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ON NCRM ATTAINING OPERATORS ACTING FROM lex) TO c(S)

A, Iwanik

An operator acting between two Banach spaces { and Y is
called norm attaining if there exists an x in the unit ball
of X such that

Ty = 170 .

The classical result of Bishop and Fhelrs asserts that
if Y is one-dimensional then the norm attaining operators (func-
tionals) are dense in the Banach -space L({,Y). Lincenstrauss [3]
proved the same assertion for { reflexive and Y arbitrary. The in-
teresting case of £ = Ll[O,IJ was analyzed by Uhl [5] . Several re-
sults for Y = C(S), the space of continuous functions on a compact
Hausdorff space S, were obtained by Johnson and %olfe [1] . The
pair £ = Ll(p), Y = C(S) fits to none of the general results,
The problem whether the norm attaining operators are dense in
L(Ll[O,H , C[0,1] ) was formulated in [1] ,recently a negative so-
lution has been announced in [2].

Here we present positive approximation results for certain
operators in L(4,Y) where £ = LlSM) for some finite measure M
and Y = C(S) with S compact Hausdorff,., We discuss two classes
of such oﬁerators defined in terms of continuity in measure (Sec-
tion 1) and I -separability (Section 2). Both classes contain
the weakly compact operatoré. In Secticn 4 we slightly modify
Lindenstrauss' result ([3],Theorem 1) to prove the denseness of
operators with norm attaining adjoints in arbitrary Banach spaces,

Recall that for any T L(Ll(p), C(S)) the mapping s ——a-Tﬁgs
is a weak”™ continuous function from S to IP(rU and this correspon-
dence defines an isometric isomorphism between L(qui), c(s))
and the space of weak® continuous functions from S to E”gx) with
the supremum norm. Compact operators correspond to the norm con-
tinuous functions and weakly compact operators correspond to the
weakly continuous functions. Clearly T is norm attaining iff for
some SES



148 A, IWANIK

IT*5 (x)l = I}
on a non-null set B. The equality ITf(s)] = IT| must then hold
for every normalized function f supported in B and satisfying on
B the condition sign f = sign T*és.

1. Confinuity in measure. The map s —> T*5s can be viewed
as a weakly continuous function from S into Ll(p). In the case
of S = [0,1] , by Ryff [4] , the set of L'- continuity points is
co-meager. de consider the following stronger condition:

(*) The mapping s —> T*Ss is continuous in measure.

Note that all (Bochner) representable operators satisfy (*).
Indeed, if T is represented by a bounded strongly measurable func-

tion g, i.e. Tf =J'fg du for feIngu), then the range of g, so
the range of T, is separable and contained in a separable closed
subalgebra A of C(5). By the Gelfand representation, A is isomor-
phic to some C(5) with 5 compact and metrizable, The mapping
s — T*és factors through S, so it suffices to prove the sequen-
tial continuity in (»*). Now, by the dominated convergence theorem,
for every sequence (sn) convereing to s in S

Je)(e(x)(s)) - g(x)(s)) du(x) —>0
uniformly in |flly € 1. This implies g(-)(sn) —> g(+)(s) in mea-
sure, so (¥) holds in view of the equality g(e)(s) = T*és in
ﬁ”(ﬂ).

To see that (%) need not imply Bochner representability, it
suffices to consider the operator Te€ L( Ll[O,ﬂ , €(0,1]) deter-
mined by s "'"'X[o,s] .

By the Dunford-Pettis-Fhillips theorem all weakly compact
oparators in L( ngu), C(S)) are Bochner representable, hence
satisfy (¥ ). The argument in [5], Theorem 1, shows directly that
representable operators in L( ngl), Y) can be approximated by
norm attaining representable operators. It is not hard to see
that if the representable operator happens to be weakly compact
then an approximating operator cah also be chosen weakly compact.
(Another proof of the fact that the weakly compact operators can
be approximated by norm attaining weakly compact operators in
L( Ll(ﬁ), C(s)) is an easy consequence of Theorem 2 in Section 2.)
Here we have the following observation.

Theorem 1, Every operator satisfying (x) can be approximated
by norm attaining operators satisfying ().
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Proof. Denote h ’1‘*55. For 0 <e<| Tl we define

S

h

S

( hgn (ITH -£)) v (-1l +€) .

