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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981) 

Geometry of Banach spaces and solvability of 

nonlinear equations 

Josef KOLOrf 

Deep characterizations of reflexivity (or weak 

compactness of subset) of Banach spaces (or locally 

convex spaces) due to Banach-Bourbakif' 2nulian> James 

and ---ackey are well-known. .Further characterizations 

of reflexivity of Banach spaces have been obtained by 

means of (i) proximal properties of subsets and'.sub-

spaces, (ii) separation properties of convex sets, 

(iii) duality mappings (or support mappings) and 

differentiability of the norms. We refer the reader to 

C3],(4J, fcl9 C83,C9]f ClO] for extensive literature in 

these topics. Bet X be a normed linear space, X its 

dual space, <.f ̂  > a pairing; between X and X # Let 

BT(0) be a closed unit ball in X f Va canonical 

mapping of X into X**"f J ; X — ^ ^ a duality mapping 

defined by 

J(u) « {u*«sr X : < u * f u> -» II a *
 2
 t ft u % «- « u i\ J, 



í 

It is well known that for each u 4 X J(u) is non-

empty weakly compact subset of I , The mapping J is 

tingle-valued <£=s> X is smooth ii#e# the U . ij of X 

is Gateaux differentiable on S^O) = {"u * X : If u ll * l} )<$-v> J 

is continuous from the strong topology of X to the weak 

topology of X (see T33 )• According to the Bishop-Ihelps 

theorem Cl3 the set of all linear continuous functionals 

of S* (0) = { u * € X : It u*U * 1 } which attain their 

norms on --̂ (O} is norm-dense in S- (0). Kence we shall 

say that for r given uQ*e S*(0) sequences (CL̂ " ) a S* (0)f 

(u^)c= S-j(0) have the Bishop-Phelps property if ii* —-̂  u^" 

and «OaJ § u,a> « 1 *or each a • 

£P»QJ ... l. Let X be a Banach space. 

?hen; (i) If X 9 X are both smooth, then X is 

reflexive if and only if J*1 is continuous from the 

strong topology of X into the weak topology of X j 
JL 

(ii) If X is smooth, then X is reflexive if and only 

if T(Bf(0)) is sequentially weakly closed in X**\ 

Theorem 2 r Let X be a Banach space. 

.-'hen X is reflexive if and only if the follov/ing 

condition is satisfied: For a given u£ e- S, (0) and 

the sequences (i£ ) <z S^ (0) f (t^) <=: S^O) having 

the Bishop-Whelps property there e::ists at least one 

subnet (^(un)) j °f tlltr sequence (^(u^)) such 

that its weak limit point is a c(X ,X )-continuous 

functional on X . 
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According to Julbert Il5J we shall say that 

a ncrmed linear sp?ce X admits newest points if for 

each closed subset E c X the cet -[ u €• X : there is a 

point v & E such that H u - v l| • inf l/u - z II : z € E } 

is dense in X # Wulbert fl5j has proved that a Sanach 

space X admits nearest points if either a) X ie 

(2 B)-space of Ky Fan and Glicksberg [ll (in particular 

uniformly rotund space), or b) X is uniformly smooth 

and (H)-space# 

Definition 1« Let XfY be nerved linear spaces. 

We shall say that a mapping G : X - ^ Y has the property 

(B)f if G is onto and there exists a constant *£ > 0 

such that for each v c- Y there exists u €- X such that 

G(u) «- v and «t A u JL ^ H v tt . 

Definition 2« Let XfY be normed linear spacesf 

1-1 an algebraically open subset o f X f P » M ^ I # 

Vie shall say that F has an approximation property (AP) 

on LI if for each fixed u * II there exists a positively 

homogeneous mapping G : X -.> Y having the property (B) 

such that for given h GX there is a constant 

£ = <T(un f h )>• 0 such that 0 * t -* 2 -&> 

II F (uQ + th) - F (uQ) - Gu (th) (f £ <}1 \ th ft 

where c<.u is a constant from the Definition 1. 
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-̂ err.crk 1, ^et XtY be norned line?r spaces, l!cl 

an algebraically open subset of X , P i 11 -^ r a mapping, 

having the one-sided Gateaux differential V+ P(u f • ) 

for eachv u e H . If V^ P(u f • ) has the property (B) 

for each fixed u & U f then" *P has <AP) on H! t 

In particular, P has this property, when X fr are both 

complete, P possesses" the Gauteaux derivative P*(u) 

on H and -F'(u) is onto for each (fixed)" u ̂  K # 

theorem 3, l*et Xfr be normed linear spaces, 

P : X—*• r a mapping having the approximation property 

on X # .-moreover, assume, that one of the following three 

conditions -is satisfied * (i) r. is a ^anach space 

having the nearest points and P(X) is closed; (ii) r is 

reflexive and P(X) is sequentially weakly closed; 

(iii) P is sequentially weakly continuous, P(O) = 0 

and 2(c) • {a.c-X ,- (I P (u) II g c } is relatively 

weakly compact for each c > 0 # 

Then- P(X) =. r * 

•̂ et us remark that the results of xheorem 3 are 

related to that of ^ochoEajev 0.2] , CL33 Zabrejko and 

Krasnoselskij 0.4] • yor the further results in so called 

normal solvability see for instance Browder feJ and 

Downing and Kirk C6] # 
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