%,, respec-
tively, is the left or the right manifold of local chains corresponding to (). Notation:
A, A,

Our object now is to study the relationship between 4, and 4,.

First, let us remark that to every left or right coset @ with regard to a subgroup
of & there exists an inverse right or left coset @1, respectively; @1 consists of
all the points inverse of the individual points lying in @ (20.2.8).

Now consider two mutually inverse cosets @ € &/, @€ @A, and the
corresponding local chains of (&/,%), (&/,) with the bases @, @*:

(Ka] =) K,a —---*> K.a,
([K__d'l] =)K, @' —... > K,a?'.

In the above formulae we have denoted the local chains [K], [Kd'] and their
members K,@, K,i-! by the same symbol K although the local chains or the
members of the series (&/,%), (&/,A) in question are generally different from one
another. This simplification cannot cause any confusion, since the notation of
the local chains and their members differs in the symbols of the bases @, a-1.
A similar simplification will be employed even in the further considerations.

Let G, be an element of the decomposition &/,%, whose subsetisa (y = 1,..., «).
Then the inverse coset @,~! is an element of &/, %, whose subset is @-1. There evi-
dently holds:

dy D D, (= ad), G lo - a t (=at)
and, furthermore,

a, = a?l,, K,a=a,n 6%,

dy—l = ﬁyd‘l, Kyd_l == dyw—l n g/i&[;wl (QIa#l = Q'Ia)'

Either of the decompositions K,d, K ,a-! is mapped, under the extended inver-
sion n of @, onto the other (21.8.5) and sonK,i = K,i!, nK,i! = K,d. With
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regard to this, any two members K,d, K,a-! with the same index y (= 1, ..., )
are called mutually inverse; the same term is employed for the local chains [Ka),
[Ka@-1]. Two mutually inverse members of [Ka] and [Kd-!] are equivalent sets
(21.8.5).

It is easy to verify that the manifolds of local chains, A,, 4,, are strongly equi-
valent.

Indeed, associating with every local chain [Kd] € 4, its inverse: [Ka-'] € 4,,
we obtain a simple mapping f of the manifold 4, onto A,. The mapping f is a
strong equivalence because every two mutually inverse members of [Kd] and
fIKa)] = [Ka-] are equivalent sets.

4. Pairs of series of subgroups. Consider a pair of series of subgroups of @:

(=)o A (=1,
(B)=)8, 228, B=1).
To (A) and (B) there correspond the following series of left decompositions
of §:
(B, =) 61U = - = 6%, W
((@5/!53) =) /B, = = 6/,B; s
and the left manifolds of local chains: 4,, B,.
Analogously, to (), (B) there belong the series of right decompositions of 6:

(/) =) 6% = - = 6%,
((©/,8) =) 6,8, = -+ = 6/,9,
and the right manifolds of local chains: 4,, B,.

(2)

Under these circumstances there applies the theorem:

If the series (1) or (2) are in any of the following four relations, then the series (2)
or (1), respectively, are in the same relation: The series (1) or (2), respectively, are
a) complementary, b) chain-equivalent, c) loosely joint or co-basally loosely joint,
d) joint or co-basally joint.

Proof. Suppose, for example, that the series (1) are complementary.

In that case each member &/, of (§/,A) is complementary to each member
&/,%B, of (&/,B) (10.8); u =1, ..., a;»=1,..., 8. Consequently, each member
A, of (A) is interchangeable with each member B, of (B) (21.6). Obviously, even
each member &/,9(, of (&/A) is complementary to each member &/,%B, of (&/,B)
(21.6) so that the series (2) are complementary.

Let us now assume that the series (1), for example, are in one of the relations
b), ¢), d). Then the series (1), (2) and therefore even the series (A), (B) have the
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same length « = f§ and in each of the mentioned cases there exists a simple
mapping f; (strong equivalence, equivalence connected with loose coupling,
equivalence connected with coupling) of the manifolds 4, onto B, which may be
co-basal. By means of f; we define a simple mapping f; of A, onto B, by way of
associating, with each element [Kad] € A,, the inverse local chain [Ka,—l] €4,
and, with [ Ka], the local chain f,[K@] = [Kb-!] € B, inverse of f,[ Ka-1] = [Kb]€B,.
If the mapping f; is co-basal, then b = @ and therefore b-! = @; consequently
even f, is co-basal.

Now let [Ka], f,[Ka] = [Kb-'] be arbitrary elements of the manifolds 4,, B,,
representing the inverse image and the image under the mapping f;, respectively.
Consider the corresponding inverse local chains[Ka-1] € 4,, f,[Ka] = [Kb] € B,:

(Ka'] =) K@t — - - K,a1,
((Kbl=) Kb —- _>IE'“B.

