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CAUCHY-KOWALEWSKI THEOREMS IN
CLIFFORD ANALYSIS : A SURVEY

F.Brackx, R. Delanghe, F. Sommen(*)

1. Introduction

Along with the theory of holomorphic functions of several
complex variables, other directions have been followed to construct
function theories in higher dimension. In particular we think of
quaternionic analysis set up by Moisil-Theodorescu [ 11] and Fueter
[6] . It was also Fueter who introduced the generalized Cauchy-
Riemann operator in the framework of Clifford algebra (see [7] ),
an idea which was taken up again by Iftimie [10] , Hestenes [9] and
Delanghe [4,5] in the late sixties.

Meanwhile this theory has grown out to a rather vast domain
called Clifford analysis. The progress made by the Ghent school
in the last four years was brought together into book-form (see
[11).

Within the scope of this paper it is of course impossible to
give an overview of all results obtained, but nevertheless the
Cauchy-Kowalewski Theorems dealt with, will give a rather nice
impression of what Clifford-analysis looks like, how it has indeed
fulfilled the initial aim of generalizing holomorphic function theo-
ry in one variable and of refining the theory of harmonic functions,
and how it creates an opening towards differential geometry and

mathematical physics, as recently elaborated by Sommen in [ 15, 16 ]

2. Clifford algebra

Constructed in 1878 by Clifford in an attempt to combine the
properties of the Grasmann algebra and Hamilton's quaternion algebra
into a single geometric algebra, the so-called Clifford algebra was
not used in physics until just before 1930.

The way Clifford algebra is briefly introduced here is rather
constructive, as contrasted with other possible approaches [2,3,12]

(*) The third author is a Senior Research Assistant supported by
N.F.W.0.(National Fund for Scientific Research) - Belgium
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wnich are mostly formal algebra ; moreover we confine ourselves to
the special Clifford algebra which is used in the sequel.

Let V be an n-dimensional real (resp.complex) vector space with
a bilinear form (vliw), v, w € V and an associated orthonormal basis
(e1, €+ en) such that

(ei|ej)=0 if i#j
(ei|ei)=-l, i=1,...,n.

Then consider the 2"-dimensional real (resp. complex) vector space
A (resp. AC) with basis

{eA=eh1.__hr : A=thy,..., h .} € P{1,...,n}:1<h <...<h <n},

€y being written as e, Or 1. An arbitrary element of A(resp.AC)

is then written as

a = ; epdp» ) €R (resp.aA € C).

Now a product may be defined on A by the rule

eAeB.;(_})#(AnB) (-1 )p(A’B)eAAB

where p(A,B)= | p(A,j), p(A,j)=#{i€A, i>j}, the sets A,B and AAB
jEB

being ordered in the prescribed way.

It follows at once from this multiplication rule that
(1) e, is the identity element;
(ii) e.e.te.e.=-26..
! ji ij
(ii1)if h1<h2<...<\hr then e, . ho**®h ®h. . ..h_°
1 2 T 1 T

h
It is an easy matter now to check that in this way A(resp.AC)
is turned into a linear, associative but non-commutative algebra,
called the real(resp.complex) universal Clifford algebra over V.
c 2" 2"
As A(resp.A”) is isomorphic to R™ (resp. €~ ) we may provide
it with the Euclidean norm

la| = <£I3A|2>1/2
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and it is easy to show that
la.b| <2™Z|a|.|b|, a,b € A(resp.AS).

Hence A(resp.AC) is a Banach algebra for the Clifford norm

[a]=2n/2|a|.

3. Monogenic functions
Clifford analysis is developed within the following framework.

On the one hand we have the Euclidean space Rm+1, the points of

which are denoted alternatively by
x=(x, Xypeee,x )=(x,X),

X laying in the hyperplane x,=0 which is identified with R™. By

R§+1 we mean R™ N {0}.

On the other hand we have the Clifford algebra A, its space of
1-vectors A1=sp{ei: i=1,...,n} having dimension n; it is assumed
that m<n.

m+1

> m
For x € R , X € R we put

m__
X= 2 e.X.=X -X.

= . m+1 m
By Q(resp.f) we always denote an open set in R (resp.R7).

The functions under consideration are of the form
f:02A, x»f(x)= ; e fo(x), £,:0°R.

Introducing the generalized Cauchy-Riemann operator
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and its conjugate

D=

=]
|
Q
|
®
1
w]

monogenic functions are defined as follows.

