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A UNIVERSAL FÜNGTION FOR CONTINÜOUS FÜNCTIONS 

L.Bukovský and B*Butkoviöová *) 

In the descriptive set theory the codings of continuous 
functions play important role* Namely, the proof of so called 
Coding lemma (see [2] or [3] , p. 426) uses a special kind of such 
a ooding satisfying the Kleene recursion theorem* The olassloal 
construction of those oodings is based on the theory of reoursive 
functions* In this note we shall try to show that such oodings 
possesse many typical reoursive theoretic properties independently 
of their construction* 

Let JC denote the Baire spaoe ̂ 00 • If F is a function de­
fined on a set A9 X. x ••• xl and <x £ X. we denote by F^ the 
funotion with the domain 

defined by 

-ot( x2 M , # , xn' = ^v*!^ »••• t x
n) • 

Let X be a Polish spaoef U being a funotion defined on a 
subset A of Jlx X with values ±nJT0 U is said to be a univer­
sal funotion for continuous functions on X iff the following 
holds true: 

(1) the domain A =«$(U) is a Gg-subset of JTxX and U 

is continuous on A j 

(2) for every continuous funotion f from a Qg -subset of X 

into Jf there exists a oode c* * jf such that f = U^. 

Let us remark that the conditions (l) and (2) are stronger 

than (i) and (ii) of the theorem 7A*1 in £3]- P« 332* However, we 

need this strengthening in our investigations* 

A system {yi X Polish spaoe \ is called a universal system 

for continuous functions iff IT is a universal funotion for con­

tinuous functions on X for every Polish spaoe X • 

' A part of this note has been presented by the first author on the 
conference on Deskriptive Mengenlehre in Oberwolfaoh in January 1983* 
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One can easily oheok that the Kleene's system as described in 

Kit PP. 381-382 is a universal system* Moreover, this system pos­

sesses the s-property: 

(3) there exist continuous functions 

suoh that for each «eJr, x eX the following holds true 

(u***) - UT 

** 'x - " X,Y, 

The superscripts X,Y will be usually omitted# 
Analogously to the proof of the Rice theorem in the recursion 

theory (see \k\ or [l̂ » P» 102), we can prove 

Theorem 1 . Let \y§ X Polish space t be a universal system satis­
fying the s-property. Let f be a continuous function from aQ 5-

-subset A of X into Jf. Then the set C of codes of f 

C = -j^eJfj Tj£ = f \ 
contains a perfect subset. 
PROOF. Let D be a Q$ -subset of Jf suoh that Jf-D is not a 

Qj-set# Ve set 

P(x,y) B f(y) for xeD, y eAf 

undefined otherwise* 

Then P is a continuous function with a Q& -domain D x A c. Jf>\ X . 
Henoe there exists a code p> &Jfot P : 

F = u/*xX . 

By the definition of the function P we have 

j 

By the s -property we have 
xєD s P в f

 # 

<<"
X
)x - »Vx> • 

Thus 

x e 

l
#
e

# 

D = a^(C) = B^is^D)) . 
Since s is continuous, e&(D) is an analytic subset of C . 
Moreover, since D is not a Fg-set, f,(D) IS uncountable. There­

fore 8ft(D) S. C contains a perfect subset* 

q
#
e

#
d

# 

Similarly we can prove 

Theorem 2. Let \y$ X Polish space ̂  be a universal system satis­

fying the s-property
#
 Then there exists a continuous funotion o 

from JTKJT into Jf suoh that 
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Tr\, a Ѓ o D X 
»

X
(»..«J *i *г 

for any o< ^
 f
 <*

2
 e Ji . 

PROOF. Ve denote 

F(«
1f
oc

2f
x) a U (o^U^oc^x)) . 

Then F is continuous with a Q^ -domain. Henoe, there exists a 

oode O^QJT such that 

ғ = u^
Ж o c 

It suffioes to set 
X J&J/ZX 

° • •«* -
q.e.d. 

In the theory of recursive functions it is shown that all 

universal funotions are isomorphic in a certain sense. A similar 

result holds true in our case. 

Theorem 3» Let \\JT9 X Polish space J f \ v , X Polish space J be 

universal systems, \ v \ satisfying the s-property. Then there 

exists a system £f% X Polish space \ of continuous funotions such 

that 

V* = U* 
K V(ec) 

for each oc^jT, x Polish space. 

PROOF. Since v is a continuous function with a Q§ -domain, 

there exists a code (o£«/Tsuoh that 
> yX s - J ^ X 

The function 
> 

has the required property. 

q.e.d. 

