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ON THE PRODUCTS OF QUANTUM LOGICS
SYLVIA PULMANNOVA

A definition of a product of quantum logics is formulated
and a comparison with the free orthodistributive product of
orthomodular ¢ -lattices is given.

A quantum logic is the couple (L,M) , where L is an or-
thomodular 6-lattice and M is a set of states (i.e. probabili-
ty measures ) on L , which is strong for L , i.e. the statement

fmeM:m@) =1} C{mecM " m(p) =1}
implies that a b , a,b€L . This notion was introduced by Gud-
der [4] . The physical interpretation of (L,M) is as follows.
The set L 1is interpreted as the set of all experimentally veri-
fiable propositions of a physical system(the " logic" of the sys-
tem ) , and M 1is the set of physical states. The requirement of
the existence of a strong set of states restricts the choice of
orthomodular O'-lattices suited for description of physical sys-
tems, there are orthomodular O’-lattices with no states(ﬁ]. We
shall also suppose the Jauch - Piron property, i.e.

mf{a;) =1 for all ieN iff m({,}uac)=l
for any mé€M. More details on quantum logicd can be found in [6)
and f9].

To describe a physical system which is composed of two other
systems, we need a kind of the product of quantum logics. In the
traditional approach to quantum theory, it is supposed that to
any physical system there is a Hilbert space (complex, separable,
with the dimension at least three ) . The set of propositions is
the lattice L(H) of all closed linear subspaces of H and sta-
tes are represented by the density operators. The joint physical
system consisting of two other systems is then described by the
tensor product of the Hilbert spaces of these two systems.

A product of orthomodular @ -lattices was defined in the fol-
lowing way [5). We recall that the elements a,b of an orthomodu-
lar lattice L are compatible (ae&db) if



232 SYLVIA PULMANNOVA
1
a=(@nbyvV@anp) .

Definition 1 . Let @ be a subcategory of
the category of orthomodular 6-lattices. Let {L ¢ fie Ij and L
be elements of C . Then (L, (ud)‘-,r) is a tensor product (or free
orthodistributive product) of thé L¢e's if
(i) u¢ :p; —®L are injections in & , i€I ,
Gi) _%{u‘- (L) generates L,
¢

(iii) for any at moust countable subset F of I ,

u, (a‘«\ =0 for a €L, iff at least one a; is zero,

~
CeF b

Gv) u; &acsé-)u‘-(a‘-) for any i,je€I , i%j

In the category of Hilbert space lattices, it was shown (1-) ,[5]
that: if H, , Hy are complex, separable, of the dimension at least
three, then there are exactly two (unequi\zalent) products, defined
by

(1) u,:nG,) 2 uE0H,)

P +» PO®H,
u, L@@, )~ (,@H,)
P —5 H®P
and
(i) u, n(y,) = u(E,®H,)
. Pea P @H,
u, L) = L(H,®H, )
P H,OP
where H‘(D H, is the tensor product of Hilbert spaces H, and Hy ,
and H is the dual of H .

In the case of real Hilbert spaces there is exactly one product
defined by (i) .

We shall introduce a definition of a product of quantum logics.
We need some preliminary remarks. Let S be a setof states on a logic
L . We say that a state p on L is a superposition of the states
in 8 if S(a)=*1 implies p(a) ®1 for aeL , where S(a) =l
means that sa) *1 for any s €s (9] . 1If (L,M) is a quantum lo-
gic, we shall write Es{pﬁM ! S(a)s=1l s pa) -1} for any SCM .

Definition 2 . Let (L‘ MY, (L,. MY, (L,M ) be quantum lo-
gics. We shall say that (L,M)M\,5 is the tensor product of (L‘-,M‘.\' <
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if
(i) o : L,xL, —>L, A Myx M, —> M
Ao, ,ma) & Ca, ray )) = my Ca,) .my, Ca,)

for any m;e M¢ , aCGL , 1 =1,2, -

(i) f{m eM : m(a)=lj {ﬁfn‘ m): Ay em,) ) = 15
for elements a €L of the form A
a=/h\o(é:‘ ,a,_l ,a'a‘L' r o3y €L, , k @N ,
and ’
Py IS
a=a((a1, 1) , resp. a = o (1,a,) , a 6L , a, €L, ,
(1ii) o« [L1 x Lo} generates L ,

(iv) /],f_M‘ M, ] = M.

