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"~ NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)

ON THE RE-PESENTATION OF ORIICZ LATTICES

PrzemysYaw Kranz and Witold W%nuk

l.Definition. A function g-. L—~ [0,05 ) , where L is a vector lattice,
is called a modular, 1f it satisfies the following conditions ¢

(g1 ) Q(x) =0 i1f and only if x =0 ,
(¢2) {xl4|ly| implies Q(x)ﬁg(y) s
(gz ) x 1y implies Q (x+y) = Q(x) +ey)

(Q4) Qlax+py) < Q(x) + QW) whenever & Q30 , 0(+(3 =1 ,
e5) 0<x 1x implies § (xn)'f‘ ex) , !
(g6) Q (Ax) —> O whenever A=> 0 (Ae [0 ) ) .

A modular g defines a monotone norm on L (the sc-czlled Musielak -Crlicz

norm) as follows :

Pxlg = inr {g‘)o: ?@é_\f_g}
It 15 a well known fact that |} x - xlg—ro if and only if
Y220 ¢(atx- x> 0.
2.Definition. If Q is a modular on L and L is complete with respect to the
F - norm |- k , then the pair (L,l'lg) » which will be denoted by LQ
is called an Orlicz lattice.

Let (£,2,V) be a finite positive measure spsce. A function Y: R*’(.G
~= R, is called & (convex) Musielak - Orlicz function if :

1) Y(r,s) is Z - measurable for each r ,

and there exists a set A of 2 - measure zero suchk that for each seS]\F
2) Wr,s) =0 arrr=0 ,

3) Y(r,s) 1s monotone and left - continuous with respect to the first

varisable
(3% "p(r,s) is a convex function with respect to the first variable)
4) \P(r,s) = O for each s€A and each r€R, .

let ,F =(x i x is areal Z - measurable function}, ancd let Y ve
e (convex) Musielak - Orlicz function. Then the function KM : 11’9 [0,ex<
(L\’-'fo,b)) given by M(x) = (Y (| x(s}],8) dV 1is a(convex) modular

where LY = xe? : Jayo ‘P@(l)‘(‘)l}){b and L, = gQ?:W)O r\{«(otlﬂﬁ)llS)C
. ‘A -2

The s ace (L\P, - ) » vhere i1 y 15 an Orlicz nore, is an Or°i_
lettice for the ordering x4y 1if x(s)<y(s) YV - a.e.



{2

hr. eZenent € cf & vecicr lattice L ifs czlled & wesr urit of I if ve:

anc eA Ixl= C izrly x = C.

Two F - Isttices (ll’l'h) and (]2"'!2 are szid to be isoretiricelly lattice
isoririkic (denoted L, ¥ 1z ) 1if there existe & linear iscretry (onto)

1
T : L. LE such that T i .2 letiice isoxorikhisrc,

1
Theorer 1. .

Every Orlic? lattice Lg with a weak unit 1s isoretrically lattice isozorrhic
to some srace L:I; (s,l\ ,}U wvhere S is a comract srace and}x is finite.

The above tLeorem arplies evidently to the case when the Musielak - Orlicz
function in question is is uP for O«pcec , that is , gives the representa -
tion of the standard lattices LP for any finite measure (atozic or not) and
for any r between zero and infinity s thus giving a generalisation of some
classical results of Kakutani, Bohenblust,Claas - Zasnen , not necessarily

for the Banach space case,

Indeed, it is not even necessary to request that the measure spaée be finite,
i.e. it is superflucus to insist thst the lattice have a weak unit. It is
surrarized in the following

Thecrer 2.
Let 1@ te an Orlicz lattice . Then there exist a Musielak - Orlicz function
Y  and a measure srace (S,A ,}L) such that

g2 L, (s,A 0 .
Further investigations Lave showed that the topological completion of a lattice
with an F - norm generated by a modular is some Musielak - Orlicz space
(i.e. the ccmpleteness assumptioJADef. 2 is not necessary)e.
The second suthor has applied these theorems on the rerresentation of Orlicz
lsttices in the investigations of the forr of ultrapfoducts of some families
of Orlicz sraces (cf.‘S.Heinrich, Ultraproducts in Banach srsce theory, J.Feine
Angew. VMeth.) .
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