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ON THE CLASSIFICATION OF ORIENTED VECTOR BUNDLES 
OVER 9-COMPLEXES 

MARTIN ČADEK, JIŘÍ VANŽURA 

ABSTRACT. Necessary and sufficient conditions on a CW-complex X of dimension 
< 9 which allow to classify oriented stable vector bundles and oriented 9-dimensional 
vector bundles over X in terms of characteristic classes are presented. The complete 
classification of these bundles is described. 

1. Introduction. In this paper we present a characterization of oriented stable 
vector bundles over a CW-complex of dimension < 9 via their characteristic classes. 
Since oriented stable vector bundles over a CW-complex X are in one-to-one corre­
spondence with homotopy classes in [.X", BSO], we can consider a mapping 7 which 
assigns characteristic classes to every homotopy class from [X,BSO]. Now, our 
task is twofold: (i) To describe the image of 7. (ii) To find conditions under which 
7 is injective. In Theorem 1 we describe the image and give necessary and sufficient 
conditions for the injectivity of the mapping 7. In the corollary which follows we 
present an estimate for the number of oriented stable vector bundles with prescribed 
characteristic classes. Under some conditions which are not very restrictive they 
are at most two if X is a compact manifold. 

Some results in this direction were already known. L. M. Woodward in [W], 
Theorem 3, solved the problems (i) and (ii) in the case dim X < 8 with sufficient 
conditions for the injectivity of 7. For dim X < 9 sufficient conditions for the 
injectivity of 7 can also be obtained using [T2], Theorem 4.3. But these conditions 
require even more than our "stronger conditions"(A), (B), ( C ) and (D'). 

Along the same lines as above we can consider a CW-complex X with dim X < 8 
(resp. dim X < 9) and investigate oriented vector bundles of dimension 8 (resp. 9) 
over X, i. e. the set of homotopy classes [X, 550(8)] (resp. [X, 550(9)]). Again it 
is possible to introduce a mapping 7 assigning characteristic classes to every element 
of [X, 550(8)] (resp. [X, 550(9)]). In both these cases we describe the image of 
7 and give necessary and sufficient conditions for the injectivity of 7. These results 
are presented without proofs. 

2. Notation and preliminaries. All vector bundles will be considered over a 
connected CW-complex X and will be oriented. The mappings i* : H*(X\Z>i) —> 
H*(X;Z±) and pk : H*(X\Z) —• H*(X\Zk) are induced from the inclusion Z 2 —> 
Z4 and reduction mod k, respectively. 
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We will use w3(£) for the s-th Stiefel-Whitney class of the vector bundle £, PJ (£ ) 
for the s-th Pontrjagin class, and e(f) for the Euler class. The classifying spaces for 
the groups SO and SO(n) will be denoted by BSO and BSO(n), respectively. The 
letters w3 and p3 will stand for the characteristic classes of the universal bundle 
over the classifying space BSO. Our results given below are based on the following 
relations among the characteristic classes 

(i) pm(t)±yw2({) + i,wi(t), 

(2) P4P2(0 = VM0 + i*iM0 + M0M0), 

(3) PZP*(PI(0) = P&rtt) - ri(0), 

(4) we(t) = S g V t f ) + to-(Ot-4(0. 

where Vp is the Pontrjagin square, a cohomology operation from .ff2*(.X"; Z2) into 
H4k(X\ Z4), .P31 is the first Steenrod operation for Z3-cohomology from Hk(X\ Z3) 
into Hk+4(X]Z3), and Sq2 is the usual Steenrod square. See [BS], [Tl] and [SE]. 

We say that x G H*(X\ Z) is an element of order r (r = 2 ,3 ,4 , . . . ) if and only 
if x ^ 0 and r is the least positive integer such that rx = 0 (if it exists). 

The Eilenberg-MacLane space with n-th homotopy group G will be denoted 
K(G, n) and in(G) will stand for the fundamental class in Hn(K(G, n); G). When 
writing only tn for the fundamental class it will be always clear which group G we 
have in mind. 

In every fibration UK —> E —> B induced from the path fibration QK —> PK —* 
K we can consider the natural multiplication m : SIK x E —> E. 

In the proof of Theorem 1 we will need suspension. Being defined for every 
5 p 

fibration F —• E —» B, it is a natural mapping from a subgroup of Hk^'1(B) into 

Hk(F)/im j * which commutes with the Steenrod squares and t* (see [MT]). 