Definition 1. A function £ € Cl(Q;A) is left (resp.right) mono-
genic 'in @ if and anly if Df=0 (resp. fD=0) in Q.

The space of all left monogenic functions in Q is denoted by M(Q;A);
it is a right A-module.

Now as DD=DD=Am+1eo
Laplacian) we have at once

(linearization of the (m+1)-dimensional

M(Q;A) € Harm(Q;A) C &(Q;A) C E(Q;A)

where Harm(Q;A),q(2;A) and E(Q;A) stand for the respective right
A-modules of A-valued harmonic, analytic and indefinitely differen-
tiable functions in Q.

Endowed with the topology of uniform compact convergence, M(Q;A)
becomes a right Fréchet A-module.

4. Taylor series expansion
To give some idea of how monogenic functions look like, we pay
attention to the local behaviour of a monogenic function. To that

end introduce the hypercomplex variables

Z,5X,€e -X €

0 TXg€ X080 2=1,...,m

and the homogeneous polynomials

v 1
2yl (X)= 1 ) z 1y
1 k k! MLy, k) Lyenely

where the sum runs over all distinguishable permutations of the
sequence (21,...,£k) € {1,...,m}k, which are clearly both left

and right monogenic in the whole of Rm+].
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Theorem 1. Let f be left monogenic in the open ball B(O,R).
Then

=)

£(x) = 3 v (x) 3. ... 8. £(0), 1)
k=0 (21,.2.,xk) Bpee 2y % 00

considered as a multiple power series, converges uniformly on com-
[
pact subsets of B(0,(vZ-1)R), while, bracketing terms together

o

f(x)= 7§ Pkf(x) (2)

with

P, f(x)= ) Y (x)9 ...9 f(0),
k (Bysenesty) L2y e, 0y

[}
converges uniformly on compact subsets of B(O,R).
Notice that in the special case where f is left monogenic in the
whole of R™! then both Taylor series (1) and (2) converge in

m+1

R

5. The Cauchy-Kowalewski Theorem in the complex case

If we compare the functions sinx and arctgx (x€R)then, both
being analytic in R, the Taylor series of sinXx at the origin
converges in R, while for arctgx the convergence only holds in
1-1,11 . The very reason for this fact lays of course in the
complex plane where sinx' is holomorphic in € with a Taylor series
expansion at the origin converging in €, while the Taylor series
of arctgx at the origin converges only in the unit disk, due to
the poles at i and -i. So we see that the behaviour of real-analy-
tic functions on the real axis is in fact governed by their holo-

morphic extensions in the complex plane. This is the contents of
the so-called Cauchy-Kowalewski Theorem for holomorphic functions:

if £(z) is holomorphic in QCC with G=QNR#$ then the restriction
of f to @ is a complex-valued analytic function in Q; conversely

if T is analytic in Bcr open, then there exists an open neighbour-
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hood @ of & in € and a holomorphic function f in @ such that %=f|§.
We shall see in the next section that the same goes through for

monogenic functions in Rm+1 versus analytic functions in Rr™.
6. The Cauchy-Kowalewski Theorem in Clifford analysis

As an immediate consequence of the Taylor series expansion of

a monogenic function (see section 4) we have

Proposition 1. Let f € M(Q;A) and Qﬂ{xo=0}=§¢¢; then f=f|5€4(§;A).

As to the converse we first need the following definition.

Definition 2. The open set Q in Rm+1 is called an xo—normal open
neighbourhood of 5CRm if for each x€Q the line segment

>
{X+teo}ﬂn is connected and contains just one point of Q.

Theorem 2(Cauchy-Kowalewski). Let t ECX(a;A); then there exist a
maximal xo-normal open neighbourhood @ of % and a unique function
f € M(2;A) such that £(0+X)=f(X).

This pair (f,R2) is called the C-K-extension of T in 9. It is imme-
diately clear that, given @ and f, two problems have to be solved
for determining the C-K-extension: both the maximal region Q and
the function f have to be found. And, thinking of the complex case,
it is also clear that in general no complete solution to this pro-
blem can be given. Indeed, for sinx € A(R) we have as C-K-exten-
sion (sinx,€), while for arctgx € &(R) the C-K-extension is
(arctgz, €@ {iy:(y)>1}). Moreover if we substitute z for x in

X X2k+1

D7 sy, 1<t

arctgx=

ne~18

k=0

then the holomorphic extension

b k z2k+1
arctgz=k20(-1) T

is only obtained in the open unit disk, which is not maximal.
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However, for calculating the extension f of

61

t in the Clifford case

we have the disposal of the following formula.

