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ON TWO PROBLEMS OF MICE

A.Pultr and J.0lehla

Abstract: This paper deals with two problems concerning the be-
haviour of mice /finite automata/ in environments. First of them was

formulated by M.S.Paterson U[FCT Computing Problem Bookl . The ques-
tion was whether one can design a pair  of mice, each of them

equipped with two pebbles, such that if they are dropped in the
plane in different times and in different places they will eventual-
ly find each other. We answer the question in the affirmative. Ve
will give here a short informal descriotion of the solution. Longer
and more rigorous treatment will appear in [Pultr/ﬁlehla] .

The second problem has become known as the "Mouse in the First
Octant Problem"., It was formulated by L.Budach [FCT Computing Prob-
lem Bockdl . /Cf. also LKarpinski/van FEmde Boas] ./ The problem asks
to describe behaviours of very simple mice in a non-homogeneous en-
vironment. The environment is a cone which arises from the first oc-~
tant of squa%%nqghper by glueing the diagonal and the x-axis to-
gether. /One has to stretch the x-axis first to match the lattice
points on both sides./ There arises a kind of singu}arity along the
gloeing and it seems to be the reason why the behaviour is "hard"
predicable. We add few remarks to the discussion of the problem.

Acknoledgement: We are very indebted to M.Karpinski for making
us acquinted with the problems and for very valuable discussions.

Patérson s Problem
Mice with two pebbles: A mouse can be described as a bicolored
directed graph with /possibly/ labeled arrows. The vertices of a
graph correspond to imner states of a mouse. /See Fig.l./ A mouse
starts its life in some point of the planar lattice of points with

integer coordinates /the point a 1in our example/, it starts in the
initial state - O , and with two pebbles in its pocket. It looks
whether there is a pebble lying on the same point and it follows the
instruction along the dotted arrow if there is a pebble and along
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Fig.l. An example of a Jﬁse with
two pebbles and its trajectory. . . . .

the full arrow if there is not a pzbble. In our example the mouse
deposits /D/ a pebble on the point a , moves a step east /E/ and
enters the state 1 . In each next step it again looks whether there
is a pebble or not and according to the information it /possibly/
handles the pebbles, and /possibly/ moves, and enters a new state.
In our example the mouse continues: It moves south /S/ and enters
the state 2 , it deposits its second pebble in the point ¢ and
moves north /N/ and west /W/. Then it is again in the point a , now
in the state 4 , and it finds a pebble there. So it follows a
dotted arrow, that is, it picks /P/ a pebble, moves east and enters
the state 5 . A wouse continues moving unless there hapens to be no
correct /dotted or full/ arrow orescribing next step. In this case a
mouse halts.
Paterson s problem: The problem asks whether there is a pair of

mice such that

if they are started arbitrarily and independently in time and space

they will eventually meet each other.

Why Jjust 2,2 pebbles? It seems to be general /among mousy the-
orists/ knoledge that one can fool any pair of mice one having less
then 2 pebbles and the other less then 3 pebbles. That is, one can
put them in different places in the plane in such a way that they
will never meet. /There is no need to use different times as well./
On the other side if a mouse has 3 pebbles it can simulate Turing
machine, and hence find its friend sitting idly where it was droppéd.
/Note that because of the time difference the active member of the
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team has not only to search the plane but it has to visit each point
agaln and again./

Partner s vebbles: Now we have a crowd of two mice and four
pebbles moving around the plane. So a mouse can meets its own
pebbles, the other mouse and the other mouse s pebbles. A mouse can
by no means react to the meating with the other one. /Only we as
outside observers will recognize that they met and solved the task./

But we can adoot at least two conventions concerning the partner s
pebbles. Either a mouse react to a partners's pebble in the same way
as to its own vebble /dotted arrow/ or it ignores it /full arrow/.
The former case is more natural, the latter one is more easily solv-
able.