3. Classification theorems. Our main result reads as 

Theorem 1. Let X be a connected CW-complex of dimension < 9 and suppose 

7 : [X, BSO] -+H2(X; Z2) 0 H4(X] Z2) © ̂ 8 ( X ; Z2) © J^pf ; Z) © fT8(.X; Z) 

is defined b 7 7 ( 0 = (w2(0,Wi(£)yw8(0,Pi(0,MQ)- Then 
(i) im 7 = {(a, 6, c, x, y) \ p4x = $Ja + i*fc, p42/ = ?*& 4- i*(c + a26 + aSq2b), 

P3
1p3X = p3(2y-x2)} 

(ii) 7 is injective if and only if the following conditions are satisfied 
(A) H4(X; Z) has no element of order 4. 
(B) H*(X\ Z) has no element of order 4. 
(C) JJ7(X; Z3) = p3H

7(X; Z) + Pip3H
3(X; Z). 

(D; ff9(A:; Z2) = Sq2H\X; Z2) + Sq'SqWiX; Z2). 
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Remark. We shall introduce also stronger, but more practical conditions 
(C) HS(X\ Z) has no element of order 3. 
(D') H*(X;Z2) = Sq2H7(X;Z2). 

Obviously (C) implies (C) and (D') implies (D). 
An important example of CW-complex which satisfies Condition (D') is an 9-

dimensional oriented manifold M with w2(M) ^ 0. The Poincare duality and the 
fact that the second Wu class is equal to w2(M) yields 

Sq2H7(M;Z2) = w2(M)H7 (M;Z2) = ff9(M;Z2). 

In the case of 9-complexes the application of the general result from [T2] requires 
stronger conditions for the injectivity of 7, namely H*(X;Z) and HS(X;Z) have 
no element of order 2, HS(X;Z) has no element of order 3 and Sq2p2H

7(X; Z) = 
H»(X;Z2). 

Corollary* Let X be a connected CW-complex of dimension 9 satisfying Condi­
tions (A), (B) and (C). Then for every element (a, 6, c, x, y) in im 7 there are at 
most card H9(X] Z2) oriented stable vector bundles over M with the characteristic 
classes w2 = a, w± = b, w3 = c, pi = x and p2 = y. (card denotes the cardinality.) 

For completeness we present other two similar results on the classification of 
oriented n-plane bundles over an n-complex for n = 8 and 9. They can be obtained 
in an analogous fashion as Theorem 1 and so we restrict ourselves only to the proof 
of Theorem 1 and its Corollary. 

Theorem 2. Let X be a connected CW-complex of dimension < 8 and suppose 

7 : [X, 550(8)] -* H2(X; Z2) © H*(X; Z2) © HS(X; Z) © H4(X] Z) © H*(X; Z) 

is defined by 7 ( f l = ( ^ ( 0 , ^ ( 0 , e ( 0 , F i ( 0 . P a ( 0 ) - Tien 
(i) im 7 = {(a, 6, e,x, y) \ p^x = qja + t*6, p±y = Vfib + 2p±e + i+(a2b + 

aSq2b), Plp3x = p3(2y - x2)} 
(ii) 7 is injective if and only if Conditions (A), (B) and (C) are satisfied. 

Theorem 3. Let X be a connected CW-complex of dimension < 9 and suppose 

7 : [X, BSO(9)] -> H2(X; Z2) © H4(X; Z2) © HS(X; Z2) © H*(X; Z) © HS(X; Z) 

is defined by 7(£) = (MQ>MfrMt)>Pi(t)>rtt))- Then 

(i) im 7 = {(a,6,c,a;,y) | p±x = qja + i*b, p±y = qj6 + t*(c + a2b + aSq2b), 
P*p3x = p3(2y-x2)} 

(ii) 7 is injective if and only if Conditions (A), (B), (C), (D') together with 
(D») H»(X;Z2) = Sq*Sq2H\X;Z2) 
are satisfied. 