If P is a pointolass in the sense of Y. Mosohovakis \jf\t ve 

oan introduce the notion of a universal funotion and a universal 

system for P -measurable funotions replacing the words "continuous11 

and "G*" by " P -measurable" and n/iJPm
9 However, the definition of 

the s-property remains as before. 

One oan easily formulate and prove similar results for univer­

sal systems for P -measurable funotions for a reasonable point-

class P (e.g. for a zl -pointolass). However, we were not suooes-

full in proving the existence of a universal system with the pro­

perty (1) in the general case. Actually, if the funotion XT' is 
defined as in [3"]> P« 382, then you oan immediately see that the 

graph of u is a Qg -set (in the general oase it is a A P-set). 
However, we need some kind of topological invarianoe to show that 
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the domain of IT is a Gg -set (a A P -set). In the continuous 

case it is a trivial oonsequenoo of the invarianoe of Gg -sets 

under homeomorphisms. 

Using the ideas of the proof of the good paramotrization lemma 

from [3*], pp# 183-185, we can easily construct a system \ y 9 X Po­

lish space \ of functions satisfying the property (2) for IE. ?-sets 

and the s-property* A suitable modification of the theorem 1 holds 

true for such a system, because the property (1) is not used in the 

proof of this theorem* As an example of possible generalizations, 

we shall formulate exactly this result* 

Theorem k. Let |e<*->.| be an ordinal, $ u , X Polish space\ being a 

system of S * -measurable function such that: 

{k) V^ is defined on a subset of JfxX with values in Jf t 

(5) if f is a Sr-measurable function from a TT«+4-subset 

of X into Jf, then there exists a code oce Ji suoh that f = Tj£ . 

Then for any 2l< -measurable function defined on a iL^-set, 

the set C s ̂ oceJ/f f = TT^v contains a perfect subset* 
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SUBSETS OF (ЬN VITHOUT AN INFIMUM IN RUDIN-FROLÍK ORDER 

Eva ButkoviÖová 

2*0 
Abstract. We prove the existence of a set of 2. ultrafilters 

incomparable in Rudin-Frollk order of (bN-N which is bounded from 

below and no its subset with more than one point has an infimum. 

§ 0. Introduction. In [2] we have constructed a Simon point in 

t3M-lM, i.e. a nonminimal ultrafilter in Rudin-Frollk order of 

(bN-N (shortly written RF) without an immediate predecessor. By 

a modification of this construction we shall prove 

THEOREM. There exists a set Q^ftN-N of mutually incomparable 

ultrafilters in RF such that 

1) IQI- **' , 

2) Q. is bounded from below, i.e. there is an ultraf ilter p 

such that p < <\ for each q € Q } 

3) for any subset A £-= Q., |A| > 1 the inf imum taf A does not 

exist. 

We use the technique of independent linked families deve­

loped by K.Kunen, his concept of the OK-point and some ideas from 

his proof of the existence of Zz ° distinct OK-points [-f]. 

The author is grateful to Lev Bukovsk^ for his useful dis­

cussions. 

§ 1. Preliminaries. We use the standard notation and terminology 

to be found e.g. in [l]1[*]>[5]. 

Recall that the type of an ultraf ilter p is the set T<p)=-
= {Qr€fi>N ; there exists a homeomorphism <A/ of (bN onto (bN such 

that Xcp)=(j,i#e# p » o } . 

If p e (bN t X = €*/-* i ™ e GJ) *s a countable discrete set of 

ultrafilters in (bN then 

2(X,p) - (A-̂ N; i«* j A exjep}, 
Conversely, if a G X then there exists a unique ultrafilter 

n(X.cj) such that 51 (X , jfHX.cj)) = <j, • 
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I f o, = .2.. ( X,p) f o r som c o u n t a b l d i s c r t s t X ---•/ЗiV, t h n 

p ^ Q i n R u d i n - F r o l í k o r d r o f u l t r a f i l t r s i n /ЗN л Let us r mark 

that for p ^ a , T Cp) = Tcp\<CCC|) =TCC|ł) w hav also p'^ cÇ , i . . 

the Rudin-Frolik order of (ЬH i s also an ord r of typ s of u l t ra-

f i l t r s . 

I f p e X п C У - У ) , V,Y b ing countabl discrete s ts, th n 

лcx.p) < acүíP). 
Лn ultrafilt r p has an imm diat pr decessor a in RF iff 

ther exists a countabl discr t s t X of minimal ultrafilters 

in RF such that p -= Z(X. q). 

