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Introduction

All associative algebras and Lie algebras in this paper. are de-
fined over the complex field C.

Let L be the Lie algebra of vector fields on the circle. An ele-
ment of L is a field f(? hf%— where f(? ) 1is a Fourier polynomi-

al. Denote the module of tensor fields of type A by gx,

A
element of FA is an expression g(‘P)(d/dY ) , and (f-d/d\f)-(g-

NE C. An

) A
-(d/df ¢ ) =(fg' - X f'g)(d/d\f) . Here g 1is also a Fourier poly-

nomial. Fix the decomposition F, =V, @ V_ whereé v, =

- A 7 i A

{ocp)@ap)’ : gtg) = 2 a P27 427 } ana v_={atp) @ayp):
s >0

. g(\P) = z ase(ZJui\s‘P} . Let P be the projection operator V —» V_
s« 0O

along V,. Define a map G : L —>End V_ as follows. Put ©(X)Y =
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= P(X(Y)), X &L, Y E&UV_; X(Y) is the result of the action of X
on the tensor field Y. The map 6 is "almost a representation", i.e.,
Im(e((X, Y]) - [G(X), Q(Y)]) is finite dimensional. Put w(X, Y) =
= tr(e(Ei, YJ) - [G(X), e(Y)] ). It is well known that w is a co-
cycle representing the cohomology class =-2-(6 )\2 + 6N+ 1) -c
where c¢ 1is generator of H2(L) given by the form (cf. [C,fﬂ )
_4a_ 4 — 1 vagn gy &
c(fd?,gd?)_.”iS(fg £"9') 13— - (1)
This statement has an ertqivalent form. Let /h be the Virasoro

algebra which is the central extension of L corresponding to c.

PN
There is the natural pairing F)‘ X F—l-)x ﬁ% C; (gl(d/d‘f) ’
g,(a/ay )_l-A ) — glgzdsf . Let _V—+, V— be the annihilators of

V+, V_ respectively. The pairing &€ determines the quadratic form
on F/\ + F—l—,\ : <u+v, u+v> =R (u, v). Put W_ = V_ +7_ and
let H be the representation of the Clifford algebra associated to
the form 2¢ such that there is a vector v € H, W_-v = 0. As it
is well known ( [FF] ), there is the action of T on H uniquely
determinéd by the following conditions:

a) /L\ is contained in the normalizer on W.

b) W is isomorphic to F, +F as an L-module. The central

-1-A
charge (i.e., the action of the central element of /I? on H) is equal
to =2-(6X% + 6N + 1).

The polynomial -2 (6 xz + 6}\ + 1) appears frequently in DD!—a ’
L-B S—_\, [ P ] as the gravitational anomaly in two-dimensional confor-
mal field theory or in repfesentation theory of Virasoro algebra. It

is also closely related to Riemann-Roch theorem. Namely, let X Z>s

be a family of Riemann surfaces. Then

A
— _ 2 )
cl(J|!TX/S)-(6>\ + 6N + 1) cl(JT!O) (2)
where Ji , is the direct image in K-theory and T is the rela-

X/S
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tive tangent bundle.

All these results are related to the problem of finding "local"
proof of Riemann-Roch theorem or index theorem. The examples of such
considerations may be found in [BS], [ADKP} where the Riemann-Roch-
Grothendieck theorem for one-dimensional families is deduced from
the purely local facts on Lie algebra cohomology of vector fields.
Our aim is to obtain corresponding local statement for arbitrary fa-
milies.

Let Diff(Sl) be the algebra of differential operators on the
circle whose coefficients are Fourier polynomials. Let ?Z(Diff(sl))
be the Lie algebra of finite matrices over Diff(sl). As it may be
deduced from the results of Ibq], [FT],-the cohomology H*aﬁff(slﬂ
is the free skew commutative graded algebra with generators in di-
mensions 2, 3, 4,... . Denote by ‘Q‘ the generator in dimension ( .

It has been shown in [CFl] that H*(L) is freely generated by
c,y where deg c¢c = 2 and deg Yy = 3. The action of L on F de-

termines the embedding q& : L —?‘yZQ}Diff(Sl)) C—?.f7Z<Diff(Sl)).

One has
L’O‘}\*(YZ )=—2(6/\2+6/\ + 1)"Ke (3)
2
\{):(Y?& )= “2(6N% + 6N + 1)-K'Y (4)

where K, K' does not depend on X .
The algebra Diff(Sl) contains the subalgebra isomorphic to
algebra Diffl of differential operators on € with polynomial co-

efficients. This subalgebra comprises the operators whose coeffici-

7 i .
ents are of the form :Z? ag éQ'J)S The intersection of Diffl
s 20
and L 1is isomorphic to the Lie algebra W of vector fields on €

1
with polynomial coefficients. According to Ile] the cohomology of

*ngDiffl) is the free skew commutative graded algebra generated by

&+ %=3,5,7, ..., deg ¢, =KX . Consider the diagram of embed-
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dings:

lf
Wy LY NN Diff, —> 7/(Diffl)

F

—> 5 pife(sl) —> 'y'/(Diff(Sl))

(tere a map Diff— yt&Diff) acts as follows: X——*X-Ell, where Ell is a matrix
%
entry. For any odd «, the restriction of r t0«én((Diff1) is é;. The cohomolo-
o
gy of Wl is nonzero only in dimensions O and 3; the map H3(L) —
H3(Wl) is an isomorphism ([CF}). Thus, instead of studying the em-
bedding L ———‘;‘g/(Diff(Sl)) we may consider purely local embedding
Wl - 1yzaDiffl). For any Lie algebra L, there is a homomorphism
. L *
Hl(L) — ut l(L, L ). Consider the commutative diagram
o ‘f*
H3(/g/(oiffl)) —> > g
| AN
w2 (gl piff.), glpite)") —Ps ww,, w)
g 17 1 1"
It follows from [FTl] and [ F} that all arrows here are isomor-
phisms. Thus, formula (4) is equivalent to the following: if K, 3
are generators of H2(W W*) and H2(-fi%Diff ) r?%Diff )*) res-
1’ "M A 17 7 1

pectively, then
‘f)‘*(IS\ = 2622 + 6\ + 1)K (5)

where K' does not depend on X . It is not hard to show that (3)
is also a consequence of (5).

The statement about the coefficient —2(6}3 + GA + 1) may be
generalized to higher dimensions as follows. Let Diffn be the al-
gebra of differeqtial operators with polynomial coefficients and wn
be the Lie algebra of vector fields on c™ with polynomial coeffi-
cients. Let ) be a finite dimensional representation of fyz;. De-

note by FA the space of tensor fields of type % . The action of
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W on FA provides the embedding \f n gZZlm (D1ff ) —>
g(ﬂlef ). Throughout the paper, we denote 37Z%D1ff ) by D . Consi-
der the commutative diagram
*
w2041 p _‘&_> w25+
b

*

n * \P,\ 2n *
(D, D) —> HT (W, W)

It has been shown in [Fﬁl, [FTl] that the vertical arrows are bijec-
tive and H2n+l( Dn) is one-dimensional.
Now recall the basic facts on Gelfand-Fuchs cohomology. Let

p: E— Bn be the universal bundle for the group GLn(C). Denote

by Y, the 2n-skeleton of B i X = p_lBﬁ. Then H*(Wn) :é-H*(Xn)
(ESF]). Consider the boundary map in the exact sequence ofythe pair
(E, Xn): H2n+l(Xn) — H2n+2(E/Xn). Clearly it is an isomorphism. The
map of pairs (E, Xn) e d (Bn, Yn) induces the homomorphism HmHQ(BNAGQ-—
— H2n+2(E/Xn) Which is also an isomorphism; We obtain that
H2n+l(wn) = H2n+2(Bn/Yn). But the latter space is in turn isomor-
phic to H2n+2(Bn); i.e., to the space of symmetric éolynomials in

n variables of degree n+l. The representation N determines the
A

bundle j— on Bn' Let tT’ be the bundle corresponding to the stan-

dard n-dimensional representation ofA€7{;. Now, the "local Riemann-

Roch theorem" in this partial case states that the image of the ge-

H2n+l

nerator of (D ) under the composition

2n+l(/g/(lef N ___>H2n+1(wn) 5 2n+2 s,) (6)

is equal to (ch gf . td?r)n+1 where ch 1is the Chern character,
td is the Todd genus and the subscript n+l means that we take the
component in H2n+2. The particular case of Riemann-Roch-Grothendi-

eck theorem stating that
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A A —
ey (I, TX/S) x (Ch iy gr td <y /g) (7

may be deduced from the previous result. We hope to discuss this el-~
sewhere.