Proof of Theorem 1. Denote K = K(Z2,2) x K(Z2,4) x K(Z2,8) x K(Z, 4) x .fiT(Z, 8) 
and C = K(Z±, 4) x K(Z4, 8) x K(Z3,8). Up to homotopy there is just one mapping 
k = (fci, fc2, k3) : K —> C such that 

k*(L4(Z4)) = 1 ® 1 <8> 1 ® /94A4 ® 1 - ^ 2 ® 1 ® 1 ® 1 ® 1 - 1 ® i*^4 ® 1 ® 1 <8> 1 
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.fcJ(^8(Z4)) =1(2)1(8)101® p4Ls — 1 ® ̂ 4 ® 1 ® 1 ® 1 - 1 ® 1 ® i**8 ® 1 ® 1 -

i*(*2 ® Sq2t4) ® 1 ® 1 ® 1 — i*(i2 ® 4̂) ® 1 ® 1 ® 1 

K(t8(Zz)) = 1 ® 1 ® 1 ® P3V3*4 ®1 + 1 ® 1 ® 1 ® pzl\ ®1 + 1 ® 1 ® 1 ® 1 ® pztg. 

Let us consider k : K —* C as a fibration with a fibre F. Let a : USO —> .K" 
be defined by (u>2,u;4,u;8,pi,p2) as a fibration as well. Since k o a : BSO —> C 
is nomotopic to zero, there is a mapping / : BSO —> F such that the following 
diagram is commutative 

TP J \K• * ^ 

vi-
5 5 0 

We are going to show that / is a 9-equivalence. The long exact homotopy sequence 
for fibration F —> K -* C gives immediately 7r4(F) = 0,7r2(F) = Z2. Further, 

0 _ > ^ ( F ) - ^ ir4(JT) = Z2 © Z -^> TT4(C) = Z4 —> TT3(F) —> 0. 

Since fc*(6,z) = /94a; — i+b is surjective, we get 7r3(F) = 0, 7r4(F) = Z and j*(z) = 
(p2z92z). Next TT5(F) = 0, TT6(F) = 0, and 

0 —> TT8(F) -±+ ns(K) .= Z2 © Z - ^ TT8(C) = Z4 © Z3 —> TT7(F) —> 0. 

Here fc2*(c, y) = p*y—i*c9 fc3*(c, y) = p$y is surjective. Hence 7r7(F) = 0,7r8(F) = Z 
and j+(z) = (p2^- 62). Now we compare .;* with a* 

a , : TT2(BSO) —> Z2 is equal to 102* = id 
a* : n^BSO) -* Z2 © Z is equal to (104*,Pi*): z i-> (p2^- —2z) 
a# : 7Tg(BSO) —» Z2 © Z is equal to (u>8*,pi«) : z i-> (p2Z,6z) 

(see [BS], Th. 26.5 and [W] for pi* and p2*). That is why 7* : in(BSO) -> TT,(F) is 
an isomorphism for i < 8 and epimorphism for i = 9 (7Tg(F) = 0, irg(BSO) = Z2). 
It means that / is a 9-equivalence. 

Now, let us consider the fibration SIC --+ E\ --4 if which is induced from the 
fibration fiC —* PC —> C by the mapping k. E\ is homotopy equivalent to F, and 
consequently there is a 9-equivalence /3\ : BSO —> £1 such that a = 7Ti o ^ . In fact, 
Ei is the first stage in the Postnikov tower for the fibration a : BSO —> K, where 
the first invariant is given by the mapping k : K —> C. Denote the new mappings 
according to the following diagram. 

Fj • V £-+ K(ZA, 3) x if(Z4,7) x K(Z3,7) 

J * 
Ft • B S o -^ v £ , 

Ä- -=-=-=-=-------=------. Jf ^ • Ä-(Z4,4) x K(ZІ,8) x ІГ(Z3,8) 
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Consider fi\ as a fibration with a fibre F\. This fibre is homotopy equivalent to the 
homotopy fibre .Fi of the mapping fi\ (see [T3]). Since fi\ is a 9-equivalence and 
7r9(V) t= TT9(BSO) = Z2 , F\ is 8-connected and 7r9(.Fi) = Z2 . 

