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Abstract. In the contribution we state local existence of a weak solution
u to a degenerate quasilinear parabolic Dirichlet problem. Degeneration
occurs in the coefficient g(z,t,u) > 0 in front of the time derivative,
which is not assumed to be bounded below and above, resp., by positive
constants. The nonlinear coefficients and the right-hand side are defined
with respect to u only in a neighbourhood of the initial function.

The quasilinear parabolic problem is approximated by linear elliptic
problems by means of semidiscretization in time (Rothe’s method). We
obtain Loo-estimates for the approximations and uniform convergence to
a Holder continuous weak solution. An essential tool for this are esti-
mates of the first order derivatives uniformly for all subdivisions in the
space Loo([0,T], L, (G)) with certain v > 2.

AMS Subject Classification. 35K65, 656M20, 35K20

Keywords. Degenerate equations, Rothe’s method, Loo-estimates

1 Introduction

PAPERS
pp. 247-254

In this contribution we formulate a local existence result for the parabolic initial
boundary value problem

where

gz, t,u)ug + A(t,uw)u = f(x,t,u) in Qr,

t)=0 on I
u(z,0) = Up(x) z € G,
N
0 0 ou
Alt,v)u = — Z Er (alk(x,t,v)a l) —l—Zai(x,t,v)a—xl,

The paper is an overview article summarizing the results of [8] and [9].
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which we obtain by means of semidiscretization in time (Rothe’s method). Here
we denote by G € RV, N > 2, a simply connected, bounded domain with bound-
ary 0G € C, I =10,T), Qr =G x I, I'=0G x I.

In the following we give an overview on the results of the author’s papers [3]
and [9]. In [8] the non-degenerated quasilinear problem (1)—(3) is investigated
where g = 1. The aim of the paper [9] is to deal with the case where the coefficient
g(-,t,u) may degenerate (i.e. g = 0 or g = o00) on some sets Sy, C G with
meas(St ) = 0 (there A = A(%) is linear).

In both papers it is supposed that the nonlinear coefficients and the right-
hand side f are defined only in a neighbourhood

Mr(Up) = {(z,t,u) e RN*2 . 2 € G, tel, |u—Us(x) <R}

of the initial function for some given R > 0. In order to have convergence of the
Rothe approximations to a solution we have to ensure that the approximations
belong to the ball

Br(Uo) = {u € C(G) : |u~Uslleqe < R}

This holds for small time ¢ € [ = [0, T] due to L-estimates which are derived
by means of the technique of Moser [7] combined with recursive estimates due to
Alikakos [1]. Because of the nonlinear coefficient g we only can apply this tech-
nique to the semidiscrete problem if we have uniform boundedness of the discrete
time derivative du; in Lo (1, L, (G)) with sufficiently large v > 2. In standard
literature on Rothe’s method (cf. Kacur [2], Chapter 2) such an estimate of Ju,
is derived under the assumption of monotonicity of the nonlinear operator A.
Moreover, one obtains this estimate for » = 2 only. Without assumption of full
monotonicity and with nonlinear coefficients in general one only obtains an es-
timate in La(I, L2(G)) (cf. e.g. Ka¢ur [1], Lemma 2.7, where a similar problem
with nonlinear coefficient of w, is treated). We use L,-theory with p > 2, power-
type test functions, interpolation arguments, and nonlinear Gronwall lemma to
derive the desired a priori estimate. Moreover, degeneration forces to work in
weighted Lebesgue spaces.

These strong a priori estimates also yield strong convergence results for the
approximates despite of weak regularity of the data (Lebesgue data). We obtain
uniform convergence of the Rothe functions in Holder space with respect to space
and time variables.

2 Preliminaries and result

We use standard notations of the function and evolution spaces, resp. (cf. [7]).
By || - llps | - ll1.p> and || - lo.x we denote the norms in L,(G), W, ?(G), and
C*(@), respectively. L, ,(G) denotes the weighted Lebesgue space with norm
ullp.g = ([ glulP dz)'/? for nonnegative g € L1(G). (,, ) is the duality between

L,(G)and L, (G) (1/p+1/p' =1). For t € I and v € C(G) the operator A(t, v)
from (4) generates a bilinear form on W, *(G) x Wol’pl (G) denoted by A (-, ).
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First we formulate the complete assumptions which we fix throughout the
paper.