We may obtain an equivalent statement passing to relative Lie
algebra cohomology. Consider the subalgebra ‘741( Wn comprising

30

the fields Z-'aij X d/dxj, aij € C. It is easy to see that
2n * 2n R 2n S
B W, W) —> (Wn’7/n' W) and HZ( Dn,g/n, D)) 2 . Thus,

the image of 1 wunder the composition
2n * * o~ .2n+2
¢ >H (0, 9 s ) —> w0, gl W) S e) (8)

is equal to (ch 7)\- th)n+l' This form of the "local Riemann-Roch
theorem about cl(y(!T).. is most suitable for éeneralizing to high-
er dimensions.

Recall that if Jo is a finite dimensional representation of a
Lie algebra '? , i.e., a homomorphism /g — v'g/(C) , one may define

the Chern character of )o:
ch(Jo) e S**(’g*)g; (Ch(f)) (x) = tr expjo(x).

* % o
(Here and below we denote S = r) SJ, etc.) It happens that this
j= 0

construction may be generalized to the representations over the rings
A, i.e., to the homomorphisms L —> yK(A) when ? is reductive and
A satisfies certain homological condition. Assume that the Hochs-

child homology HH,(A) (cf. 1.1) is concentrated in unique dimension

2n, and HHZn (A) =5 C. When A =C then n = O. We show (Proposi-

tion 3.1.2)

Hzn('DJ/(A)} f’(? y; s9 1/Z/(A)*) e, g >o;
(9)

u (gla, Pl sdghm™) = o, q>0, c<2n,

* ’ .
Consider the relative Weyl algebra W (g{(A); Jo(y )) (cf. 1.1). The



RIEMANN-ROCH THEOREM AND LIE ALGEBRA 21

above statement provides the maps

c —>H2n(‘g/(A),'f(g); sqg/(A )) — w20 (w*(g/(A) 20 (1o)
On the other hand, one has an isomorphism
2w gl Py —s* (e Py
and thus a homomorphism

2

B (w*(g;f(m, prgI —>s (g*){"7
Combining this with (10) one obtains the maps

F
Yoiq © C —>s“+q("g*) ;4> O.

A simple trick allows to define also ‘Yj for j £ n. Put
-1)3 9. (o) (1)
)c(?)=Z i
j=0 jt

Within our approach, the local Riemann-Roch theorem is the character

formula for the spe01al representation of the Lie algebra 17Z/ @ 7f£

over the associative algebra lef . Namely, let ,giz 1S Dn as above

and ﬁ}[ gz(c)% ‘gf(lef ) = D i we obtain the Lie algebra homo-
morphism 'gﬁ/ @gf/ — D,. In 3.2 we recall from [FTl_] that

n(lefn) = ¢ and HHi(C) = 0, i # 2n. Thus, we are able to

. . * 9l o . *

construct )Z (s)). Identify S (gé@g[) with H (BGLn X
a

BGL). Put J = T @1, =1 KT where T ,T are the univer-

sal bundles. The main Theorem 4.1.2 claims that

)é (p) = ch E . edT (11)

Note that this formulation does not involve the Lie algebra W_ but

only Dn‘

The local Riemann-Roch theorem for tensor fields is the charac-

ter formula for the representation .P which is a composition

ﬂ/n —>wn—Y’L> D, . Identify s (ﬂj]/)'M with H*(BGLn)

above). Let

(or B
n

—
’ J be as above. Then
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A
chip, ) = enT . taT .

The contents of the paper are the following. In §1 we, proceed-
ing in spirit of EADKP], [ £ ], give a geometric construction which
relates the usual Riemann-Roch-Grothendieck theorem to the above lo-
cal theorem. In §2 we construct the generalized characters of repre-
sentations; In §3 we make the technical computations concerning the
cohomology of Diffn and D, . In particular, we select the distingui-
shed generators in Hzn(Dn, ?Zn @g/; s9 D;) . In §4 we state and
prove the local Riemann-Roch theorem (11). In §5 we-study in more
detail its particular case - the local Riemann-Roch-Hierzebruch for-
mula. Recall that for any pair f; — L where L is a Lie algebra and
3; a subalgebra reductive in L (cf. 1.1) one may define the Chern-

* C.
Weyl homomorphism S(i} ) — H2

*
(L,?; C) (cf. 5.1). Define the
"local Euler characteristic" /L to be the image of the distinguish-
2n 2 *
ed generator of H (Dn,-gfi GDgZ, Dn) —> € under the map

Hzn(on,gfn ea.g/; D) —> Hzn(Dn,»yé @gZ; C). Then (Theorem 5.1.1)

/L = c(ch € . th)n.

In the beginning of our work we were inspired by the article of
Losik fL]. His paper contains a calculation in Weil algebra of Lie
algebra of a formal vector fields similar to our.

The first author had lectures in Srni during a winter school
"Geometry and physics" about Riemann-Roch and Lie algebra cohomolo-
gy (January, 1988). I (B.L.F) am grateful to organizers of this

school for their hospitality and participants for their interest.
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§1. Geometric formulation of the main theorem

1.1. Preliminaries. Here we recall the well known results and
constructions from homological algebra.
Let L be a Lie algebra and M be a module over L. Consider

the standard complexes

o

Cm, M = A (L)@M; d: Cu(L, M) —C, (L, M);

d(X,A Y= 2 ()i x KA AR A e AT A et
A N X @m _l<i<j<\k [i, 5 LA 5 (R
<t . '

+ Z (_l)lxl/\"’/\?i/\'“ X @ Xm (1)
leisk

¢, m = ma ( Ag w; a:ciwow >, m;

. A~
@ C3) (Ko renns ) = 2, FEDMICO TR, Xy eeer Ko e Xy )
R 1ei< ¢kt [, J]’ R
. > (—1)i‘lxiw(xl,...,§<\i,...,xk+l) (2)
1ei<ktl

Put H, (L, M) = H,(C4(L, M)); H (L, M) = H (C (L, M) (cf. [CE]).
These groups arebcalled the Lie algebra (co)homology groups of L
with coeffients in M. Now, let f} be a Lie subalggbra of L. Assu-
me that fl, is reductive in L, i.e., that 1}, is a reductive Lie
algebra and L is a direct sum of finite dimensional L-modules with
respect to the adjoint action. In this case we define the relative
(co) homology H*(L,q}; M) to be the (co)homology of the complexes:
* *
c*(L,g; M) = (/\ (L/.%) @M ; C (L,/v}; M) = Hcm{}

with differentials (1) and (2) respectively ([F]). One may, with the

( /\*(L/t}), M)

obvious changes, give the analogous definitions for the cases when
L is a Lie superalgebra ([Le]), or a differential graded algebra
(EQ]), or a topological algebra (EF]). If M=C with trivial ac-
tion of L then we put H, (i; M) = H, (ﬁ}) etc.

Now we shall define the Weyl algebra of L (cf. [f]) Let CL€]

be the free skew commutative graded algebra w1th generator t,
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deg £ = 1. Denote by L [8] the differential graded Lie algebra
L® c¢[¢] with differential acting as follows: ales) = /@ 1;
al( 8@ 1) = 0. Put

Wi =cwlely: wow =c,wED.