The next invariant <p G f-T10(.Ei,Z2) is the transgression of the generator of 
i?9( .Fi,Z2) in the Serre exact sequence for the fibration ff\. So, it is sufficient to 
find a non-zero element of i f 1 0( .Ei ,Z 2) such that f}* vanishes on it. We will show 
that <p = 7r*v, where v = 1 ® 1 ® Sq2LB ® 1 ® 1 + 1 ® Sq4Sq2L4: ® 1 ® 1 ® 1 + 1 ® 
L*Sq2L4 ® 1 ® 1 ® 1 + SqXL2 ® Sq3L4: ® l ® l ® l - f - * 2 ® Sg 2 i 4 ® 1 ® 1 ® 1. First we get 

/9*7r*u = a*v = 592iy8 + Sq4Sq2w4t + wtStfwt + S^ iuj jSg 3 ^ + w\Sq2wt = 

= (Sq2ws + u>2t08) + (u;2u;8 + Sq4(w2w4: + ,S'(/2ii;4)-h 

u;4(ti;2u;4 + .->g2t-J4)) = u>io + (w2i/>8 4- Sq4w6 + tu4u;6) = 

= w\o + i«io = 0 

To prove that <p ^ 0 we find a mapping H : E —> E\ such that H*(tp) ^ 0. Let 
fc : i f (Z 2 , 8 ) -> i f be the inclusion. We define K(Z4,7) -> E --* .RT(Z2,8) as the 
principal fibration induced from the fibration HK (Z 4 ,8) —> PK(Z4,8) —> K(Z4,8) 
by the mapping k2 o h. Since (k2 o A)*(tg(Z4)) = t*^8(Z2), the Serre exact sequence 
for the fibration K(Z4,7) —* E A K(Z2,8) yields that the transgression r(*7(Z4)) = 
i+L%(li2) and r (SgV 2 i 7 (Z 4 ) ) = 0, and consequently Tt*Sq2L8(Z2) G # 1 0 ( . E , Z 2 ) is 
not zero. Further, we have k o h o 7f = 0, and hence there is a mapping H : E —> E\ 
such that the following diagram is commutative. 

E H 

Ä"(Z2,8)' 

->Æľi 

Һ 
-*-lí"- ->C 

Now we obtain 

H*(<p) = H*o irl(v) = 7f* o h*(v) = 7f*(S,
g

248(Z2)) ^ 0. 

Having the second invariant we can build the second stage E2 of our Postnikov 
tower. 

tf(z2,io) 
Let the notation of the new mappings accord with this diagram. We can consider /?2 

to be a fibration with a fibre F2. Similarly as for the first stage, we can compute the 
homotopy groups of F2. We find that F2 is 9-connected and fl2 is a 10-equivalence. 
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Up to homotopy there is just one mapping p = (fc, v) : K —• L = C x .K"(Z2,10). 
Due to Lemma 8.1 in [T4], there is a homeomorphism g : E2 —* E, where ir: E —> K 
is a principal fibration with the classifying map p: K —> L. Moreover, 7Ti on2 = nog 
and the fibration ft = go/32 : BSO —> E is a 10-equivalence. Hence, we can consider 
the following situation. 

BSO P = 10-«l™,E 

}« [, 
K =K—£—>L 

(i) Let / : X —> K be a mapping given uniquely up to homotopy by the conditions 
f*(i2 ® l ® l ® l ® l ) = a, /*(1 ® L4 ® 1 ® 1 ® 1) = 6, /*(1 ® 1 ® i8 ® 1 ® 1) = c, 
/*(1 ® 1 ® 1 ® t4 ® 1) = x, /*(1 ® 1 ® 1 ® 1 ® is) = y. Over X there is an oriented 
stable vector bundle { with w2(£) = a, w4(£) = 6, u>s(() = c, pi(£) = x, p2(£) = y 
if and only if / : X —» K can be lifted in the fibration a. This is possible if and 
only if (k o / ) * = 0, which gives the condition in (i). 

(ii) Since E is a homotopy fibre of the mapping p : K —» Z, the Puppe sequence 

-+SlK^ilL-^E^UK^L 

yields the exact sequence 

—> [X,OK] ( ^V [X,ttL] -£• [X,E] -2--> [X,K\ -£+ [X,L] 

Moreover, ft being a 10-equivalence, /?* : [X, BSO] —> [-Y, E] is a bijection for every 
CW-complex X of dimension < 9. This means that 7 = 7r,o/?,. : [X, BSO] —• [-Y, if] 
is injective if and only if (ftp)* : [.X", UK] —> [.X", I2.L] is surjective. Hence we need 
to prove that the mappings (ftfci)*, (ft&2)*, (fife)* and (ftw)* are surjective if and 
only if the conditions (A), (B), (G) and (D) are satisfied. 