Proposition 2. If T is analytic in GerR™

2k+1

©

)

k=0

-

L

f(x)= -1*D

T2k+1)T

is left monogenic in a neighbourhood Q of )
£(0+x)=£(X) in .

Further we would expect an analogous result
if series expansion is under consideration;

ly the case, but that in fact the region of

cally contracted, is shown in the following
First we introduce
Definition 3. Call
C O,ﬁ ={x € R™:|x. <R., j
7 (05R) Ix; <Ry, ]
and
1(O R) {x € Rm+1 x§+x
Clearly Cm+1(O,R)ﬁ{xo=0}=cm(O,R).
Theorem 3. Let f be analytic such that
-2 - bt 1 m m
f= 1 o 1 )
k=0 *° 11=1 2k=1

-
converges as a multiple power series in Cm(O,R).

s
K1

e~ 8

(
K=o \

converges uniformly on the compact subsets of Cm+1(0,2

then the function f given by

A; ?(2)]

+ R
in R™ ! and satisfies

as in the complex case
that this it not entire

convergence is dramati-

theorem.
=1, ,m}
<R%, j=1,..., m}
J
X X, A
21 Qk 21 .lk
Then
! ) ()
lk £1 lk
m/ZR) to a



62 F. BRACKX, R. DELANGHE, F. SOMMEN

left monogenic function f such that f|Cm(O,2 m/ZR)

It should be remarked that in section 8 better results will be ob-
tained as to the region of absolute convergence of the series (3)
then considered as a multiple power series. However this Theorem 3
has an interesting corollary.

Definition 4. If T is analytic in R™ such that its Taylor series at
the origin converges as a multiple power series in the whole of Rm,
then T is called entire-analytic, which is denoted by

m
fea, ,®R';A).
Corollary. If f is entire-analytic then its left C-K-extension f is
left monogenic in the whole of Rm+1.

This corollary enables us to define a product of monogenic func-
tions which is not at all trivial since, due to the non-commutativi-
ty of the multiplication in A, the pointwise product of two (left)

monogenic functions is not necessarily (left) monogenic anymore.

Let f and g be left monogenic in Rm+1; then ¥=f|mm and §=g|mm are
entire-analytic in R™ and so is ?.E; the left C-K-extension of

%.E, which is left monogenic in Rm+1, is by definition the C-K-pro-
duct of f and g, denoted by f@Lg.

This C-K-product enjoys the following properties:
(i) It is associative.

(ii) If (£]R™). (g|R™=(g|R™) . (£|R™) then £, g=g0, £.

(iii)10f=£0 1=£.

(iv) M((Rm+1 A) ® is a real algebra.

>7L
In illustration of this C-K-product let us give a few examples.
The C-K- exten51on of X5 (i=1,...,m) is z;=x, e —xoel, the C-K-exten-
sion of X;%; is 2,(2 zJ+sz Jif i#j or 2] if i=j ; this implies

that

@ =7.© =V. (x if 1#j
zZ. 125725 R% 3 1J( ) i J
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The left and right C-K-product of z; and zj coincide and moreover
it is commutative ; so we arrive at
n n
z, ©...z2, =z 1©...z Men t...n 1V (x)
4 zk 1 m 1 m 21...2

where n, stands for the number of times that i appears in
(21,...2k).

With an analogous meaning for ni we also have

[m iy
\4 oV = 1. WV
R N PREEE P 1 1\ ny /1 Lyeeely Sq.u.s

w= s

A second application of the Cauchy-Kowalewski extension theorem is
the construction of elementary functions, especially the exponen-
tial functions which are used in defining Fourier and generalized
Laplace transforms in a Clifford setting (see [1, 13, 141 ).