The complex W* is called a Weyl algebra of L. It is clear that
w*, W, are céntractible. If «? is a subalgebra reductive in L
then we put
* * -
WL ) = C MLl 4@ L) Wells 4) = Cy(L el gen.
One has the projection
* *
w (L, 2} ) > W (1?,1?4
which is clearly a cohomology isomorphism. Thus,
* ~ * 'C} + *
W, ) S sk(g) ;B W@, g ) = o
If io : 4} —> L 1is a Lie algebra homomorphism such that )o(»g) is

reductive in L then one has a characteristic homomorphisms

s

* *
a2k w* (@, PN «— sk(y o
It is clear that
* _ i,2n _ i n *
W(ng,)— ®w (L"ﬂJ’)_ @ C(L:«t};s 4{7/);
if d is the differential in W then d = d i,2n
i+1,2n, i-1,2 (n+l) |

+d2,d:W -

1 1

d2 H dl is the differential (1).

' *
Thus, there is a spectral sequence Elf’zq = Hp(L, -aj ; s? L ) :>

—W i2n 5y
p+q ¥ o
H (W (L, 4})). Similarly for the absolute case.

Now recall the basic definitions on the Hochschild and cyclic

homology. Let A be an associative algebra. Then Hochschild homolo-

gy of A 1is the homology of the complex C,(A):

c,m =a®H), S @ e @

k .
S(aoa e ®a) = al® .- @aay +§ -nt ao®"‘®ai--lai® ®ak
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This homology is denoted by HH,(A); one has

[e]
HH, () > Tor®®2 (a, a),

(cf. [?E]), where A° is the algebra opposite to A. Put
-~ Vo~ ()0 .
T(a, @ ... ®a ) = (-1) al®...®ak®ao,
HC, (A) = H, (C, (A)/in(1 - T )).

This is the cyclic homology of A ([b], [FT]). It is related to Lie
algebra homology by the following(!@Q], [FT]):

~.

B (gba) > sTee, o), (3)

where 1}ﬂA) is the Lie algebra of finite matrices with coeffici-
ents in A.

One may define the Hochséhild cohomology HH* to be the cohomo-
logy of the complex dual to C,(A) and the continuous cohomology

*
HH of topological algebras. One may also define the Hochschild and

c
cyclic homology of superalgebras and differential graded algebras so

that the isomorphism (3) holds (cf.[-B]).

1.2. Generalized characters. Let I be a Lie algebra and A an

associative algebra; assume that 7' is a Lie algebra homomorphism
from L to A. The map 7i determines the homomorphism U(L) —> A
of associative algebras and the induced homomorphism HH, (U(L)) —
—> HH, (A). It is easy to see ([CE]) that -HH*(U(L)) is isomorphic to

the Lie algebra homology of L with coefficients in U(L) with the

action g-u = fu - u[, !é L, u & U(L). The module U(L) is iso-
*
morphic to S (L). Thus, we obtain a set of mappings
x5 s v @, s®w) — ma @) ' (4)
X () = By (L, 1A

They are analogous to the classical invariant polynomials and
to the characters of finite dimensional representations. To explain

this, recall that if A = MN(C) then the unique nontrivial charac-
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ters (4) are the mappings
k(fh‘)-H(L s L) > HH () ¢ ;
;K o * Vot o !

the elements of Home(Ho(L, SkL); C) are the invariant polynomials

of degree k on L. The character acts as follows:

)C’;(m(/)=tr(97([)k), Lev.

Now let A Dbe sucd¢h that HHi(A) =0 for all i #n and HHn(A) =
X ¢ where n is the fixed non-negative integer.

Examples. 1) A = MN(C); n = 0.

2) Let V be an infinite dimensional vector space, End V the
algebra of all linear operators V —V and J the ideal of End V
consisting of all operators with finite-dimensional range. Put I =
= End V/J. Then HH,(I) ¢ and HH, (I) - o, i;é 1.

3) mi_(1®™) 5c; mi (1®%) =0, i#n. This follows from the
Kunneth isomorphism for HH, ( [CE]).

4) Let Diffn be the algebra of differential operators in c”
with polynomial coefficients. Then H2n(Diffn) = c, HHi(Diffn) = 0,

i # 2n (cf. §3).

*
Proposition 1.2.1. 1) The cohomology H (gfhn) is the free skew
commutative graded algebra with the generators Y2n+l’ ’?n+3, *Zn+5,
. «
..., Where y e H .
* * * *

2) The cohomology H (g[/(A), S 'g[(A) ) (which is the first term
of the spectral sequence convefging to H (W )) is the free skew com-
mutative algebra with generators v2n+2k+1' k =2 0, and § k <

* .
Hn(»g&A), Sk gg(A) ), k > 0. (The differentials in the spectral se-
guence map ? to § and _; to zero.)

Proof. The statement 1) follows from (3) and from the fact that

n+2i
duced from [FT}, Th. 1.2.4). The proof of 2) (with the technical re-

HC () = ¢, i2 O, and ch(A) = O elsewhere (which may be de-

finement which we shall need below) contains in §3. = |
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Let A be a topological algebra. The main example for us is the
algebra of differential operators on c” (we shall also denote it by
Diffn) whose coefficients are the formal series in n wvariables.
The topology is induced by the Mm -adic topology on C [xl,..., an
where ™ 1is the maximal ideal of the origin. Then it may be easily

2 i .
shown that HH;n(A) —C, HH;(A) = 0, 1 # 2n, and that Proposition

1.2.1 holds for the continuous Lie algebra cohomology of 1?{QA).
Let J7 be the natural representation of ~gl}A) in M (A) (i.e.

in the associative algebra of finite matrices over A). The charac-

ters
Gl Hn(gé’(A), sk gla)) —m ) —c .

) D

are the elements of Hn(g{(A), Sk(g((A) ). It may be shown that
kigy =

Xn(h) B §k’

1.3. Geometric constructions.

Let M be a nonsingular complex manifold. Consider, following
[Fﬂ , an infinite-dimensional manifold M of all formal coordinate
systems on M. A point of M is a couple (m, f) where' m¢& M and £
is an oc-jet of amap U — c™ where U is a neighbourhood of m in

m, f(m) = O and the Jacobian of f in m is nonzero. It is clear

that M is a projective limit of finite-dimensional complex mani-

~
folds. There is an action of the Lie algebra Wn on M. Recall that

W _ consists of vector fields 25 £. 9 where £, are formal
n i 7x i

1sisn i

power series in n variables. Introduce the "™M-adic topology on Wn.
Throughout this section we shall regard all the objects connected
with Wn equipped with the topology. In particular, the Weyl algebra
of W, is by definition the complex of continuous cochains of the
differential graded topological Lie algebra Wn ES].

The action of Wn on‘ﬁl determines the structure of a principal

homogeneous space on M. This means that there is a wn—valued one=
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form S? such that d.9?+ 35[5?,9?]= O (the Maurer-Cartan equation)
d that £ int s€ M th ' i i
an a or any poin s the map -Qs : Ts —> Wn is an isomor-
—~
phism (where Ts is the tangent space to M in s).
The Lie algebra Wn contains a subalgebra of linear vector fields

of the form Zaijxiax., 3y € €, which is isomorphic to -7{;(03)

(or simply «gfn). The a{:’tion of g{; on ’I\Tis integrable to the ac-
tion of the group GLn(C) . The quotient space ’174//GLn(C) is homoto-
pically equivalent to M.

Let Ji: S —>»N is a bundle whose fibers are nonsingular n-di-
mensional compact complex manifolds (N and S are nonsingular). We
shall construct the bundle :/:f s —> N. A point of §’ is a couple
(s, £) where s € S and £f is an oo -jet of a holomorphic map
U —> ¢™ where U is a neighbourhood of s in the fiber of Ji and

f(s) = 0, f nondegenerate in s. The projection Ji maps (s, £f)

=~ -1 S vl
to JV (s). It is clear that for n € N Ji (n) = &1 (n).