Ignorance of the partner s pebbles: In the case mice ignore the
partner s pebbles the question whether a pair of mice will always
meet can be translated into a question about their trajectories. A
trajectory of a mouse is a sequence /finite or infinite/ of its suc-
cessive positions in the plane when it was started in the point

(0,0) . Thus the trajectory of the mouse on the figure 1 starts:
£(0) (0,0)
(1 - Q,o0)
f(2)y = (1,-1
£(3 =(,0....
Now the rroblem can be reformulated to the guestion whether the
following holds:
/1/ if,e vtf)tgyvfyvg

tetg= 0 D It (rltere) v ve = glegrt) +v) ),

»

where f,g ranges over mousy trajectories

tf,tg,t ranges over N /nonnegative integers/

VesVgsV  Tanges over i /pairs of integers/ .
/1/ can be rewritten to
/2/ At,g Vig,ty,v (tftg‘: 0= Jt (fltpt) - g(tg‘-t)—‘- v)).
If g 1is mousy trajectory -g is mousy trajectory as well. Thus
/2/ is equivalent to

3 = = + + = ))
/3/ Aty Vig,t v (tftg o= Ft (r(tzt) g(tgwc) v
and /Z/ again can be rewritten to

- .2
/4/ 3f,g Veest, (tftgz 0 D [eltpr) g(tg*.)](N)- 7€) .

That is to say, that f + g covers the plane even under time

delays.
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Solution: Here we present a pair of mice A,B such that the
sum of corresponding trajectories f,g covers the plane under time
delays. /See Fig.2./

f + g: The figure 3 shows few examples of sums of f,g to con-

vince the reader that for any time delay /with tftg =0/, after

some initial mess lasting a time which is a quadratic function of

the time delay, a trajectory reaches the right lover corner /for
= 0 / or left lover corner /for tg = 0 / and then it stars to

fgéantxklockwise spiral.

g(l" ) g(zﬁ.) g(3+)

céé;

C >
£40) LDl Ty )
aO. ... i g.3. Sums of f,g under several time delays.
: ) . Open_problem: We use this left space
° ot to formulate a problem concerning the
( ; . o e space 1tself:
f(2+«. e o

Does there exists a pair of mousy

e o o o

trajectories such that they cover the
plane even under delays which fall into
this left space, that is if we do not
require one of the ¢t to be 0.

e o o o o o o o
« o o o o
e o o o

f’tg
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Further improvements: By modification of the above palr of mice
we can construct a pair of mice such that they will always eventual-
1y meet even if /some or all/ following conditions hold:

a/ They react to the partner s pebbles as to their own.

b/ They are not equipped with compasses, that is their moves
are prescribed by: forward, backward, left and right /referring to
the previous mcve/.

¢/ They do not know which paw is left, that is we can switch an
orientation of one of them.

Mouse_in the First Octant Problem
Definitions: In this part difficulty of the problem is created
by non-homogeneous environmwent. The mice world here will be the
first octant of the plannar lattice of points with Integer coordi-
nates:

Fo = {(x,y) ; 0sy<x?! .
Moyse in this part will be very simple. It is only a nonempty

sequence over N,E

M= vgVpeeeVpy_ g o
Where

N = (0, E =(1,0) .
The pnumbers 0,l,...,n-1 are called inner states. For a notational
convinience we put for arbitrary integer 1

Vi = Vi mod n °
A mouse creates its trajectory m in FO as follows:

/1/ m(0) = (1,0)

/2/ m(i+1) = w(4) + vy
unless m(i+l) defined by «/2/ does not lie in FO . In this case it
has tc lie on the disgonal, m(i*l) = (x,x) for some x , and we
put

/3/ w(i+1) = (x,0) .

Further we say in this case that a mwouse hitted the diagonal in the
time 141 , in the state (i+l) mod n , in the point x .

See figure 4 for the initial part of the trajectory of the
mouse FENENN . The mouse hits the diagonal for the first time in
time 5 , in state 0 =5 mod 5 and in the point 3 .

Formulation of the problem: Now the problem asks to deside for

a-given mouse and a distinguished state in it whether the mouse will
ever hit the diagonal in the distinguishe state, or to show that the

problem is in general undecidable.
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Fig.4. The trajectory . 19\ . . .
of the mouse FENENN .
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Notation, observations and a_convention: Let us denote a
vector a mouse walks from time i till time J wunless it hits the
diagonal: For integers 1,)} , 1<)

J-1
V(j’”=k§—:i Vi

We have immediatly
v(i,1+n) = v(3,3+n)
for any 1 and J . let us further denote
(b,a) = v(o,n) ,
the prejections
v = (v¥,vY)
and the depth from diagonal
D(v) = v¥X - v¥ ,
Thus a mouse hits the diagonal in time t 1f
D(w(t-1)+ v, ;) = 0.
We can now eliminate the case
asb.
As was already mentioned CKarpiﬁski/van Fmde Boas] in this case a

mouse can hit the diagonal only during the first period of its life.
Indeed, if we take time t , t >n , we have

D(w(t-1)+v¢_7) = D(w(t-n) + (v,a))
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unless a wmouse hitted the diagenal in some of the times t-n+4l,
t-n12,...,t-1 . But as falling down can only increase the depth we
have

D (m(t-1) + Vep) = D(m(t-n) + (b,a)) .