. > m > m . .
First for t € R* and x € R define for j=1,...,m

exp(t.x.e.)=e cos(t.x.)+te.sin(t.x.
p(t;x e )=e cos(t;x;) (t5%,)

(O

J
thke
J ]

[}
e~ 8

1

1

ko K!
which are entire-analytic in R™. Their left C-K-extensions are

then the functions exp(tjzjej) given by

1 Lk kK .
exp(t.z.e.)= — t.z.e. =1,...,m),
pltyzje)= 1 T %25 (G m)

which are left monogenic in Rm+1

Next we define the entire-analytic function in Rr™

-> - m
E(t,x)= .0, exp(t.x.e.
(t,x)= ;I exp(t;x;e)

J= j
k1 k
E 1 “1 ...tmm k1 km k1 m
- T T 1 7T X ee o X e e
k=0 k1+.__+km=k k1!--.km! 1 m 1 n

yielding as left C-K-extension the so-called exponential function

E(T,x)=
j

[ =R=1

xp(t.z.e.
1@Le p( J ] J)

63
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© k1 km 1 kn
= t, ...tV (x)eq...e
c - 1 m J...1...m...m 1 m
k=0 k1+...+k k R—F?a -—f;~

which is left monogenic in Rm+1.

Observe that in the particular case where m=1 the functions
E—)—)_ _ .
(t,x)—exp(t1x1e])—eocos(t1x1)+e151n(t1x1)

and

N
E(t,x)=exp(t1Z1e1)=exp(t1(x1eo-xoe1)e1)

itz

ITX and e , t€R,xER,zEC respectively.

may be identified with e~

7. The Cauchy-Kowalewski Theorem on an anlytic surface

Let  be an analytic m-dimensional surface in Rm+1 and let
g be an A-valued analytic function in I. The problem now is to find
a left monogenic function f in a certain neighbourhood of I such
that f|r=g.

This problem is solved by a Cauchy-Kowalewski type theorem,
but first we introduce some notions and notations.

For p € £ we denote by (No(p),..., Nm(p)) the components of the
unit normal vector to I at the point p ; we also put

m
N(p)= } N (p)e;-
i=0
Definition 5. An open neighbourhood w of I is called normal with
respect to & if the following conditiens are satisfied

(1) for every x € w there exist unique Py € I and n € R

such that x = px+an(px);
(ii) Py and n  are both C_-functions in w;
(iii) for every x € w, the-line segment

{p *AN(p,):0<A sgn n < In |}
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is contained in w.

Definition 6. An A-valued C_-function f in w is called projective if
it satisfies f(x)=f(px) for all x € w.

m
The unit normal vector field being N= J Niei’ we put
i=0

m
N=<N,V>= ) Niax . Furthermore in w we introduce the Cauchy-Riemann
i=0 i ’

9
operators associated with &

F0=ND—BN

-1 =1 - -
P 1 8 T D =k On T T 3p) s k=152,

Theorem 4. Let g be analytic in I. Then there exists a unique left
monogenic function f in a maximal normal open neighbourhood w of
I such that f|z=g.

This extension f is called the Cauchy-Kowalewski extension of g.

Now it is possible to give a structure formula for the C-K-extension
f of g, which is made explicit in the special cases where
£=R" and z=s".

Indeed, if f is analytic in w then f can be developed into a unique
series of the form

S ok
f(x)= n_ £, (x),
kZO x k

the functions fk’ k € N, being projective, converging absolutely in
a maximal open neighbourhood of I depending upon f and the analytici-

ty of .

Introducing a local coordinate system (n,6) in w, given by

(n,8) (x)=(n,,6(p,J)),

® being a local coordinate system in I, the above expansion then
reads

©

£(x)= § nfg (0).
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Now if moreover f is assumed to be left monogenic in w, then it may
be proved that

g e e

£,(0)= 0, (8), k=1,2

where the differential operators @,, k € N , are polynomials in
k o
Tos Tyoeees Ty
This means that if f is the C-K-extension in w of the analytic func-
tion g in I, then

k

f(x)= n ®kg(e).

-
e~ 8
o

In the case where I=R™ we obtain that

K
N CAD)
ok Trr (079 )

k

leading to the formula already obtained in Proposition 2.

In the case of the unit sphere z=S™ we have that

Gk ) (_1?k ki1 S Fk_z
k! 220 k,2
where
sk’2= . ) B Jpeeedgs 3571 eees ke
Ji<".\JJL

and T is the spherical Cauchy-Riemann operator given by

m
r=wd , 3= y —1 28
w w J=1 _3_11)_‘2 J ]
36
m m
with w= ) wier= ] e, X e "
i=0 i=0 ! Tx

and Sj, j=1,...,m the angular spherical coordinates.