The fibres of :l:( are the principal homogeneous spaces. This
means that for any fiber there is a Wn-valued form on it which sa-
tisfies the Maurer-Cartan equation. We define a connection on S to
be a Wn-valued l1-form which is invariant under the natural action
of Wn and coincides with Q on every fiber. It is easy to show
that such a form does exist.

A connection determines a homomorphism from the Weyl algebra
W* (W ) to the de Rham complex Q:-' of the manifold /§ The relative
Weyl algebra W (W g[) maps into QS/GL . Note that the spectral
sequence converging to H (W (W )) (resp. H (W (W gg ))) maps in-
to the Leray spectral sequence of the fibration TonN (resp.

§/6L —> N). In particular, Eg’zq ~ Eg'zq =~ uPw ,gf sqw ) maps
into qu(N, HP(F)) where F is the fiber of the fibration S/GLn —>
—> N. Note that F is homotopically equivalent to the fiber F of

the fibration S —> N. For p = 2n, Hzn(F) —> €. Thus, we have



.. EMANN-ROCH THEOREM AND LIE ALGEBRA 29

constructed the homomorphisms
2n ' R g 2g
w2, gl st — w¥%m). (5)

Remark 1.3.1. The above construction is analogous to Weyl's de-
finition of characteristic classes. Indeed, let G be a semisimple
Lie group and g a G-fibration with base N. The Weyl homomorphism
is the map Ho(fy, Sq’g*) ﬁHZq(N) . In our case, the elements of
Ho(g, Sq'?*), i.e., the invariant polynomials on , are replaced
by the elements of H2n (Wn, 7{;; s4 W;) . Now we shall describe the
general situation.

Let L be a Lie algebra, E — N a fibration with the fiber F,
L acts on E and the fibers are principal homogeneous L-spaces. Then
one may define a connection form 52 on E. Let f) : L — JL be a
Lie algebra homomorphism. The composition )D 292 is and7 -valued
connection form on E. This form determines a map from W* () to
Q; which induces the morphism of spectral sequences and thus the

maps
wP (07, sty — w?9(n, ®PF).

If L contains a subalgebra j whose action is integrable to the
action of a Lie group H then one may construct the following charac-

teristic homomorphisms:
1P (a7, g(}"); sy — w29, HP(F/H)). (6)

Now let A be an associative topological algebra such that the
continuous Hochschild cohomology is concentrated in dimension 2n
and HHin(A) T €. Let P be a continuous homomofphism Wn —7?&A) ,
such that F(c'o(/;) is reductive in 7Z(A) . The above constructions
give the following mappings for any fibration ?J—> S — N where S

and N are compact complex manifolds:
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*

$qip) € — i gl a) , AT glm™ L

> .
5 W2R g 5% W) — w29

(7)

(The left isomorphism follows from Proposition 1.2.1 and from the

Hochschild-Serre spectral sequence; see §3 for more detail.)

Definition 1.3.2. Set

* %

O
ch(p) = 2 19 \fq(ja) (1)/q! € H (N)
(0]

g=
o for 157 Hq).

(here and below we write H
q%0

So, we have put in correspondence to a representation of Wn in

A the distinguished elements Yh{ﬁ)(l) in every even cohomology

group. Our next aim is to relate these elements to the characteris-
tic classes.

Let S —> N be as above. Let G be a complex Lie group and
5? : P — S - holomorphic G-bundle. Define following[jfj] an infini-

te-dimensional manifold'ff A point of } is a couple (s, f) where

s € S and f is defined as follows. Let U be a neighbourhood of

s in the fiber of S — N and Ul a neighbourhood of the origin in

G v —u,xa

of a morphism 1

’

c®; then f is an oc-jet in Ji Is
which is nondegenerate in J]_ls and commutes with the action of G.

In other words, £ is a formal trivialization of the restriction

of Ji to the fiber of S —» N -together with the formal coordinate

system in the fiber. The map p :JP — N, p(s, f) = 7i(s), turns

~
P to be a bundle whose fibers are principal homogeneous spaces over

a Lie algebra which we shall now describe.
Let 1} be the Lie algebra of G and'g ((-n) = 1}@ ttl[xl,...,x’l

the Lie algebra of-z}—valued formal power series with the commuta-

tion law

[6@a @3,]= 5, 9, @a a9 G, a5 ¢ ¢H"1'“" Xn”
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The Lie algebra Wn acts on«gzk ﬂ;) by derivations, and we denote
by W, [>(~f}( ﬁn) the semidirect product of Wf.l and ZJ ( [//)n) . This al-
gebra contains a subalgebra gfn @3? ’ 74< W, ,? = ?® 1c
CHgJ 6&). Let A be, as above, a topological algebra whose Hochs-
child cbhomology is concentrated in dimension 2n and HHin(A) =
= €; let P Wy k‘f} (CZn)-_>17é%A) be a Lie algebra homomorphism.

Then one may, as above, obtain the following maps:
\Fq‘f’ i ;»Hﬁn(Ag]f(A),f(g/n@g )i sq(g/m)*)) —

2n % [ q * 524
—HS W) () gl @+ sTE g > E .
Put, as in Definition 1.2.2,
' _ _1 9 ' '
ch(ja) Z (-1) “Fq(ss)(l)/q. (7"

Let Q be a finite-dimensional representation of . It is clear
that Wnb(ﬁ}(67n) acts on the space Q ®>CZ[xl,...,xé]}. So we ob-
tain the map
" { . .
wnbm} (Cn) — g gim o(DifE)  —> 7/(D1ffn).
Denote the composition by ‘f(Q). Furthermore, let A be a finite=
dimensional representation of gzn; it determines the representation

of Wn in the space of formal tensor fields of corresponding type.

This provides a homomorphism
)o/\ : W —a?{ dim}o(Diffn) C——}?/(Diffn).

Theorem 1.3.3.

- q

ch p(@) = Ji,(ch C-ea? s/n) (8)
_ N

ch}o% = Jl,(ch TS/N-td JS/N) (9)

c
where 57* is the transfer in cohomology, & (Q) is the vector bundle

A v
associated to the representation Q, g—S/N is the relative bundle
— I
of tensor fields of type ) and ‘/S/N is the relative tangent
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bundle.

Our further plan in the following. In §2 we shall represent the
left hand sides in (8), (9) as the transfers of the elements of H*S
which are the images of certain cohomology classes of the Weyl al-
gebras under the characteristic homomorphisms (5). Furthermore, we
shall formulate the theorem which express these classes in terms of
the characteristic classes. This latter result is a purely algebraic
theorem about therLie algebra cohomology which shall be discussed in
detail in §§ 4, 5. In §3 we state and prove some technical results

on Hochschild cohomology and Lie algebra cohomology.

§2. Algebraic formulation of the main theorem

2.1. The universal cohomology classes of relative Weyl algebras.

Let A be an associative algebra such that HHn(A) ¢ and
HHi(A) =0, 1i# n. Assume n > O. Let g} be a Lie algebra and f):
4].—-?'-‘6J£/(A) a homomorphism such that P(y) is reductive in

(A) . Our aim is to define the distinguished cohomology classes in
Hn‘“”(w*(gﬁ), JI5/RER

Let (L,f}) be a pair consisting of a Lie algebra L and a subal-
gebra ?} reductive in L. For any integer j, define a subcomplex

W*(L,€¥; j) in W*(Lfg). Recall from 1.1 that W, = @W and

p.29
d = dl + d2, dl : Wp,2q —> Wp—l,Zq; d2 : Wp,2q —> Wp+l,2(q—l)' Put

w*(L,-cJ; 3) =p@_:,;j Wp,* @ Im(d, : wj+1'* — W

wij)(L,ﬂ}) = WLy ) /W, (1 Y7 3)

g x)

"Lemma 2.1.1. Assume that Hi(Lr?W s9L) = 0 for all i < j and

g > O. Then

00 ) Sy @), 1<
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H

j+2q(w,fj)(L,4;1)) Sy g i, q> o

Hj+2q+l(w£3) (@, g =0,  a3o.