Since the lattice operations are continuous in A norm,
s —> H is continuous in measure. In partlcular h is weak™
contlnuous and represents an operator TE€ L( L (p) C(S)) which
clearly satisfies ||T - TI<& . To show that T is norm attaining
note that for some soﬁ S
o(x)l =Tl -¢
on a non-null set C. This implies- |T*5 (x)l = lﬁs (x)l = l7lh -¢
= Tl on C. °

2, Separability condition. Consider the operators in
L( Llou), C(S)) determined by the condition:

(¢ %) There exists a co-meager set GC S such that {T*Ss: SeG}

is norm separable in 19([0

If S has a countable dense subset of isolated points then
(* ¥) is automatically satisfied for every Té€ L( ! (#), C(S)). (In
this special case the denseness of norm attaining operators follows
from Froposition 3 in [3]-.)

Note that all weakly compact operators satisfy (¥*#*). Indeed,

by the Dunford-Pettis-Phillips theorem every weakly compact opera-
tor T in L( Ll(k), Y) has separable range, hence the range of the
weakly compact adjoint " is also separable.

Theorem 2, Every operator satisfying () can be aprroxima-
ted by norm attaining operators satisfying (x#).
Proof. Let hy = T¥§_ and let n!,h?, ... be a norm dense
sequence in the closure of {h seG} The sets
{x:t a<nh kix)< b},
where a,b run over the rational numbers and k> 1, form a counta-
ble femily By,B,,... We define
vn(s) ess inf hg (x)
Xe B,
wy(s) = e;z ;up hy(x).
n
The vk's are upper semi-continuous and the wk’s are lower semi-
continuous, so the set F of the continuity points of all these
functions is co-meager. For every €70 the set
{s: Ingl > Tl - /3%
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is nonempty and open (”hsﬂ is 1l.s.c.) so there exists s_€ FnG
with fing I>ITl - £/3. Without loss of generality suppose

° hg (x)>ITl - &/3

0

on a non-null set. There exists an h¥ such that Ilhk - hSJR:E/B
hence hk(x)>-HTH - 2¢/3 on a non-null set. The inequality must
hold on a non-null B, so vn(so) >|Tl -¢£. By the choice of S, We
have vn(s)> ITl -¢ on a neighborhood U of s,+ Now choose a con-
tinuous function 0<r(s)<1 with r(so) =1 and r(s) = 0 for
s € S\ U, Define ’
kg (x) = hy(x) + XBn(XJr(S)(HTH - h(x)).

Clearly s——> ks is weak™ continuous and approximates hs within
£ . It is easily seen that ks represents an operator T, satisfying
(¥») and attaining its norm at every normalized function £330

supported in Bn'

It should be noted that by letting r(s) = 1 in a neighborhood
of S, in the above proof we obtain a norm attaining operator Ty
which approximates T and attains its norm. "strongly" in the follo-
wing sense:

(+) There exist a non-null B and a nonempty open set VCS

such that I'['of(s)l = IITOII for every seV and every
nonnegative normalized function f supported in B,

3. Examples. The operators satisfying (+) are not dense in
the set of all norm attaining operators in L( L1[0,1], c[0,1]).
In fact we shall construct & positive norm attaining operator T
which satisfies (¥) and cannot be approximated by operators satis-
fying (+).
Given > 0 and 0< t < 1 we define an i continuous mapping
s —> k_ from [0,1] into Ir*[0,1]. First, for every s # t let
a(s) = |sin(1/(t - s))I
b(s) =& |s - t| /max(t,1 - t)
and define I(s) = (a(s), (a(s) + b(s))Al) for s # t, I(t) = 4.
Clearly |I(s)l{ X, s —> ks =1 'JXI(s) is Ll- continuous, and
"ksﬂ = 1, Moreover, in every neighborhood U of t and for every
set B of positive measure ks(x) = 0 holds on a non-null subset of
B for some s€ U, Now take a sequence Gﬁn) of positive numbers
with Z:d11< 1 and a countable dense subset {tl't2""} in (0,1).
Denote by s —> k: the Ll- continuous mapping constructed
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as above forcx and t,. The functions s —> k A .../\k are

1-norm to

still L - continuous and for every s converge in L
a mapplgg s ——%-hs. Due toZ}Xn< 0 the convergence is uniform

in s, so s —> h  1s continuous in measure. Clearly the correspon-
ding operator is positive of norm 1, norm attaining, and satisfies
(%). For every nontrivial rectangle of the form BxV the represen-
ting function h, vanishes on a non-null subset of B for some s

in V. This shows that T cannot be approximated by operators satis-
fying (+).