Now since D dis linear and m(t-n) 1lies in the FO /hence
D(w(t-n)) > 0 / and D(b,a) = b-a 20 /if a< b /, we obtain
D(w(t-n) + (b,a)) > 0.
Hence cur mcuse will not hit the diagonél in any time t , t =n.
So we can easily decide any mouse with a < b ; therefore we
restrigot our attention to the mice with
a’hb
in the following. Finally let us put
c = a-b.
A step nearer: Because of the importance of hitting the diag-
onal we should watch a depth of a mouse from the diagonal: If a
mouse 1s In the time i1 in depth d it is not important to watch
its behaviour in deeper positions but it is important to know the
time - N(i) , when it emerge in the depth d-1 - a step nearer to
the diagonal. More formally we put for an integer 1 '
N(i) = min {3 >1 ; D(v(i,3)) = -1} .
Figure 5 shows a part of the mapping N for the mouse NENNENNNE .

3
Fig.5. The mouse NENNENNNE , the graph of the
function N(i) mod n and a part of the 12
graoh of the function N . ];
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Corectness and basic properties of N @
A.Provosition: /1/ N is total
/e/ i< N({{)< i+n
/3 i€ 3< N1 S N € Nd)
/4/ WN(i+p) = N(1) * n .
roof: We have
p(v(i,i) = o
plv(1,3+1) = plv(i, ) + plvy) = p(v(i,) £ 1
p(v(i,#+n)) = D(b,a)= b-a< 0
which give /1/ and /2/ . 7f we take 1 < J< N{) we have
-1 = p(v(i,N(1) = bp(v(,3) + D(v(I,N(1) .

We also have

p(v(i,3)) > 0.

Hence

p(v(3,N()) < o©
and we will get /Z/ in the same way as /2/. The fourth line follows
immediatly frcom equalities

Now we can study a seguence
i
po= 0, p; = N(0), py = NN(0),..., Py= N (0),... .
f
Let us further denote/an integer uniquely determined by

pf—l <n&<g of .
Then we have:

B.Proposition: pg = n € {pg,PyseeesPr_1} -

Proof: If it is not so, we have a unique k awong 0,1,...,f-1
with

Df_1< pk+n<Pf<Pk*1+ n
and

N(nf_l) = p, and N(pk+n) = Py ¥ D
which contradict proposition A. %
So pf-n equals to, say, og and the preceding two lemmas
leads that the sequence pgy,Py,Pgy... CaN be written:
Pp< P < «o0 < Pg-1 < Pg < Pgy1 <eee < Pp < NS pg+D <
<p?+4+ N< vee <p€_4-t n<2nsp}+ 2n ...
Now we can count down the length of cycle pg,pg 1se-+sPg1 because
-c = D(b,a) = D(v(pg,pg +n) = D(v(pg,pg+1» + D(v(pg~l’pg+2)) +
t oo+ D(v(Pp_gsPp )= F1H -1 oo+ -1
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Thus we can name

Pg = 90> Pgal = 912v-» Pl = -1 -
0gsQ1s+++Q._7 are called essential states. /cf. [Karpinski/van
Emde Boas) ./

Note also that if a distingulshed state is not an essenial one
we can easily decide whether a mouse will ever hit the diagonal in

it. Indeed, it will either appear among po,pl,...,pg 1 during the
first veriod of mouse life or the mouse will never hit the diagonal
in it, because it is not nearer to the diagonal than immediately
preceding essential state. Thus we can assume in the following that
our distinguished state will be among essential states.