Theorem 1. Let (L, M)d p be a tensor product of (L1 ,M') and
(L2 ,M ) Let us put
u L,-"L,u’_:L.L—’L
a =J6,1) a > o Q,a)
Then (L,u, ,u, ) is a free product of L,,L
Proof. By (i) of Def. 2 we have
A, m ) G1)) = m, @em, () =1
for any mieM: ,. i = 1,2 . From thlS we get m (oL (1, 1)\ =1 for all
me A(M, x Ma.] , and by (1v) , m (o((,l,l)) =1 for all meM ,i.e.
o Q,)=u, Q)= u, (1) =
For any a.GL,1 ' /.5(m,1 ,m,_) (x(a ,1))-—- m, (a] mz(l)
Q-m)). mz_(l)= 1 -m,(a ).m,_(l)" 1 - /SQn‘ ,ml\(o((a,l)) =
(s(m*,mz ) (« (a,l)*) for all m; €M, i=1,2 . From this we
obtain ) _
i@ m) : Awm)@G™1))= 2l =
{amema) = @ m,) @ 1)) = 13
which implies by (ii) that ,((a" 1) = od (@, 1) .e.
u, at) = u,‘(a)" . Similarly, u, (a )= u, (a) ' aGLz.
By the Jauch - Piron property we have
Moy my) (L (/\ a:" ,1))' 1 iff m‘(la\_ a(&') = 1 iff
7 (m, ,mz)([\ gL(a ,1))=1 . From thlS we obtain _
§ 5m, ,mt) i p(m, oy ) (oL (/\ a, ,1))“ 13
= {A®, myy 2 Ay 'mz)(/\(o( a‘ ,1)); 13
which implies by (ii) that o((/\ a‘- 1) =/\.(é ,1) , i.e.
u,‘(Q a,‘&)={\ u, (a, %) . this shows that u, and u, are or-
thohomomorphisms.
Now u, a) = u, (a') , a ',a € L, implies that
Ame my) (k@ MDY= plmy m, YA @' 1)) for any
m‘:GMC , 1i=1,2 , which implies that m1(a\ = m“(a' ) for any

] :

2 by Def 1.
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'
meM, , i.e. a = a . Hence u, and u, are injections.
For any m. G-M‘- ,i=1,2 , we have by the Jauch - Piron property,
My my) (uaa ) vy @)Y = Sy om, ) (K@, (1) A dG,a))=1
iff A, my)(uy @¢)) =1 and A(m, ,m,) (uy(ay))=1 iff
m,(a,) =1 and m, (a,)=1 iff MBm ,m ) (K @, ,2,)) = , i.e.
( A, my) = G, m,) (’L (a, 1) N~ a4, a,_))- 15 -
= {p@qmy): Ay m) (L@, a)y=1§ 7,
hence by (11) u, (a1) N u, Ca, ) = oL, ,a,‘_) . This shows (ii)
of Def. 1. Now let a €L, , a, #0 and uC)A y(a)= 0, a,%L,.
Let m°€M be such that m (a Y = 1 (the existence of m" fol-
lows from the fact that Mg is strong for L.) .Then
[
(m, ,m1\ (u (a, \/\ u, (al)) (s(m‘ my Y (a((a‘l ’aa)) =
m4 @) m,(a \-O iff mz(a;)eo . Thus u, (a.)huz\a,_\=0 implies
l(az\—o -for any m,éM , i.e. a,=0 .
Finally, for any a: eL‘ , 1i=1,2 , we have
ﬁ(m“ ,m’)(u @)nru, (, V= A, m,Y @, ja, y) =
= m (a\m (a’.\-.,,‘;én1 ,m,_) (ug (29)) By ma)tu, (a,_)\ for any m eM¢
i=1, 2 . ThlS implies that u (a )} and u, (a ) are independent (1n
the probabilistic sense) and by [2] they have joint probability dis-
tributions in all states of /3(M‘ X Mz] * M , hence they are compa-
tible. This completes the proof.

Let H be a real or complex separable Hilbert space, dim H 2 3 .
If we put M={mv e GH‘ lllf""lj , where m e is the vector state
corresponding to the vector |4 by the Gleason theorem [9 ] , then
(@)Y, M ) is a quantum logic. Let (L(u ) M ,) , @ Gy,) ., M,j,
(v (5, @H, YM) and L (E‘ ®H, .M ) be quantum logics of the cor-
responding Hilbert spaces. If we put
dod: (py 2,y — P2,®B ,p; LG:) ,i=1,2,
A (m,(' ,m‘h\ - me@yp, ¢ He, i21,2,
or
i) o : , B) — P, ®P , P.eL(;), 1=1,2
A (m ,m?) —> " @y, V.‘H ,i=1,2
then it can be eas:Lly checked that (L(H GH,) ,M),‘/s and
@ (" ®H,) /M 82/5 are the products of (L(H DM o, i=1,2 .
More details on the products of quantum logics are in ([7) and CB]
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