It should be pointed out that Bochner representable operators
in L( Ll(ﬂ), C(S)) can always be approximated by operators satis-
fying (+). This follows essentially from the approximation by
countably valued functions (¢f. the proof of Theorem 1 in [5]).

On the other hand, representable operators need not satisfy (%),

Indeed, consider T €L( Ll(p), C({O,I}N)) given by Tf(s) =S'fs dp
where )t is a strictly positive finite measure on the set of natu-
ral numbers N Here T is represented by the projection mapping

T, € c({o, 1} ') on N while every uncountable subset of {O,lﬁN

= {T*5s s €{0,13¥} is nonseparable in I” (M.

4. Norm attaining adjoints. The adjoint T of TeL(Ll(p),C(S))

attains its norm iff HT*{SH = ||P| for some s, Since the function
s —> ||| = MT*JSH is 1.s.c., the set of its continuity points
is dense. Choose such a point So with Nh | close to |T|l and

then multiply h by a continuous scalar fungtlon r satisfying

r(s ) = ITh/lh J . If r is appropriately chosen, s —> r(s)h will
represent an operator Re L( L Qu), c(s)) with the adjoint attalning
its norm at 530 and with ||[R - T|| small. This shows that every ope-
rator can be approximated by operators with norm attaining adjoints,
The following theorem, closely modeled on Lindenstrauss’ argument

e T** attains

[3], gives the same for arbitrary Banach spaces. Sinc
its norm whenever T™ does (and the converse is not true in general)

this is a slightly stronger version of Theorem 1 in [3].

Theorem 3, Let E, F be arbitrary Banach spaces. The operators
with norm attaining adjoints are dense in L(E,F).

Proof, Let R€ L(E,F) with |IR|l = 1 and O0<E < 1/3 be given.
As in [3] we choose a decreasing sequence of positive numbers
E11Epy+-+ Such that 276, <E and 22,6 < &7 for k> 1.
Note that Ek < 1/6 In order to reduce our notation to that in [3]

we let E =Y, F* = X, and R* = T, Wow choose sequences (Tk)
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in L(X,Y), (x.) in X, and (f,) in ECY™ satisfying

(a) T, =T
) ITerd > It =& %, I =1
(e) £.(Texy) 2 NTpexll - £,° , Il =

(a) Ty X = Tpx + &kfk(Tkx)Tkxk,

Note that in contrast to [3] we cannot require that f (Tkxk)

=T ka in (c) because of the restrictive condition f, € E, The
additional Ek , however, decreases so rapidly that the following
argument remains unaltered, Repeating along the lines the proof

in [3] (with the same auxiliary 1neqpallt1es (8) - (11)) we obtain
1lim Ty = T, HT - TlI€¢, and IfJ(Txk)l ‘ ITH - 4, for k> j, where
53 = 6&J + 253_12. Each T has a pre-adjoint R, in L(E,E) since
fkeE. The adjoint operators form a close@ subspace, so T = R*
for some §<EL(E,F). Clearly IR - RIISE anda R* attains its norm
on every weak™ 1limit point of the sequence (xk).

REFERENCES

1, JOHISON J. and WOLFE J. "Vorm attaining operators", Studia
Math, 65 (1979), 1-19.

2. JOHNSON J. and WOLFE J. "An operator T: LY[0,1] —> C(S),
compact metric, which cannot be approximated by a norm attain-
ing operator", Abstracts of Ifath, Papers 2,1 (1981), 582-583,

3., LINDENSTRAUSS J. "On operators which attain their norm",Israel
J. ¥ath, 1 (1963), 139-148,

4, RYFF J. V., "A comparison of weak and strong continuity", Studia
NMath, 22 (1962), 85-89,

5. UHL J. J. "Norm attaining operators on L [0,1] and the Radon-
Nikodym property", Pacific J. Math. 63 (1976), 293-300,

INSTITUTE OF MATHEMATICS
TECHNICAL UNIVERSITY OF WROCEAW
50-370 WROCLAW,POLAND