Proof. This follows immediately from the spectral sequence con-
verging to H, (W,EJ) (L,“})) . =

Thus, we get the maps
’ . g4

where Jj 1is the minimal dimension in which H*(L,gz; §>°(H) # 0. We
also have the dual maps for cohomology.

Now, let A be an associative algebra such that HH2n(A) S ¢ and
HHi(A) =0, 1i#n; n» 0; let Jo :y ;P-gf(A) be a homomorphism
such that f)(?) is reductive in -ﬂOJﬂ{](A) . Then the above construction
together with Proposition 1.2.1 (cf. also Propositicn 3.1.1) provid—.

es the homomorphisms

Hzmzq(w*(gf(m,ﬁ(g)) ﬁ“zn(‘?&“'f(?“ squ/(A)*)

and, dually, ‘ (5)

K229 (g ln), prgn < Hzn(?ﬂm,}o(g); s ?Z(A)*) =

On the other hand (cf. 1.1), there is a map

w2 (g lin P — sm(g*)?. (6)

Within our approach, the Riemann-Roch problem is the problem of exp-
ressing of the distinguished elements given by (5) in terms of the
homomorphism (6).

Before discussing this, we should like to construct the maps ana-
logous to (5) in lower dimensions, i.e., for H2i where i € n.

Let f{, ~* € be the one-dimensional Abelian Lie algebra. Define

the representation © of g&% as follows:

e(g, &k ) =P ol-1, g€, e dl -
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Replacing 'fg by 42 + 0C in formulas (5), (6), we obtain the maps

n+q . p/4
n+q x Jail - i a*
Y . ¢ —sT(geq)’) = @ sI(9); a>0 (N
g o g
Let \f 3;+n be the homogeneous component of degree j in qu+n
b P |
Lemma 2.1.2. For any q, \Fq+n = Hoq+n+l‘
Proof. This follows immediately from the definition of <]§[+n

(cf. 4.1 for more detail). &

Put
© = 22 v3g 03 PN
Y j;o(l)((f/J-)(l)éjl:fOS('?),
where ‘fj = xj;+q' q >/0.

Thus, for a representation Jo :'g —> ‘gf(A) we have constructed

its character which is an invariant formal series ong . Let Al, A2

be two algebras such that
* _ 2n ~ . * _ 2m
HH (A;) = HE" (A;) —C€; HH (a,) = HE" (a,) =c.
Then, by Kunneth isomorphism, HH* (Al® AZ) = HHz(n+m) (Al ®A2) >
= ¢. For /Pi : ‘97 — ’g/(Ai) one may define
Iol®f)2 :?—)gZ(Al@Az)r
(Fl®f2)(j) =)°1‘}’) ®1l+1 xjoz(g,).

Then )é (Pl @f)z) = ){(‘ol)- /((102). If 0ys 0y = two representati-

ons of in A, then }ol EDPZ is a representation:

(g o
(PrL@py ) (g) = Ploj patg)

and

)L(fl®§>2) =)‘()°1) + )“fz’-

2.2. Riemann-Roch theorem for Lie algebra cohomology.

Here and below we denote ﬂﬂDiffn) by Dn. Consider, as in §1, the
P
homomorphism g[n @gf —> D which is the composition

ggn &)?Z C—>Wnl><gf( (7].1) <> D . Identify s” (?/; ® gg) ‘5’/269 ?Z

with
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H*(BGLn X BGL). Let 't:n,T be universal vector bundles over BGLn,
BGL respectively. Put J - T:n & 1; 6 = 1 g1 T. Put in correspon-
dence to the character of the representation )o the element

)((Jo) € uu’ (BGL X BGL).

Theorem 2.2.1. )é (f)) = ch é - td T

An analogous statement may be easily formulated for the character of
the representation ,?[; —> Wn —> Dn corresponding to the represen-
tation of W, in the space of tensdr fields.

2.3. Relation to §1. Let ’E\’,—,» N be, as in §1, the fibration

whose fibers are principal Wn Ngf( yn) - homogeneous spaces. The

connection gB determines a map

*
’15'/GLn;<‘ GL

W (D, ?/n @gg) — W gl ) g/n@;/) -

and the map

P syl a-)gl*)%@%:mz*(w*(nn,74&9%) - F @ * @)
It is easy to see from the definitions that the element ch (Jo) &
H**(N) from the formula 7' of 1.2 is equal to I*CP(}C(J))). Thus,
to deduce Theorem 1.3.3 from Theorem 2.2.1 it suffices to show that¢
is the Chern-Weyl homomorphism of the fibration "1;,—>‘E/(GLn)L GL) .
Denote L = W, IX"J& 0}1) , »ﬂJ = 'g[n 69’?{ Consider a y—valued con-
nection form on L, i.e., a -equivariant projection operator
0:1L—>7. put O, v = o(x, Y] - [6(x), o(¥)]. Define a ho-
momorphism of differential graded al‘gebras

Viwm — Wil
We need only define \'/ on the generators
(Z:’g—7¢)éwl; (>\:ﬂ](€_ — Q) e w2,

Put

(\Yf) x) = {(G(X)); (‘f/)\)(XA Y+E2) == A€ @(X. ¥)) + A& e(2).

It is easy to see that \-V is well defined and that the induced map

* *
W (‘g, 'g) —> W (L ,'g) is a quasi-isomorphism which is cohomology
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inverse to the characteristic homomorphism of 1.1. On the other hand,
. —~

let _;/2 be a connection form on P. Then ee,SB is the (g/n@?g)_

valued connection in the fibration ’f’/—s?/(GLnX GL) . The direct ve-

rification shows that the composition
* * Z * /
'Q"é’ <« W (W X (J)) < w (g[;@ﬁ )
is exactly the Chern-Weyl homomorphism associated to the connection

° °52 . Thus, we have shown that Theorem 2.2.1 implies Theorem 1.3.3.

§3. Homology of the algebra of differential operators

3.1. Relation between Lie algebra homology and Hochschild homo-

logy. Throughout this subsection, A shall denote an associative al-
gebra such that HHn(A) = C, HHi(A) =0, 1%#n; n>o0.
Let T be a Hochschild cocycle representing the basis cohomolo-

gy class of HHE" (A). Set

&)T(Xl-ml,..., Xn+l'mn+l) = 6% sgn(i'-tr(mél...m6n mn+1) C (X61""'X6n'xn+1)
n

for X, € A, m€ gZ(C). It is easy to verify that Q)_C is a cocyc-
le of the standard complex C* (tgg(A) ,ge(A)*) . Consider a map

e s*(ag[’(zx)) — gf/(A);

- 1 :
JIC TR "Xq) = o sgs X1 -+ Xeqr  X4€ g/(zx). (1)
q

It is clear that ju, is a homomorphism of modules over the Lie al-
* *
gebra zﬂ}Z(A). Consider the dual homomorphisms Juq : Sq(g[(A) ) &—

& /U}E(A)* and the induced homomorphisms
Ju; : c*(gZ(A), sq(gzm*)) < c*(g/(A),gZ(A)*).

~

Proposition 3.1.1. 1) For q > O, Hn(gZ(A), SqﬂZ(A)*) —

S~ ¢ and Hi(gK(A), sqgg(m*) =0, i< n.
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*
2) The cocycles jlq (.. represent nonzero cohomology classes.
[
Proof. Let c[&] denote a superalgebra with one generator

and one relation Ez = 0. Let A[€]=a® c[e]. One has

,glalel), o = O H*ungA), sq-ylj(A));

q20

an the other hand
- ~ * —
H*(gf(ALEJ ), € =5 s (HC,_;A[E])).