Assumptions. For given R > 0 let g, a;x a;, and f be Carathéodory functions

defined on Mg (Up). Let further ry, ro, r3, p1, o, s, pa, V1, v, 0, Kk be real

N(k—1) N
- T3 > T

numbers fulfilling the relations 2 < k < oo, 11 > N, 1y >

N N . N N

7</1’1SVIZUL_HKa/JJiSV<N—_K2(Z:2a374)7K__KQ<M27ﬁ<p‘3a
Nk

N2 < g, o > 1.

Then we suppose for arbitrary ¢,¢' € I and u, v € Br(Uy)

(i) Up € WL (G), A(0,Up)Up € L1(G);

(i) g(-,t,u) : I x Br(Up) — Ly,(G) is bounded in L,,(G) and fulfils the Lip-
schitz condition
lg(t,u) =gt w)[py < L ([t =]+ [l —u']lu,).
Furthermore, g(x,t,u) > 0 for all (z,t,u) € Mpr(Up) and
1/g(-,t,u) : I x Br(Uy) — Ls(G) is bounded in L, (G).
(iii) aix(-,t,u) : I x Br(Up) — C(G) and a;(-,t,u) : I x Br(Uy) — Loo(G) are
bounded mappings which fulfil the Lipschitz conditions
lair (-t w) = air (5t u) |, < o ([t =]+ [lu—u'l],)
lai(tu) = @it u)llws < I (Jt =+ lu—u'l)
as well as ellipticity condition (a > 0)
Zi,k air(z,t,0) £& > a2 for all (z,t,v) € Mg(Up) and £ € RV,

(iv) f(-,t,u) : I x Br(Up) — Ly4(G) is bounded in L,,(G) and fulfils the Lip-
schitz condition

1t u) = £t u) g < Lo (8= 8]+ [lu —u/]).
(v) It holds the compatibility condition
(f(a 07 UO) - A(07 UO)UO)/g(a 07 UO) € Ln,g(-,O,Uo)(G) .

We remark that the coefficient g may not only decay to zero on some sets
(this decay is governed by the assumption 1/g € Lo (I, L, (G)) but it also may
have singularities because it belongs to the Lebegue space Loo(I, Ly, (G)). This
is equivalent to some degeneration of ellipticity of the operator A.

In order to solve the problem by semidiscretization in time (Rothe’s method)
we subdivide the time interval I by points ¢t; = jh (h > 0,7 = 0,...,n) and
replace (1)—(3) by the time discretized problem (in weak formulation)

(g7 0uj,v) + Aj(uj,0) = (f5,0) Yo e Whi@), (1)

u; =0 on 9G (25)
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j=1,...,n, where ou;:= (u; —u;—1)/h, g;:= gz, t;,uj—1), fj = f(x,t;,u;—1),
and A;(:,-):= A, u,_,)(+ ). This is a set of linear elliptic boundary value prob-
lems to determine the approximate w; if u;_ is already known. However, we do
not know if u; € Br(Uyp), i.e. whether the data of (1,41), (2,41) are well-defined
because of the local assumptions. Therefore we define global extensions

VRt ) = {¢(x,t,u) for (z,t,u) € Mp(Up)

o Y(z,t,Up(x) + Rsign (u — Up(x)) otherwise
and replace g, aix, a;, and f by gf, af}, alft, and %, respectively. By Lemma 3
we state that u; € Br(Up) for t; < T, hence we omit the superscript R.

For sufficiently small fixed h now we can solve these elliptic boundary value
problems applying the Lax-Milgram theorem (after an interpolation procedure
to deal with the weighted norm with weight g;) and a regularity theorem (cf. [6,
Theorem 5.5.47]).

Lemma 1. Let assumptions (1)—(iv) be fulfilled. Then there are hg >0, r > N
such that for 0 < h < hgy the problem (1;), (2;), (30) has a unique solution

w € WHG), j=1,....n.