If T is a filter th n У*is th dual id al. If G is a c n-

t red syst m of s ts th n (G ) d notes a filt r gen rated by this 

syst m. F refers to the Fréch t filt r. 

Definition 1.1. A s t of filt rs íf^,^ І^^WЄCJ) is stratified iff 

(1) th s t I ң,,**, i^ є
^} is discr t for ach ̂ e w , i. . 

th r xists a s t íA^^-^/V./W/ÉCO} satisfying A^^ß î ,tЛЏU and 

^^^A^'0 for ,W-Ѓ. 

(2) th filt r ř^ / / m / is in th closur of th s t 

{%њ+л л i"^Єc
^) ^

01
* ach /л/./>л/єco , i. . for each A e íГ ̂  th s t 

ÍÇw^i-r î A e ^ | Л > i s -Ьtf-Uiite. 

Definition 1.2. L t í^ i У W j/fц*tfv€Oł}b a s t r a t i f i d s t of f i l -

ters and C b i t s subs t . Ve d fin 

CCO) = C 

C(^) = U C((b) , if JL i s l imit, 

C « H ) = C W) u £ 5 ^ , ; ЗB É ?^|/w/ such that 

a n d C = U Cí<C) . 

Definition 1.3. L t íi£,|/w, |[/tt/łWéc.o} b a s t r a t i f i d s t of f i l -

ters . ¥ shall say that this s t sat isf i s th prop r ty (p) for 

th partition íľ>^\ ̂ eco} of CJ iff 

( 1 ) Дc o r co - IҲ; b l o n g s i n t o ^-v | / W f o r a c h •*/, •»*/ e c o 

(2) if C-t^.^iCЗч>€cjKD<єÇWf^)> and ^,< Ф Є th n 

th re xist s ts U^, <ć < L °. tí^ e. ÿ ^ such that for ach X/ЄCJ 

a n d a c h *Ą < * z < .. . < *z , U£Ą П 1AX П . . . 0 Ił^. Ґ\ Ъ± ±3 f i n i t . 

Th prop rty (P) i s d riv d from th Kun n 's definition of 

OK-point [-*]. 

Definition 1.4. Á s t of u l t ra f i l t rs t ^ | / n v j ̂ / ^ ^ C J ) i s call d 

v l l s trat if ied iff 

(1) it is stratifi d 

(2) it has th prop rty (P) for ach partition of 00 џ 
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Definition 1.5* A s t of ultrafilt rs {q _ ; ҐГV.SУ*, e CJ>) ІS called 

well stratified set with unJLform predecessor p iff 

(1) ( q ^ ^ j /Я/,/W6CJ} is a w ll stratifi d s t 

(2) Ü C X ^ , ^ ^ ) ^ for v ry ГУU^ЄCO^ X^= í ^ ^ i ' w Є C O
} -

Definition 1.6. du to K.Kunen [4]. Let T b a filt r on N , 

Г з F » A i Я N f or ach % e J . 

a ) Let 4^/*y<co# An ind x d f a m i l y ( A ^ ; I ^ З } i s pr c i s l y 

/x/-»link d w i t h r e s p c t to ( w . r . t . ) " i f f f o r a l l 

л r є C . l П П A . * Ғ * , but f o r a l l ^ e [ Л ] ^ \ Л A . 
i s f i n i t . Ł 

b) An ind x d f a m i l y í A л m / ; ^ є J . sru e co} i s a l l n k e d s y s -

t m w . r . t . T i f f f o r each ^ e c o ^ í A ^ ^ j ^ € j } i s pr c i s l y 

/.»г/-link d w . r . t . ř" and f o r each /n/ and ĵ , Л^^ң. --- A/»»/*v.м • 

c ) An index d f a m i l y ( A * • ^ є j . f e l . / r u є c o l 

i s a J by I ind pendent l i n k e d f a m i l y (ILF) w . r . t . F i f f f o r 

ach j € І , t A ^ j \ € J . .>v€co} i s a l i n k d system w . r . t . ř* and 
П ( Л A І ^ ) Ф Г * wh n v r *" € Ш < C 4 J 

/€лд, ' ţ Є ^ г / 

and f o r ach \ Є/tvc/, 4š*nvţ<co and ^ c € [ 3 ] * . 

K.Kunen [ 4 ] has prov d t h a t th r e x i s t s a 2°° by ^ 0 0 ind -

p nd n t l i n k d f a m i l y w . r . t . Fréch t f i l t r . 