Compute the cyclic homology of the superalgebra A[E]. One has

HH, (C[€]) >c?, i>o0;

the basis in this space consists of the elements &\)i and 6«)?_ re-
presented by the cycles (® ... ® £® 1 and ¢(® ... ® respecti-
vely. Let B be the differential in Hocﬂschild homology (cf. [FTJ);
then Bw]i' = 0, B(A)i =0~>i. From the spectral sequence converging

to cyclic homology ( E‘T], Th. 1.2. ) one sees that
He, (¢ [€])/mC, (@) =S¢, i3 0,

and that the generators in these spaces are ) i Now consider the
analogous spectral sequence for A[£]. Since the differential B

is compatible with the Kunneth isomorphism, one has
HC, (A Le]) = HC,_, (C el

HC, (A[£7)/HC, (B) —> HC,__(C[£])/HC,_ (T);

*—-n *;n

thus,
He,(afe]) =0, i< n; HC, (A[E]) SPHC, (B) ® € i20;

the generators in these supplementary summands are the images of the
elements & nT wi under the map HH, —> HC,. Here O(n is a genera-
tor in HHn(A) and T 1is the exterior multiplication in Hochschild
homology (cf. CCE]). This proves the statement 1) of the Proposition
(and also Proposition 1.2.1). The statement 2) follows immediately

from the explicit form of the isomorphism (1) (cf. [:LQ], [FTJ) . To
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prove 3) note that if o is a cycle of C*(g/{A),g[(A)) and
&)1 (X) # 0 then « .1q—l is a cycle of C, (?ﬁA), s9 ?/(A)) and

* . q—l - X *
(/Ulq ) (X175 7) CJ_C (X ) # 0. Thus, the cohomology class of Mg w_c

is nonzero for g > O.
Let 1} be reductive in g&A), q> O. v
Proposition 3.1.2. 1) H“(gf(A),g; sq«g;/(A)*) = ¢;
Hi(g/(A),g; ng/(A)*) =0, ic n.
2) Let (J be a generator in Hn(-g%A),?; 7%(;\)*). Then /u;(;.l
generate H" (g/(A) o squ @)

Proof. Proposition 3.1.1 together with the Hochschild-Serre

spectral sequence imply that
Hi(g/(A),g; sqg/(A)*) é‘—’Hi(g/(A), sqy/(A)*), i< n.

3.2. Hochschild homology of the algebra of differential opera-

tors.

Theorem 3.2.1. ( [Fr1]). HH, (Diff ) =5 C; HH, (Diff ) = O,

i # 2n.

Proof. In order to prove the Theorem and to find the explicit
form of the Hochschild cocycle representing the unique nontrivial co-
homology class of Hﬂzn(Diffn) we shall use the Koszul resolution
from [K]. Let c_=c, = Diffl@2 ;oCy = Diffl®2 @ Diffl@; c;, = o,
i 2; di :C —>Cy g i 2 1;

4 (X @ Xy X, ®X,) = (xla®x2 - xl®8x2) - X @K, - Xy B XX,
4, X ®X,) = (Xx®X, - X; ®xX,, X 3®X, - X eanz)

for X, € Diff), here d, x Diff, ¥ €[x. 3], x2-Dx=1. It is clear that &, d,=0

and that (C,, d,) is a free bimodule resolution of Diffl. Thus,

HH, (Diff;) 3 H,(C, ® o Diff);
Diff; @ Diff]

it is easy to see that the right hand side is isomorphic to € and
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concentrated in H2' The basis element is represented by a cycle

= c, x Diff. .
2 Diff, @ Diff; 1

1€ Diffl

This proves the Theorem for n = 1. The general case follows from the

Kunneth isomorphism and from the fact that Diff = Difffgn.
2n * i * .
Corollary 3.2.2. H°"( D, D) <5¢; B ( D, D) =0, i< 2n.
Proof. This follows from Proposition 3.1.1. 2

Remark 3.2.3. Recently Brylinski and Getzler [hG] and Wodzicki
[WJ proved the isomorphism
HH, (Diff M) =5 p2dim M -1y ¢
i
DR
where M 1is an affine nonsingular algebraic manifold and Diff M
is the ring of regular differential operators on M. The analogous

statement holds when M is a C°°—manifold.

3.3. The cocycles of the algebra of differential operators.

Let T be a Hochschild cocycle whose cohomology class generates
e’ (Diff,). Let CJ_ be as in 3.2.

Lemma 3.3.1l. There exists such 2-cocycle T that

N
%»C(Ell(fa +¢), Ep;(9d +¥), Ejp- 2 hy 39 =

k>0
) Z L( @O Ol )y g(k+2)f) h) © 2
= k

k30 k+1 (k+1) (k+2)

for all £, g, Y , W, by € c[x].
Proof. For any algebra A, let B,(A) be the bar resolution of

the bimodule A:

_ . ®(n+2) | . .
Bn(A) = A ; b : Bn(A) ard Bn_l(A),
e i
b(a_l®...®an) =%(—l) a-1®"'®ai—lai®"'®an

(cf. [éE]). Then the standard complex C,(A) (1.1) is isomorphic to
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B, () & dA. We shall construct the chain map \F* : B*(Diffl) —>
AE A

—> C, where C, is the Koszul resolution from 3.2. Then we shall de-

fine a cocycle T to be the composition of ‘Fz a'%ﬁfm]b@
s 1 1 1

. N .
) ‘@Diffl@mffl Diff, — Diff,

which sends thak to hO(O) . The functional T shall be a cocycle

with the linear functional E on

because Z is a 2-cocycle of the complex dual to C, %iff@Diff Diffl.
1 1

We construct \P* as follows. The homomorphism which puts in cor-

respondence to an operator it's symbol is an isomorphism between

Diff, and c[X, §]; identify Diffl®2 and ¢[x, v, 3§, p] using this

homomorphism. We have in C, for £,g € C[x, yig ?]
aE = § - 7- Q)L (x—y+8§)f); A (F, 9) = G-y +{)E + (3-9- 3.
Consider a complex Cu:
c§ =cd = c[x, v, g,‘?] c = c[}, vi§. 2, & > s
af = ((3-Mf, x -6 aQ(E, @ = (v - 0+ (§-D)g.

It is easy to verify that the map exp(c)i ay) provides an isomor-

phism C, — C$. 1Indeed,

[§ ‘7 ’ eégéyJ= —By-eBg éy ;
[x - Y ea§ayl]= ai-eaiay .

Put C_; = Diff; "% c[x,}]

~e

o = . = H

® =clii]s da (X, ®Xy) = X X,;

@) (x, %) = £(x, x,$,%)-

It is clear that the above isomosphism may be prolonged to an iso-
morphism of augmented complexes C, —? C(:. This follows from the for-

mula of symbol of product. The augmented complex admits a construct-
ing homoto s, : ¢@ = c?
g PY S; %4 i+’

iz -1:
i 7

(s_lf) (x, y,g,?) = f(x,g); sof = (tf, t'f); sl(f, g) = tg; s; = o, i,1,
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where
(tf) (x, y:i ,?) = fx v $.7) : £, v, & ) H
$-7
3y -
(t16) k0 v, 3,7 = B vi € R ACY x, §,%)
direct verification shows that s, .d9 + a%,.s, =1 for all 1i.
i-171i i+17i co
i
Now we shall construct, following to [ﬁEﬂ, ch. , a chain map

¥=& \Fi using induction on i.
izo0

Put

Y« g, 3 ® 2n, ) - ng g (0, (v) §¥ ?e.

4

Let s' = @ st_ be the constructing homotopy of the augmented comp-

lex CS; s, = e—ai 3} s eai a’.

i Assﬁme that the maps \f’j, i< i,

are already constructed. Let X ¢ Bi(Diffl) be of the form

1®X @...0X%X,_; ®1. Put
P () = s;_y Pi_q bots

for an arbitrary X we define (Pi(o() using (Diffl) ® (Diffi) - 1li-
nearity.