8. The convergence problem optimally solved

Now let us come back to the convergence problem for the ex-
. . . . . . m
pansion of the C-K-extension of a given analytic function in g c r™.
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In [ 8] Hayman proved that a harmonic function, and a fortiori a ho-
lomorphic function in the open unit disk, which of course has an
analytic restriction to ]-1,1[ C R, admits a multiple Taylor series
expansion about the origin converging absolutely in the Square
[(x,y) € R%:1xl +1yl <1},

This result is now generalized to monogenic functions in the follo-
wing sense:taking an analytic function T the multiple Taylor series
of which converges absolutely in a domain of Rm, we look for the
optimal domain in Rm+1 where the multiple Taylor series of the mono-
genic extension of t converges absolutely. To this end we define

a hypercomplex version of the Radon transform

P:0"(B(0,1)~0(B(0,1))
given by

_ 1
P(T) (U)— <TC’ 1‘uC >s

where 0(B(0,1)) stands for the space of holomorphic functions in the
open unit disk and 0'(B(0,1)) for the space of continuous linear
functionals on 0(B(0,1)= lim ind 0(B(0,1+€g)).

e>0

The kernel function for this generalized Radon transform is

1"<ﬁ,z>"uoz hot > > ->_k
P(u,g)=—— 5 T I (<u,c>e -u 1)
(1-<u,z>) +u2 z z. k=0
o .t j
j=1
- m+ 1 m - m
where for u=u_+u € R and (c1,...,§m) €€, ¢= .z eij and
i=1
-> > m
<u,g>= ) u.g
j=1 J7)

This kernel is holomorphic in the variable Z and monogenic in the
variable u in the region (Rm+1xmm)\s, where S is the set of zeros of

the denominator.
*
Now let @ be one of the following three domains of holomorphy inC":
AR)=(T € Cm:lch<Rj>

~ > - m
A(R)={Z € cm:_g

R.lg.I<1}
j=1 J Z;J
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* > N m
B (0,R)={Z € €™ 71 %= § 1c.1 %<Rr?);
=1
with each of those domains we make correspond an open region Q in
Rm+1 which is given respectively by
o m
T®)=(x e R™ix 1R+ ) Ryl xj1<1)

j=1

m

T@R)= .0, {x e R™ " x 1+ x.1<R.}
j=1 o i

* - ->
I (R 1)={x € Rm+1:lx0|+IxI<R}.

* _
Then, if 0 l)(Q*;AC) denotes the right AS-module of all continuous

left AS-linear functionals on
0, (@ ;A% = 1lim ind 0, (2" ;AC
; = im in ; s
(L) e>0 ®) € )

* —*
QE being an open e-neighbourhood of Q@ , the following isomorphism

may be proved.
* —% C
Theorem 5. Let T € 0(2)(9 ;A7) , then
-
P(T)(u)=<Tz,P(u,c)>

is left monogenic in @ and its multiple Taylor series expansion about
the origin converges absolutely in Q.

Conversely, if f is left monogenic in @ such that its multiple

Taylor series converges absolutely in @, then there exists

T e otl)(ﬁ*;Ac) such that P(T)=f.

This characterization of P(O*(ﬁ*;AC)) will now lead to an optimal
version of the Cauchy-Kowalewski extension theorem. Hereby notice

, *
that if ;(Z) is an AS-valued holomorphic function in @ , then its
*

> >
restriction f(x) is an AS-valued analytic function in est?

given

respectively by

AR, .={x € Rm:lx.|<Rj}=Cm(o,ﬁ)

[
[¢]
w
(ad

[

={x € R: ] lexj|<1}
C s

rest={§ e R™:| XI <R}.
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Next we have that the above cited regions 9 in Rm+1 are optimal with

respect to absolute convergence, meaning that for every u € Rm+1\9
there exists a left monogenic function f in @ such that the multiple
Taylor series expansion of f about the origin converges absolutely
in @ butnot in u.

Finally we obtain

Theorem 6. Let ?(Z) be an AS-valued holomorphic function in Q* and

> . c . C o b r P
let ?(x) be its A"-valued analytic restriction to Qrest' Then £(x)

admits a unique left monogenic extension f(x) to @, given by

X2k+1

, k = [X0 Keeoo]
f(X)- kZO (-1) D W)—‘ Amf(X)J.

[

The multiple Taylor series expansion of f about the origin converges

absolutely in @, which is optimal with respect to absolute conver-,

gence.
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