Esential states:

C.Provosition: If a mwouse is sitting in a point X,y in an
essential state ay it will next hit the diagonal in the state

9 = 9(34x-y) mod ¢
in the voint
¥=1x+ ((x-y) over c¢) % b + vx(qi,qj) ,

where we extend v for a3 < qJ by

V(stQJ) = V(Qj:QJ*n) .
/These formulae are small generalizations of very similar ones
in [Karpinski/van Ewmde Boas] ./

Proof: The depth of x,y 1is x - y . A mouse has to decrease

its depth by x - y to reach the diagonal., Each transition to a new
essential state decreases the depth of the mouse by 1 . Thus

- W=D gy =
U= ) = Ugnyy mod ¢

Performing x - y transitions between its essential states the mouse
will run through

(x-y) over c
full periods, each adding b to the x-coordinate of the wouse. Then
there remains

(x-y) mod ¢
transitions from the state qy to the state ay adding the final
x
v¥(a;,a4)
to the x-cocrdinate. %

Thus a mouse is essentially described by giving a non-empty sequence

of vectors
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v(ag,91)sv(a35a5) 5+ 5vla,_gsa,_1)rv(a,_q50)
from J(x,x + D} . It is not described totally in this way because
we do not know in which point a mouse will appear in a state

9%
for the first time. On the other side we see easily that this ques-
tion depends only upon v »V sesesV sV sV seeesV . We

Ao_y’ 9o_1*1 n-1""0""'1 q

describe the possible first appearences of a9 by the following two
lemmas.

D.Lemma: If v(qc_l,qo) = (r,r+l) and m(qy) = (x,y) then

x<r,
unless r = 0 in which case x=1.
Proof: If r =0 then a ,=c-1 and q,= O . Thus m(q0)=
- (1,0) .
Jf r> 0 then v = E . Hence

%e-1

VX(O,nO) = vx(ac_l,oo) - vx(qc_l,O)sr -1
and finally
x€1lU +(r-1)=1r. %

E.Lemma: For arbitrary non-negative integers UgsUpseessVs_y

and for any x,y such that

> = <
uc-l 0 =50 y<x(uc

u,_,= 0 (x,y) = 1,0

-1

there exists a mouse with
v(ay,a4,1) = (uj,u1+1) for 1= 0,1,...,c-2

v(9,_109) = (Uy_ys9,_3*1)

m(ag) = (x,¥) .
Proof: If x=1, we will put rq=0.If x>1 and y =0,

we will put ﬂ
.
= =L, = = - \
Vo = VTe Voo E  /(x-1) times/ 1
- - - - )
V1T VyT eeeTVoy o N /x times/ ’
- ] g
rg = 2x-1 . < 2
If x>1 and y->O0 then we will put w-1
VoSVyTeee =V, o g " E /(x-y) times/

Vgoy = Vyoyal™ ** = Vox oy = N /(x-y+1) times/

Vox-2y+l > Vox-2ys2 = e+ “Vox_y-1 = B /(y-1) times/
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Vox-y = Vox-ysl= e+- =Voyx 1 = N /y. times/ (////

rg = 2x .
Adding no more information here we can see that H 7

wlry) = Gx,v) . ""-‘?_-4'

-

% -

/r's are candidates for q s./ In the first case it is obvious. In
the second one mouse starts moving x - 1 steps east reaching the
rvoint (x,0) then it moves x steps north; hits the diagonal in
time 2x - 1 and falls down to be again in the point (x,0) 1in
time 2x - 1 . In the third case 1t starts as in the second one
/with x changed to x-y 1 / and reaches the point (x-y+1,0) after
2x-2y+1 steps. Then it continues by y - 1 steps to the voint
(x,0) and it adds finally y steps north to reach (x,y) in time
2x .

We continue by putting

rj=r:l_1 + 2“1-1 +1

for i =1,2,...,c -1 3 and

ces =V =E /u, times/
1 r1+1 q-&ui-l i

Vreuy vri’uj*]_=... *Vpgeouy T N /(ug*1) times/

for 1= 0,1,...,c -2 . Now there remains to define moves between

r and n-1 . We out
c-1

v = Vv = .0 BYV =E /(u, ,-x+1) times/
Teol re_qtl Te-1*Yc1~% c-1

v _ =v =..0%v. 1= N/ u, j4x-ry tim./
To_1+Ye1 x4+l rc_1+uc_1-x+2 n-1 c-1 0

It remains to prove that
N(ry) = ry4; for 1=0,1...,c-2
which 1s evident, and
Nr, ) =ry+ n.
To prove the last equation we start with the case x =1 . Then we
have