Proceeding in such a way we obtain for any operators Xo' Xl
with symbols fo, fl respectively:

Ek3) - £ D) £k 3) - £ §)J -
3-7 y-x

7

-aiay[
Y, 0@x ®1) =e

Yo (1®XO®X1®1) =
. 'V
r o fox,8) - £y, §)
—agay eaisY (eaﬁay ( §y-x : )'fl(y'?)>/§
B S
(we use the notation (P/ ?=Cp(x, Yo g ,? ) - CP (x, y,g ,g)).

Now let Xo=f3+(f, Xl=g3 +V , where £, g, (10,\//,6' C[x].

= e
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Put Af(x, y) = £(x) - £(y) . We obtain from the formula for \P :
X -y 2

Y,0@x @%@ =ddfgly) - Af-gw)-§ - A ¥ ‘g

the image of the chain X @X, ® 2, h X in C ® piff, =
o 1 k 2 . e © 1

lefl®D1ff

1

-'\—'>Diffl has the symbol equal to

Z lim

‘\Nk k
=0 (3 A€ - AP) () g ) + (o) §

y2X

the proof of the Lemma follows now from the equalities

lim 3 Af = —L  gk+2)
yox = Y (k+1) (k+2)

lim XAaf= —1— & g
yo>x = k+1

Remark 3.3.2. It is interesting to compare Lemma 3.3.1 with the

computation in [ADK,P] of the restriction of "Japanese 2-cocycle" to

Lee$l 1
the algebra lefl (s™).

Remark 3.3.3. It would be very important to find a Salla {a(fc’lat

formula of the Hochschild 2-cocycle of Diff

1°
Let T be a 2-cocycle of Diffl constructed in Lemma 3.3.1 and
*
"C'n = T@n where ® is the exterior multiplication HH (A) @&
* *
HH (B) —> HH (A @ B) —=5

(dual to the comultiplication HH, (A @ B) —
—>» HH, (A) ® HH,(B)). The proof of Lemma 3.3.1 together with the

implicit formula for & ([Z:E]) show that the expression
; k
CQL_"(F8+¢>, @ +V¥, 2iu 39

. ] «

where F, G,CP,‘fJ, Hy éngf(c[xl,..., XIJ) depends only on 3 F(0),

p) CP(O) , ... where 0(,}% are such multi-induces that {o(l # 1, ljB/}l.

On the other hand, it is easy to see that (J_ is (g/n @.g/)—inva-
«

riant. Thus we obtain

. 2n wofsDT
Lemma 3.3.4. The cocycle CJ,CNJ.S an element of C (Dn, vz?[:g/[,Dn)
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, ) .
whose cohomology class generates Hzn(Dn,ag/n @7/, Dn) . This class

is determined by the equality:

1. (3)

G (Byyxy, B11%, 7+ B1i%ns Ellaxn' Bpp) = N

n

§4. Relative local Riemann-Roch theorem

4.1. Construction of the character. The aim of the present sub-

section is to recall the basic construction of 2.1 and to make it
somewhat more implicit using 3.1.

Let A be an associative algebra such that HH,(A) = HH2n(A) ~
~>¢;  let 37 be a Lie algebra and J) :7—> -g/(A) a homomorphism

such that )o(g) is reductive in '7/(A) . Consider the homomorphisms
~ 2 *
C = H “(g/(A), P sqy/(m ) —
* * 1]

— w2y (g/(A), pgn = UG (1)
for g > 0. The first homomorphism sends 1 to )1; &) Where [—C«)] is
the generator of Hzn(‘gl)(A),)o(g); SqtyZ(A)*) (cf. 3.1); the se-
cond one is defined in 2.1; the first one is the characteristic map
from 1.1. Denote the composition by \Pq+n(f>) or simply by qu+n'
Thus, ‘P* is determined up to a nonzero scalar.

Now define \Pj’ j > 0, as follows. Let (/{ be a l-dimensional
Lie algebra with generator A . Consider the homomorphism © :7@0(—;~
—> y/(A): 0(g, XA ) = )o(g) + -1, ge <L K& C. Applying the

above construction to © one obtains the maps ¢ —>

*
— Sn+q((tj BCL) )”]egaz,, g > O. For any j € n+q there is a ho-

. - ahﬂ,;}' 4; Q‘Z
momorphism SJ (g) e Sn+q( g @0 ) v 9y---95 —

n+g-j

—> 9y .gj A Define tPj (P) to be the composition
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\Pn+q (®) * jll (an n+q-J ) * <F

¢ —— s geayHT —— Iy (2)

Lemma 4.1.1. This map does not depend on (.

Proof. Consider the chain morphisms
¢
1: W,,(gZ(A),)O(g)) —>W*+2f (f]/(A), e(y@ﬂl));
A .
1 H*<g/(A>, P s*gﬁm) %H*(y%A), o) ; s" %/(A)).

It is easily seen fram the definitions that the following diagram is commu-
*
tative and that the vertical map on the right sends }1p+q «!) to

*
/uqa,‘, whence the Lemma.

* C]sdz * ; . Tk
SHIP((Jet) ") =— 1w D (i (glla) el e P gl 0 ect) ST Y lm )
,r._ P
@ l uo)” VA
s”*q(y*)geﬂz‘n*q’ (w*(g&m,)o(g)) Ilzn(g[/(;\), P sTglm’")

Now, let A = Diff ~—and p : —gfn @7/5—-—7?%Diffn) be as in 1.3.

We fix a generator in Hzn(g/(A), )0(7);?[(1&)) to be 6\)‘7: satisfy-
n

ing (3) of 3.3. Thus, we have defined ‘Pj (JO)' j > O, implicitly.

Put

] 113
(-1) . (p) (1)
= 2 3P (3)

ch(JO) = -
J= J

Define two formal series on ’g/n (-97{:

-Y

7 enbrx, v = ke
g
ch 6 td 7 .

4.2. Proof of Theorem 4.1.2.

wa)x, v = det[;{(i

Theorem 4.1.2. ch(so)

Consider the composition

s (gl @?Z)@Z ®~fj/j:’ Hy (e (W (O 9 ogl)) —
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— Hy Dn,gfn @g/; s?p).

It may be describe in such a way. Let v €& sn+q(g/n @‘f}/)?/ @‘yg
n

and v' be its image in W under the inclusion

0,2 (n+q)
»g/ @«g/f—éD . If d is the differential in W, then according to
3.1.1 there exists a chain w &€ W, such that all the components of
v' + dw in Wi « are zero for i < 2n. Thus, the component of
4
. k

] 3 i . -
v' +dw in W, . is a cycle in C,(Dp, ?Zn @{J{, §" D). The cor
responding homology class is the image of the above composition on v.

Consider the bigraded vector space

W, = W*[Z-ﬁl' et by ]]
of formal power series with coefficients in W,. Let q =
=(d®l) _[l,...,}n tyr torees

C[];}l,... 5 17 t2,...]_]— modules. Put

£ ] We obtain the bicomplex of

n -t -
N) (3,0 = e > %% x ) diagle 1,....e tN, 0, 0,...) (4)
i=1 .