§ 2 . A u x i l i a r y r s u l t s . I n t h i s par t w prov sora important 

lemmas. 

Lemma 2 . 1 . L t p b a minimal u l t r a f i l t e r i n RF and 

W " ( Я^гrru i '™iлn' € ^) b a w l l s t r a t i f i d s t of u l t r a f i l t e r s 

w i t h a uniform pr d c s s o r p . L t JD b a countabl d i s c r e t s e t 

of u l t r a f i l t r s . I f ^to.Jt * Ђ Ґ\W t h n c^kl Ф ì) . 

Proof . L t us c o n s i d r a countabl d i s c r t s t Ђ - { d^ \ XJ eco} 

such t h a t P л VX/ = ф (without l o s s of g n r a l i t y ) . Let 

(Ђ^ •. XJ єco} be a p a r t i t i o n of co such t h a t -D̂  ć öt*; . 

D n o t C = í ^ , ^ € W; (3»є CO)(2)І € ą ^ ^ ) } . 

Evid n t l y , i f ^^it 4 Č t h n ^ A ( * í J> a c c o r d i n g t o t h 
prop r t y ( P ) . 

C l a r l y , C(0) nJD = 0 # Ve proc d by i n d u c t i o n . L t 
C(£) n JD * ф and suppos C U н ) n î -* ф f І # . t h r x i s t s 

^A.-г e CC4+-0 such t h a t 0 , 4 ^ £ D A C(/>) П X ^ м •  

Th n ţ A i < ^ З D n C U l n J Г ^ u D л ( C U ) n X^+л ~ OU) ґ\ X^) U 

U C(^) n X ^ н Г. (JD - D) . 

Evid n t l y D n C í - c ì л ^ ^ u CU) П X^+4 П(Ђ~J» = 0 • 
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Assume that 

9fx^tJt G ^ n C C U ) n X^+* ~ CU) n X^) . 
Then we have Q(£) . q ^ ) < -Q ( X .^i , Q *,* ) . However} p is 
of the same type as Q CX.*,** , o ^ , ^ ) . This is a contradiction 
with the assumption that p is a minimal ultraf ilter. 

q#e.d. 

Lemma 2.2. Let W =• { o/^lym, \ /*v./»n/ e co } be a stratified set of 

ultraf ilters and C £ W. 

"* ^ ^ ^ e C - C M) then Cj,^ e CM) - C . 

Proof. We proceed by induction. It is evident that if 

*̂.,-« 6 C(^> " Ctl) then cj.̂ <, e CC>r) -C . 

Suppose that for each (b < cC , c^ Sl± e. C((b) - C(4) 

implies ^,<e e C (*) ~ C . Lot q ̂  ̂  G CC/) - ^^((3) > 

i#e. 9,̂  » £ CCoC-4)n X^^ • By the induction assumption we 

obtain ^AW/t4. e C(Y) - c for each <-̂ +,,.-s
 e C(-£-*) - C M ) . 

Then also q:& e CC-/) - C . 

q«e.d. 

Lemma 2.3* Let p ,cj. , ̂  G ftN-N , )U = {x.iv •, ^ e co} . >i/ = f f Z 

be discrete sets of ultraf ilters such that Q-CX^.a) = p and 

n-CX^.j^) = /^^. Then Q(X.-..^) = .2 ( Y . p) where 

Y " C 7 ^ i "*-' € ^ > • 

Lemma 2.4. Let W^ = { Q^irm, ; <™ , T e w } | /i/el be well stra­

tified sets of ultrafilters with a uniform predecessor p) p 

being a minimal ultraf ilter in RP. Then 

a) for each y < q e W.<; x J $ o there exists an immediate 

predecessor of A , 

b) if J < n « e V&V . >c/ £ I then there exists or > / such that 

/tr <q^ for each A/ e. I • 

Proof, a) Assume that 4 < q and j $ P • By Lemma 2.1 there exists 

a countable discrete set yc\^. such that Q = 2 (Y,/)- According 

to the property (P) the ultrafilter a belongs to Y • Since 

i^ P} °ir d o e s n°t belong into YH) • 

By Lemma 2.2 we have a € Y(l) - Y - Y(4) > this means that 

CL € Y(4) n ( Y - Y) - Y H ) . Hence .Q(YM), cj,) < j 

and £>.( Y(4) ,t|)*M. 

