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LIFTINGS OF 1-FORMS TO SOME NON
PRODUCT PRESERVING BUNDLES

MIrosLAV DoOUPOVEC AND JAN KUREK

ABSTRACT. The work is devoted to the question how to construct geometrically a 1-
form on some non product preserving bundles by means of a 1-form on an original
manifold M. First we will deal with liftings of 1-forms to higher order cotangent
bundles. Then we will be concerned with liftings of 1-forms to the bundles which arise
as a composition of the cotangent bundle with the tangent or cotangent bundle.
KEeYwoRDSs. Higher order cotangent bundle, natural operator, lifting

1. INTRODUCTION

The aim of this paper is to study geometrical constructions of 1-forms on some
non product preserving bundles by means of 1-forms on an original manifold M.
Roughly speaking, the word geometrical means that the constructions in question can
be defined independently of coordinate changes. Using a more general point of view,
geometrical constructions are in fact natural differential operators of certain type,
cf. [4]. If F is an arbitrary natural bundle, then the natural operators transforming
1-forms on a manifolf M into 1-forms on FM will be denoted by T* ~» T*F. In
other words, natural operators of such a type are sometimes called liftings.

By the general theory, every product preserving bundle F' can be expressed as a
Weil bundle T4 corresponding to certain Weil algebra A, [4]. Mikulski has in [8]
determined all natural operators T* ~» T*T4 for every Weil bundle T4. If F does
not preserve products, then we have no general description of all natural operators
T* ~» T*F. The simplest example of a non product preserving bundle is the classical
cotangent bundle T*. In [2] we have studied liftings of various kinds of tensor fields
to the cotangent bundle and we have classified here all natural operators T* ~» T*T*
transforming 1-forms to the cotangent bundle. In particular, we have proved that
the pull-back and the classical Liouville 1-form are the only 1-forms on T* M which
can be geometrically constructed from a 1-form on M. Further, Mikulski has in [7]
studied linear natural operators transforming 1-forms to the higher order tangent
bundle T() which is defined by T"M = (T™M)*, T™*M = J"(M,R)o. This paper
is devoted to liftings of 1-forms to the higher order cotangent bundle 7* and also to
the bundles T*T, TT* and T*T™, where T is the tangent bundle. Except classification
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theorems we will also study some related geometrical questions. Using such a point
of view, this paper is a continuation of [2].
All manifolds and maps are assumed to be infinitely differentiable.

2. LIFTINGS OF 1-FORMS TO HIGHER ORDER COTANGENT BUNDLES

The r-th order cotangent bundle is defined as the space T™*M = J"(M,R), of all r-
jets of smooth functions ¢ : M — R with the target 0 € R. Every local diffeomorphism
f: M — N is then extended into a vector bundle morphism ™ f : T™M — T™ N
defined by jip — j;-(x)(tp o f~1), where f~! is constructed locally. Obviously, 7"*
does not preserve products and for r = 1 we obtain the classical cotangent bundle T™*.
The aim of this section is to study how an arbitrary 1-form on M can induce a 1-form
on T™M, i.e. to study natural operators T* ~ T*T"*. Denote by (z*,u;, ..., ui..5,)
the canonical coordinates on T7*M and by GT, the group of all invertible r-jets from
R™ into R™ with the source and the target zero. Then the coordinates on G, will
be denoted by (af,aly,...,a}, ; ), while the coordinates of an inverse element will
be denoted by a tilde.

Let w = w;dz* be an arbitrary 1-form on M and denote by 7*w its pull-back to
T™ M with respect to the vector bundle projection 7 : T™*M — M. Moreover, we
have a canonical projection 7, : T™*M — T*M, so that the classical Liouville 1-form
Am = u;dz* on T* M induces the 1-form 7y on T™* M. Now we prove

Proposition 1. All natural operators T* ~» T*T™ transforming 1-forms on M into
1-forms on T™ M are of the form

(1) wramw+ camr Ay

with any c;,c2 € R,

Proof. The proof is based on the canonical equivalence between natural operators
in question and equivariant maps between corresponding standard fibres, [4]. Using
such a point of view, r-th order natural operators T* ~ T*T™* are in a bijection with
the Go}!-equivariant maps