The computation can be carried out in the same way as in [CV] using diagrams 
of the following form 

HK nkl >ir(Z4,3) 

I 1 
PK Pkl .Pg(Z 4 ,4 ) 

I I 
K ^—>K(Z4,4) 

and suspensions. 

(ftfci)*(*3) =(ftA;i)*((7A4) = <r(k*(i4)) = 1 ® 1 ® 1 ® p4i3 ® 1 

— i+i\ ® 1 ® 1 ® 1 ® 1 — 1® 1**3 ® 1 ® 1 ® 1. 

Hence (ft**)* : [X,ilK] -> [X,K(Z4,3)] : (a,6,c,a;,y) •-> p4a; - i*a3 - i*6. That is 
why (ftfci)* is surjective if and only if 

H3(X] Z4) = P4H
Z(X; Z) + i*H 3(X; Z2), 
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which is equivalent to Condition (A). 
Now consider the mapping k2. 

(Slk2)*(L7) =(Slk2)*(oLS) = ok2(L8) = 1 ® 1 ® 1 ® 1 ® p4Ll 

- 1 ® 0*#L± ® 1 ® 1 ® 1 - 1 ® 1 ® %*L7 ® 1 ® 1 

- UO(L2 ® Sq2L4) ® 1 ® 1 ® 1 - %+O(L\ ® A4) ® 1 ® 1 ® 1. 

We have OL\ = oSq^L* = Sq^OL* = Sq4L3 = 0. Then p2o%L± = op^L* = OL\ = 0 
and O^PL^ € i+H7(K(Z2,4);Z2). It yields that ({lk2)+ is surjective if and only if 

.ff7(X; Z4) = p^H7(X] Z) + i , H7(X; Z2) , 

which is equivalent to Condition (B). 
Next we compute (£lk3)*. 

(ilk3)*(L7(Z3)) = (ilks)*(0L8) = 0k*(LS) 

= 1 ® 1 ® 1 ® (oPlpsn ® \+P$OL\ ® 1 + 1 ® pzOLs) 

= 1 ® 1 ® 1 ® (P3V343 ®1 + P3fl®l + 1® 03*7). 
Hence (fl&3)* is surjective if and only if 

H7(X; Z3) = PsH7(X] Z) + PipsH3(X; Z), 

which is the condition (C). 
It remains to compute (flu)*. 

(SIV)*(L9) = (HV)*(OL10) = OV*(L10) = 1 ® 1 ® oSq2LS ® 1 ® 1 

+ 1 ® oSq^Sq2^ ®1®1®1 + 1® o(nSq2n) ® 1 ® 1 ® 1 

+ o(SqlL2 ® Sq3L4) ® 1 ® 1 ® 1 + O(L\ ® Sq2L±) ® 1 ® 1 ® 1 

= 1 ® 1 ® Sq2L7 ® 1 ® 1 + 1 ® Sq4Sq2L3 ® 1 ® 1 ® 1. 

The suspensions of products are equal to zero, which can be shown using the Serre 
spectral sequence. Consequently, (flu)* is surjective if and only if 

H9(X;Z2) = Sq2H7(X;Z2) + Sq*Sq2H3(X;Z2), 

which is the condition (D). This completes the proof. 

Proof of Corollary. Let £ be an oriented stable vector bundle over a CW-complex 
X. We consider it as a mapping £ : X —> BSO. Its Stiefel-Whitney and Pontrjagin 
classes are determined by the mapping a o { € [-Y.-K"]. Since /?2* - [X,BSO] —* 
[X, E2] is a bijection, the number of stable bundles with the same characteristic 
classes as £ is given by the number of homotopy different liftings of a o { in the 
fibration ir2 o 7Ti : E2 —• K. 

BSO h 

OL o £ 



4 0 MARTIN CADEK - JIRf. VANZURA 

Under Conditions (A), (B) and (C) there is just one lifting in the fibration 7Ti : E\ —• 
K. (The proof repeats the arguments given in the part (ii) of the previous proof.) 
This lifting is fa o £. All liftings of this mapping in the fibration ftK(Z2,10) = 

K(Z2,9) h E2 -U Ei are m(*,0i of) where z G [.X,1<:(Z2,9)] *- H9(X]Z2). This 
shows that there are at most card H9(X;Z2) liftings. 
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