Especially, the embedding theorem implies continuity of u;.
By interpolation with respect to time we obtain the Rothe functions

n tj—t t—t_
" (@, t) =y (o) + —— (@), € [t

and

ﬂn(l‘ t) _ uj(x) ift e (tj_l,tj],
’ Uo(z) ift<0.

Our result is the following
Theorem 2. Suppose assumptions (1)—(v). Then the following assertions hold:

a) There is an interval I = [0,T) such that problem (1)~(3) has a unique weak so-

lution u with u(-,t) € Br(Uy) for anyt € I fulfilling for allv € Ll(f7 ]/?/},,(G)m
Ly (Q)) (¢ =rhK') the relation

Jtattapu s [Aguond= [(r6ew, v
i i i
and ingtial condition (3).

b) The solution u belongs to the spaces

u € C%(Qz) N Lo, WHG) NWL(T, L, (G))

for some v > N and o > 0. Moreover, u; € Ly(I, Ly(Q)) for s < L5 and

g(, - u)uy € Loo(I, Ly(G)) with o = —28

ro+rk—1"
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c) The solution w is pointwise uniformly approximated by the Rothe functions
a™ with further convergence properties

"t —u in C*(Q4)
" u"t — u in Loo(I,CN@)) (A<1—=N/r)
AT in Loo(I, I/?/i(G))

W' == uy  in Loo(1, Ly, (@)

as n tends to infinity.

d) It holds an error estimate

sup [[@" (-, t) — u(-, ), < chy/?.
tel

The » > N may be explicitly given in terms of the Lebesgue exponents from
the assumptions. Furthermore, because of uniform boundedness of the approxi-

A o
mations in Lo, (I, WL(G)) an interpolation inequality yields an error estimate in
Holder space, too,

sup [|@" (-, t) — u(,t)[lon < chITATN/MIZ 0 <A< 1 - N/r.
tel

3 A priori estimates for the approximations

In this final section we sketch some steps of the proof of Theorem 2. For the
details compare [8] and [9].

In order to prove u; € Br(Uy) we have to estimate z; := u; — Up in Loo(G).
Therefore, we rewrite (1;) into

(902, 0) + Aj(z,v) = (f;,0) = 4;(Up,v) Yo e WL(G).  (5)

We use the Moser iteration technique [7]. The idea of this technique is to
estimate ||z, for arbitrary p > po and then pass with p to infinity. Since ||z||, —
llz]lco (cf. [2, Theorem 2.11.4]) one obtains an estimate in Lo (G). In our case,
because of degeneration, we have to work with the weighted norm |z, 4. But
we have the same property ||z, 4 — [/2]/cc as p — o0, i.e. the influence of the
degeneration vanishes in the limit. In order to obtain an estimate of the weighted
L, g-norm for arbitrary p we test (5) with v = |z;[P~2?z; and obtain after some
manipulations

1200 g, = Nlzi-1ll g, + chllwsll 25

1 _
< chllzil|§ + eph | fillrallzi 5 -y + e 100l lwj 2]z 272

+eph (1 [[0usllv) 1zl (6)
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where w; = |zj|(p*2)/2zj. The last item on the right-hand side appears since
the item ||z;||},~ arising from (5) on the left-hand side must be replaced by
1251134, - Hence, for our Loc-estimate we need uniform boundedness of [|du;||,,
(cf. Lemma 3). Then we have to estimate the unweighted norms of z; on the
right-hand side by weighted norms occuring on the left-hand side. For this we
use the Nirenberg-Gagliardo interpolation inequality

-0
lwlls < C llw]?5 lwlly

for some 6 € (0,1), s < 2N/(N — 2). This enables us to insert the weight by
means of Cauchy-Schwarz’ inequality