Uo_1 - x+1-= uc_i

and Uo_1+ X = Tg = u, ;+l

= = = WU,
and N(rc_l) r,y+®,;+l=n=ry+n, “.ca

°

If further x>1 and y = 0 we have ;j | A

U, 1+ X-Tqg=1U -x +1 24 R

c-1 0 c-1 n, . *;:1;
and N(rc~l) =T+ n. waH e
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If fipally x >1 and y >1 we have

Yoy ¥ X - Tp = Up i X -
and again N(rc_l) =Ty+ n. . -
2 number theoretical problems: We say that a mapping~—r~?::; ®
';I \ \
4

P 72 —s 22 « &

is a mousy mapping 1f there exists a non-empty sequence uo,ul,...

ceesUs g of non-negative integers and

(kf(x,q))x = x+(xover c) # b+ r(q,(x + q) mod ¢) ,
((f(xm))y = (x + q) mod ¢

where c-1
b= = u
1=0 1
and for 0 i,j<c
j=-1
r(i,3) = Uy if 1<
k=1
i-1
r(i,3) = b - = u, if i>9.
k=]

Problem 1l: For a given mousy mapping (f and a given integer
s, 0=<s<c, decide

x>0 (¢*@,00¥=35s .
Problem 2: For a given mousy mapping (P and a given integer
s, 0<s<c, and a given positive integer x decide

Ik >0 (¢¥(x,0)Y =s .

It easily follows from the preceding discussion that the Prob-
lem 1 can be translated into the Mouse in the First Octant Problem
and the Mouse in the First Octant Problem can be translated into the
Problem 2. We have tried to describe the position of the Mouse in
the First Octant Problem between the Problem 1 and the Problem 2 by

studying where a wouse can appear in an essential state / 9% / for

the first time. 1t has been claimed [Karpiﬁski/van Emde Boasd the

Problem 1 is equivalent to the Mouse in the First Octant Problem. We
do not see any evidence of it.

Now we prove that two special cases of the Problem 2 are solv-
able-.

The case c¢ divides b : ILet (f be a mousy mapping with ¢
divides b . Let us put

(xj’uj) = ((i(xopqo) ’

where x ,g are arbitrary. Then the sequence
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(xo mod c,qo) , (xl mod c,ql),

is ultimately periodic. Hence also

RIERERLLTERE
is vltimately reriodic. Moreover the length of the period is shorter
than or equal to c® and the first full period has to appear among

ks

first c"3 items of the sequence. This holds becouse of the follow-
ing easy oroposition:

F.Proposition: If c¢ divides b then

(¢(x,0)) * mod ¢ =(x mod ¢ + r(a, (x mod ¢ + q) mod c)) med ¢
(¢Ga)Y = (x mod ¢+ q) mod c .
Proof:
(000 = (x +a) med e = (xpod ¢ + ) mod c .
And similarly
((f(x,/cp\=(x +(x over c)* b+... Jmod ¢ =
=5 (x mod ¢c+...)mod c . %
Thus we have a function
# rcxc —>cxc
where c= {0,1,,005c -1}
such that for any i
(X1+1 mod C’Qj.._l) = ’)V(Xj mod 0,q1) .
So we can deside this case.
The case c = 2 : We can moreover suppose c¢ does not divide
otherwise we can use the preceding paragraph . Let (p and (xi,qi)

be the same as in the preceding paragraph. We have only two essen-
tial states here and we will prove that both appear infinitely often

among q'S. We will use two lemmas which hold even if c # 2 .
G.lemma: If ¢ :devides Xy then

Xip1 = @ ¥ X4/b

d341 = O3

Proof: (tf(xj,aj))y=(xj+ q,) mod ¢ =
=(ijC+Qj)MC=Q1MC=q1 .
3
(q;(xi,qi)) = X4 + (x4 over ¢ )¥ b+ r(gy,q3) =
= x + xj/cv\'b=(c*xj +bsx1)/c=a*x1/c. %

H.lemma: If c¢ does not divide x4 then

qi*l * Qj .
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Proof:
(‘f(xi’qi))y‘ (xy + 94) mod c =(x1 mod ¢ + qq) mod ¢ # qy .%
Now we restrict our attention to ¢ =2 . In this case we watch the
maximal pover of 2 which devides Xy , say

py = max {k ; ok

divides x; § .
Now the precedir,two lemmas guarantees that if we take arbitrary 1

then
qi+pi+1 # ay -

Thus both essential states will-appear infinitely many times among
q’s.
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