There exists such W(j , t)€ W* that all components of V(N) (}, t)+

+ dw ( 2 t) in W, » are zero for i < 2n. Consider the cocycle

’
— * X ~ - - X
Z_.]uj u),cn and prolong it to W2n,* by cl[;l""’gn' tl,...]] -1i-
nearity. It suffices to show that the value of this cocycle on

—_ _ 4. -'L .
v2n(§/, t) is equal to [ }i/(l - e g“)-Ze K where vz(ﬂ) (}' )

is the component of V(N) (?, t) + 331(2, t) in W

2n,*"
Note that we need only the case N =1, t1 = 0. Indeed,
-7 -t _¢
V(N)(é,t) =v(N)(;,O)-diag(e 1, " %, ..., e M (4)

as it will be shown below, w(é,, 0) may be chosen from the subcomp-
o~
lex W, for the subalgebra Diffn-l. Since all the elements of this

subalgebra commute with yf, one may choose |
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- _1 _t
W(é, t) = W(§, 0) -diag (e f‘, e 2 ..., e M,
and thus
vin (3, &) = viD) (3 0)-diag(e SZBNCLYS
(N) p
V. (2, 0 = £, . ( yeosy (X, 1A...AX. 1LPDX. 1 (5)
xn (F Z ll"'12n+l§1 In i A n ® Lon+l
where Xi Feeey Xi e Diffn, X, € S**Dn; it is easy to see

1 2n t2n+1
: : / {7 *%
that such a cycle is homologous in C*(Dn, g n @g ;i S Dn) to a

cycle

' -t,
V(% t)=ZkZe kfil...i 1, Ko P e A X 11)®X Eyyi

ntondl 11 Lon+l
thus
* (N) (l)
AHARE ( t)> < v Vo ,0>§ (6)
< F3 %, bX ZPJ b
So, we must consider the case N =1, t, = 0. At first, suppose

1
. s s I L b
that n = 1. Denote for simplicity Ell-X by X. Put Lj = X B

j 2> -1. Put v(é) = (l)(é, 0), v (§) = véi)(g, 0) . We have
L. -3L,

v(é,) = e_§ . Represent e ®as an image under the differential

. ~
wl,* — WO,*' One has

m
L, L_lcbm(Lo)] (7

m

where

L

m+1 m -3te

b (L)=L-l_>_(i\ el
m+l "o 3 .

1]
(m+1) (m+2) ! Lo Lo,.

%LJ ~

thus, e = dlw where
_ m
w = ZLm® P )
~ ~ ~ —~ ~ ~ ~ -~ ~

(recall that d = dl + d2’ dl : wijf? wi—l,*' d2 H WJ)m - Wi+lmr2)

~~

Applying d2 to w one obtains
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A m+1 _}La
(-1) d .m e -1 m
v<)=4————(L AL_)) ® ( —) E——= 1 +
7 (mi2) ! W11 3L, Lo +
+ QA X ®1 (8)

£
For any differential operator X = ;Eihe D put Xg = hﬁ. Lemma

3.3.1 implies that

<P B AT @Y = ol i) (0)

So we have

S =)™ 3 m tbem
L, rV ( —_ e L_,)_(0)
ag,\ 550 b > =0 (m+l) (m+2) p L, I'm
where 2?:
J‘O

We shall use the following Lemma.

Lemma 4.2.1. Let f be a function and (f’ satisfy the relation

\lj(n) = k‘F Then
pUpE Ll (o) = Z‘ (™K (I\ Y.

Proof may be obtained by straightforward verification.

It follows from the Lemma that
D
< gy - - Dla-eht
3% \ 3> o/uJ = m—O (m+1) (m+2)
denote the Yight hand side by U( ). We have

i((l—eézU(}))=3e-§/;

%

on the other hand,

4

S GRRAR Cerey )eye

comparing the values in zero we obtain

-2 R & S
(1 )T U(F) = (1 -e ) (1-9,‘5 ;
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once more comparing the values in zero we have

* = s
<3>o Py vy(50) = 3/a -, (9

This ends the proof for the case n = 1. ¢

Now we pass the the general case. If X —Zh d € lef1 we

put x3) = Zh (x4 )3 € Diff ; if w; = (X;AY,) ®2; € W, (O,

’g/ @ ﬂg) then

(1) (1) (n)
wl®...®w = XA YTUA e 20 €

€ om0 gl gl a0

. /@n _
We obtain a map W2,*(D1’ 'g/l ({)‘o'l ) —>w2n'*(Dn, y/ﬁl 699/) Ana
logously, changing é by éri at the i-th place, we define a map
ol sal @ :
Wy «(DysPby @y/) —> Wy« (D 94@%.
It is easy to see that we may choose
Von(gr 0 = vy(3, @0 (11)

furthermore, as we have discussed in 3.3, the cocycle T n = T ®n
is a basis element of HHzn(Diffn) . It follows from the implicit

* -
formula for exterior multiplication in HH (cf. I_CE]) that

(EDJEN m o ) (), _—
T (x 1 reeer X n ¢ I e T ) = uxl, Yl, zl).

.. C (xn,Yn,Zn)
"Cn(xfz? (11’,..., x{, y W, 2 =0, (i) #@..n

these formulas together with the formula for (M‘..c from 3.1 imply that
(2

P (1) _ * ®n>
< 3 M5 CJ.CK, Von (5, 0) 2:]:}13-&).%, vz(é)

(1 <§j:fu;wt’ vz(éj)> = l—\ —l—_é/i_—z . (12)
i=1 i=1 €

This ends the proof of Theorem 4.2.1.
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§5. Absolute local Riemann-Roch theorem

5.1. First, we recall the well known construction of characte-
ristic \classes (cf., for example, [F]) .

Let L be a Lie algebra and %7 be a subalgebra reductive in L.
Let © : L — ?7 be a projection operator which is 7—equivariant.

Consider the curvature form

O v =ox ¥ -[ew, em)].

This is a ’y—equivariant skew symmetric -values 2-form on L/
*
satisfying the equation d @+ [(’7, 9] = 0. For P & Sk(’? )'? let
~ ~ 2k
c=PO...O;c€CL~C.
(k times)

It may be shown that this construction provides a characteristic ho-

momorphism which does not depend on ©:

s*(g)g —c Hz*(L,g; €) : (1)
Now let L = D+ 'g/ = ‘g'/n @gZ(see above). Let ch(f‘, ta I be

* % * ’
the elements of S ('? )?' defined in 4.1. Let (chE-tdj‘)n be

the component of c(chg-th) in H2n. On the other hand, consider

*
the module inclusion i : € ———)Dn and the dual map Dn —> C; con-

. . . . ..2n * . .
sider also the basis element udtne H (Dn,g[n @g/; Dn) defined in
3.3.

.1y *
Theorem 5.1.1. X %0 = (en & taT)
n! "~ n

in Hzn(Dn,ggn @gf; ).
Proof. Consider the maps
9,09l
Siglrogl) "m0, 7%, egh) ——>H2“(Dn,-gé@—g/; SNE))

The map on the right is the edge homomorphism to Ein’o. It is an

isomorphism because Eij = 0 for i< 2n. So, one has an isomor-

phism:
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(
Wogl <
n * * n ~— 2n
(gl » @9/ ™) = w0, 9t @9l; o (3)

We shall show that this isomorphism coincides with (1). Choose a pro-

°(‘J. °(,"
jection operator € as follows. Put for mé?ﬁ(c) ' =f3x Bx :

1 n

for ;. =0 ©(xm) = £(0) :m;

for 2, « ;=1 and deg f # 1, e(Xm) = 0;
for ). ;=1 and deg £ =1, e(m) = tr m-X-1;
forzd i> 1, o(Xm) = O.

*
Let w = X;A .../\X2n®Y be a chain of C*(Dn,-g/n @g(; s Dn). Put

o = Z sgn6- & (Xgyr Xg) -+ & Xg(2n-1) 7 Xs(2n)? ¥
6¢€ s
2n
6 (2k-1) < 6(2k)

* ~*
The map ¢ dual to c 1is the restriction of ¢ to C*(Dn,g]/n(i??{é

S°) . To show that c¢'* = ¢ it suffices to show that

v g 0 =vVig, 0 (4)

(in notation of 4.2). But it follows from the formulas (8)-(12) of

4.2 together with the equalities:
z - 1. (1) (D _ _,p (1),
© R+ %) =1 O, 2l)= -2 lh
(1) (1), _ .
O(Lm ’ L-l ) - OI m # ll
O x®, v@)=0, 1x;.

Now Theorem 5.1.1 follows from 4.1.2. g
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