2 1/2
lwills = lz3ll s < 11/ gzl i1 240, - (7)
Summing up the inequalities (6) for 5 = 1,...,4 we would then come to an

estimate of the weighted norm |z[,,g,,,. However, in our case it is not possible
to hold the bounds depending on p uniformly bounded as p — oo. Therefore,
for the limit process we use a recursive approach due to Alikakos [1]. Since
1/g € L,(G) with o0 > 1 is supposed we may even obtain the weighted norm
12l Ap,g;+. With A < 1 on the right-hand side of (7). Then we derive an recursive
estimate of the form
rtrjlgt( ”ZjHZ‘Z’)ijH = CPCt (rtr}gﬁ( ”zj”ijp’gﬂ—l + 13}2( sz”f;ﬁi,)]il)

which is investigated for the special sequence p, = A\~ Fpg. Passing to the limit
k — oo this yields an estimate of |||/ in terms of ||2;||p,,q4,, for fixed po. After
estimation of this norm for fixed py we obtain

Lemma 3. Let be ||du,|l,, < C forj=1,...,n independent of the subdivision.
Then there are constants ¢,y > 0 such that

P < v
omax, luj —uolloo < ct

Obviously, since u; € C(G) due to Lemma 1 we have u; € Bgr(Up) for all
t; € I:=1[0,T] if we fix T for given R > 0 by ¢I" = R.

Remark 4. In [3, Theorem 4.17] J. Kacur proves a Lo.-estimate for quasilinear
equations without the assumption [[du;|| < C of our Lemma 3. The reason is
that the degeneration in [3] corresponds to the case g(x,t,s) = b'(s), i.e. the item
concerning the time derivative is written in the form b(u). This is not possible in
our case. Moreover, we have weaker regularity of the data with respect to . On
the other hand, the technique in [3] allows stronger degeneration with respect
to u.

The next task is to check the assumption of Lemma 3. One obtains an es-
timate of du; by forming the difference (1;)—(1,-1) and testing the resulting
relation with an appropriate test function (cf. [2, Chapters 2.1, 2.2]). However,
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we run into problems since we have no full monotonicity of the nonlinear op-
erator Au := A(t,u)u unlike in [2, Example 2.2.17]. Testing (1;)—(1,-1) with
v = |6u;|""?0u; in order to estimate the weighted norm ||du;l|.,g, we are forced
to deal with an item

ch (L4 16uj—v[lu) gl llw; [l 2l 8ug]| 272 (8)

(wj = [6u;j|"=2/25u;) arising from (A; — Aj_1)(u;,v) on the right-hand side.
Hence, we have to estimate the space-like derivative ||u;||1,, in order to obtain
an estimate of the discrete time derivative. This is possible by means of a priori
estimates for elliptic equations like (1) is. However, we are not able to split
g; 0uj into gj% and g; “jh‘l resp., and then to use estimates of the solution w;
of the elliptic equation with right-hand side f; + g;“4= since we need a priori
bounds uniformly with respect to h > 0. Hence we write (1;) in the form

Ajuj = fj = gjou; = Fj

where we obtain from L,-theory for elliptic equations (cf. [6, Theorem 5.5.5’] the
estimate

J
il < e Ep+ luslly) < e (143 6wl ) - (9)
=1

The constant ¢ now is independent of the subdivision since the coefficients of
the elliptic operator A; are uniformly bounded. Inserting this estimate into (8)
we notice that the total power of ||du;| on the right-hand side of the result-
ing estimate is k + 1 while we have the power x on the left-hand side, only.
This seems to contradict the intention to obtain boundedness of ||du;|| by these
estimations. However, after some very technical manipulations, we are able to
apply a nonlinear discrete version of the Gronwall lemma (cf. Willett, Wong [10,
Theorem 4]) to obtain at least a local bound for small ¢;. Since the unweighted
norm ||du,||,, may be estimated by the weighted norm |[|du;]|,g, We obtain

Lemma 5. Suppose assumptions (1)—(v). Then for h < hg there is a time in-
terval [0, T*] such that the estimate

[6ujll,, < Cu vt; € [0,77]
holds independent of the subdivision.

By means of (9) this lemma also yields boundedness of the space-like derivatives.

Lemma 6. For all h < hg the estimate

llujllrr < Co vt € 10,77

holds independent of the subdivision.

The time T* is a bound for the length of our local existence interval I. If T>T*
for the T' choosen after Lemma 3 we have to fix I := [0, 7.

The a priori estimates from Lemma 3, 5, and 6 now provide the tools to prove
the convergence results of Theorem 2.
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