Using Lemma 2.3 there is a countable discrete set 

~ = I ̂ , j ̂  * p s "v e co} such that '̂ = Z(3,fl.(Y(>l), Q )). 

- is the set of minimal ultraf ilters therefore £L(Y(4) , a] 
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i s an immediate p r e d e c e s s o r o f JL . 

b) Let j be a p r e d e c e s s o r of Q^ , ^ e l , Then there e x i s t s 

Yc <-- VC/̂  such t h a t <j<; = S ( Y ^ . j ) . 

* * <̂ &.< = *i%, ^ Y ^ x t e l , ( A l ; ^ e c j } i s a p a r t i t i o n of CJ 

such t h a t A ^ € ^ , we d e f i n e Y ^ l H ^ ^ ; A X e < ^ | f c £ ^*,-f"fl-*-

C l e a r l y , q^ £ Y^ n ( Y/ - Y / > , i . e . ^ = .TX ( Y+ , rj ^ ) < H- ( Y* • <^i ) . 

Using Lemma 2 . 3 we s e e t h a t 

XKY^* ,^ ) » S(J».J ), a = ( ^ ; ^ * P J . 
Therefore, /> = Z ( U , -j) is a common predecessor of a^* and 

yb is greater than .V • 

q.e.d. 

§ 3. Proof of THEOREM. The assertion of THEOREM follows immedia­

tely from the f olio wing 

Theorem 3* 1 > For any minimal ultrafliter p there exists a well 

stratified set of ultrafilters with uniform predecessor p . 

Ve prove this theorem directly by a construction of a well 

stratified set. Because; the transfinite induction is quite simi­

lar to that in the construction of Simon point [2], we give a 

sketch of the proof, only. More precisely, we describe the first 

step of the induction. The rest is the same as in the above men­

tioned construction. 

Ve need the following simple lemma. 

Lemma 3.2. Let p be an ultraf ilter and { A ^ •. /w e co} be a par­

tition of co . Let x,„v be any ultraf ilter extending the filter 

i v̂ = ( f
r u { A / n / } ) ) ^ e a; and let Q be any ultraf ilter ex­

tending the filter <j = ( F U {U^ A 4 \ A e p } ) . 

If c^ e X , where X e (Jt^ i ̂ e w } , then -Q (X1 ̂ ) = p, 

i.e. ->(X,p) = <j, . 

The construction. The main difference between this construction 

and the construction of a Simon point ([2] - Prop. 2.1), is to 

guarantee that flCX^^ , ̂ ^ . ^ )** p • This can be obtained by 

Lemma 3*2 and the first step of the induction. 

Lot f A ^ J A « co . "£. J € Z°° ] be ILF w.r.t. F and 

f C <; * -t/ eco) i,e a partition of co into infinite sets. For each f , 

the system { A-^ j 1< Z^\ is almost disjoint. 

Set 34,^ ~ ^ -^^Ah ' 
Suppose J,^^ is defined for each ^»< co. 

Set £~+<,^ - B~(< n M ^ -\-><w^Y) i-* - « C ^ , 
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For each /n, e oo the sys tem i B/W//nt# j ̂ n/€co} i s p a i r w i s e d i s j o i n t . 

Let p^ be an u l t r a f i l t e r o f t h e same type a s p and C^ e p^., 

*-©* ^w^»v b e a f i l t e r g e n e r a t e d by 
F u { 2>„i/r», } u t U ^ 3 ^ M i - e •. A * p^ } f o r each •*•, ^ e co 
and T,, -= ^ - <u. 

The s e t { A ̂  •, j ^ 1 ^ , V Z^&tco) i s ILF w . r . t . Vj^^, 

f o r a i l .**/, .^>*v 6 cc? , 

q . e . d . 

One can easily check that by the Kunen's method used in the 

proof of Theorem 0.1 in [4] we obtain Z ** distinct stratified 

sets with the uniform predecessor p . 

i W/r j -C € Zz°° } are "distinct" well stratified sets 

whenever for each VC£ ; W^ , «6 ̂  /3 there exists a set A such that 

^ € ^̂ */*»v for each •.**,/w €OJ and CJ -A e ^̂ ,,-n, **or ©ach 

By [2] all ultrafliters from the set W* are Simon points 

and by Lemma 2.4 a) no predecessor of Q nVf^n/ can be a Simon point. 

Therefore, there exists a set Q. of 2** ° incomparable Simon 

points with the common predecessor p and without the greatest 

common predecessor (by Lemma 2.4 b)). By the same argument no sub­

set of Q has an infimum. 
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