Since the series (1) are in one of the relations b), ¢), d), there exists a permuta-
tion p of the set {1, ..., «} such that every two members K,i!, Ksb of the local
chains [Ka-1], [I?I_)] are equivalent or loosely coupled or coupled decompositions
in &; at the same time 6 = py. Let us apply the permutation p to the local
chains [Ka] € 4,, f,[Ka] = [Kb] € B, by associating, with each member K,d of
the first local chain, the member Kb~ of the second. Every pair of such members
K,d, Kb represents decompositions in ¢ that are inverse of the equivalent or
loosely coupled or coupled decompositions K,i!, K,;b. Hence even K ,d, K,b-! are
equivalent or loosely coupled or coupled (7.3.4) and the proof is complete.

The symmetry we have just verified in the relations between the series of the
left and the right decompositions corresponding to the series (), (8), respectively,
leads to the following definition:

The series of subgroups, () and (%B), are called: a) complementary or inter-
changeable, b) chain-equivalent or co-basally chain-equivalent, c) semi-joint or
loosely joint, or co-basally semi-joint or co-basally loosely joint, d) joint or co-basally
joint if the series of the left decompositions of &, namely (&/,%), (8/,B), and
therefore (by the above theorem) even the series of the right decompositions
of &, namely, (&/N), (8/,B) belonging to (A) and (B), have the corresponding
property.

5. Complementary series of subgroups. Consider two complementary series of
subgroups of @:
(=)W\> DA (21,
((B)=)B2--DB (B=1).
To these series there belong the corresponding series of the left and the right

decompositions of &, namely, (&/,N), (8/,8) and (&/,A), (&/,B), respectively,
which are more accurately described by the formulae (1), (2).

12 Bortvka, Foundations
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There holds the following theorem:

The series (N), (B) have co-basally joint refinements (), (B,) with coinciding
tnitial and final members. The refinements are given by the construction described
in part a) of the following proof.

Proof. a) Under the above assumption, every two decompositions &/,%,,
®/8B; y=1,...,0; 6 =1,...,8) are complementary, hence every two sub-
groups A,, B, are interchangeable (21.6). By 22.2.1 even the subgroups %,
WyynB,0r By, Bog n A, Wo=Bo=6;u=1,...,x;v=1,...,[) are inter-
changeable and there holds: ;

&, =) AW, nB,) =AU, nAB,,

3
(B =) Ba(By 1 0 %,) = Byg 0 By, . )

Let us denote:
AU,yB; =U, WAnBy=21B,
m02%0:@5’ Q’Ia+1:%ﬁ+l=%'

Then the formulae (3) are true fory,u =1,...,x +1;6,v=1,...,8 + 1.
From the definition of the subgroups %, ,, B;,, there follows

2[7—1 = my.n Qtr.ﬂﬂ = QIr’
Bs1 D Bo,us  Biarr = By,

moreover, for v < 8, u < «, we have
2[7,» — QIy,vH ) %6.14 = %6.#4-1 .

Thus we arrive at the following series of subgroups from %, ; to %, and from .

%d,l to %6:

2[;',1 DD m}'.ﬂi-l}

B0 D o+ D Bisaer

Consequently, the series of the subgroups of & set below are refinements of
the series (%), (B):

((9[*) =) U=U,D - DUp1 DU D

D Wy py D D Uy D D War1,01 = B,
(B =) U=B1,,2 D B> Bp1 >

oD By D D B, D o D Bpig,enn = B

We observe that (%), (By) have the same length and that their initial and final
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members coincide:
(W =)U,; = B2, 9Ia+1,ﬁ+1 = Bpi1,at1 (= B).
The series (Ny), (By) are the mentioned co-basally joint refinements of the series

(2), (%B).

b) Let us show that the series of the left decompositions, (&/,%), (&/;B,),
corresponding to (%), (B,) are co-basally joint. These series are obtained by
way of replacing each member %, , of (%) by the left decomposition &/,%,,
and each member %B,,, of (B,) by &/,B;,,..

Denote:

A-}' = @/12[75 E& - @/l%l’) Ay,v - @/l%[y,v’ Bé,[t = (sj/l%b,#'

Then, on taking account of the formulae (3) and in accordance with 21.4 and
21.5, we have

Ay,v = [Zy: (A_y—ls Ev)] = (“Iy—li [A—r’ Ev])’
Ba,u = [E6) (Bé—h ‘I,u)] = (Eé—la [Eé, ‘Zf,u]) .

We see that the series of decompositions, (&/,%,), (&/,B,), corresponding to
(), (By) are formed from the complementary series (@&/,A), (&/,B) by the con-
struction described in 10.7, part a) of the proof. Hence, by 10.8, the series (&/,%,.),
(®/,By) are co-basally joint and the proof is complete.

23.5. Exercises

1. Apply the five-group theorem to subgroups of § (18.5.1).

2. Let A D> B, € > D be subgroups of & and 4 > B, C > D their fields. Suppose the left
decompositions (4 =)U/,B, (C =)&/,D in @ are adjoint with regard to B, D. Realize the
construction described in 4.2 and leading to the coupled coverings 4, € of the decompo-
sitions 4, = O c ¥/;B, C; = 4 c §/;D.

12%*
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