(2) (Jth)oRm @ (Tr#)ORm — (T'T"()O]Rm-
The canonical coordinates on the standard fibre (J"T*)oR™ will be denoted by
(wi,wi j, - . ., Wi j,..5,) and the coordinates on (T™*)oR™ are (u;, uij,. .., u;,. i, ). More-

over, the coordinate expression
Q = oyds’ + Bidu; + B du; + -+ + rtrdu;, g,

of a 1-form on T™* M defines the coordinates (c;, 8%, 8%, ..., 3 ) on the standard
fibre (T*T™*)oR™. In this way the coordinate form of (2) is

@ = (Wi, Wijy -+ oy Wi gy gy Uis Uijy - -+ Uiy, ),

B = B (Wi, Wijy e ooy Wiy jor Ui Uigy - o Uiy i),

i1...4 31,008 e L. T
ﬂ" T = ﬂ 1 '(wuwuy'--)wi,jl...]nunutj""1ui1...i.-)'
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By the homotheties @} = kd; we have

+1

— 2 2 r
koi = o(kws, K*wijy .o o K7 w5y g Kty K055, o KT UG L),

1.
Eﬂ' = B (kwi, K2wig, . .o K™ wi gy g Bty K20, o K 0y 4L),

1 .. . L 1 2
Fﬁ“""" = [t (kw,', kzw.',-, . ,kr+ Wi Gy .girs ku;, k Ugjyeony k'u;lm.-,).

Multiplying both sides of B~ by k* and then setting k — 0 we obtain gt~ =0
for all s =1,...,r. Moreover, by the theorem on homogeneous functions from [4] we
have that ; are linear in w; and in u; and independent of all remaining coordinates.
Up till now, we have deduced

o = qw; +cui, B=0,...,0" =0

which is the coordinate form of (1). Next, one evaluates easily the following trans-
formation laws: %; = @lu; and @; = @lw;. Moreover, since all §'s = 0, then the
transformation law of a; can be expressed in the simple form &; = E{ aj. Then the
full equivariance of ¢; reads that ¢; and c; are arbitrary real numbers. We have
also proved that all r-th order natural operators are reduced to the zero order ones.
Finally, by the consequences of the Peetre theorem, [4], every natural operator in
question has a finite order. O

Remark 1. We remark that W. Mikulski has in [6] classified all natural operators
transforming vector fields to the r-th order cotangent bundle. Moreover, we have
in [3] also determined all natural operators transforming (0, 2)-tensor fields to this
bundle and we have discussed here some related geometrical questions.

3. LIFTINGS OF 1-FORMS TO THE COTANGENT BUNDLE OF A TANGENT BUNDLE

First we will be concerned with the question how a 1-form on a smooth manifold M
can induce a 1-form on T*TM. Denote by (z*,y* = dz*, p;dz’ + g;dy*) the canonical
coordinates on T*TM. If qpr : T*M — M is the bundle projection, then gy :
T*TM — TM. Moreover, denoting by pasr : TM — M the tangent bundle projection
and sps : TT*M — T*TM the canonical isomorphism of Tulczyjev and Modugno and
Stefani, [4], then the composition vrspr := prep 0 837 : T*TM — T*M is given by
(=%, ¥, pi, &) = (2%, ¢;). If A € T*TM, then the contraction I := (grar(A), vr-a(A))
defines an invariant function on T*T'M, in coordinates

3 L=qy'.
Quite analogously, the contraction with a 1-form w = w;dz* defines another function
(4) L =wy'

Then the exterior differentials
(%) Q) :=dh = gidy’ + y'dg;
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and
(6) Qp:=dl, = w,-dy‘ + w,-,,-y"dxj

are 1-forms on T*T'M. The well-known canonical involution s : TTM — TTM of
the iterated tangent bundle defines an analogous mapping

vrrerym =Ty 0 kpepr 0 T(s3f) : TT*TM — TT*TM,
LTT'TM(Il:i, yia Di, Qi dzia dyi) dpt" in) = (xiv dxiy DPi, s, yi$ dyi’ dpl'a dq:) Considering a
1-form on T*T'M as a linear mapping TT*TM — R, we can define another 1-form
on T*TM by
(7) Q3 := Qo 0tpper = w,-dy" + wg,jyjdz‘.

Moreover, let Ay = gidz* be the canonical Liouville 1-form on T*M and let Apps =
pidz* + g;dy* be Liouville 1-form on T*TM. Then we define

(8) Q4 := Ay — dIy = pidz® — yidg;.

Finally, we will denote by Q5 = w;dz* and Qg = g;dz* the 1-forms on T*TM which
are defined by the pull-back of w and Apz, respectively. Now we prove

Proposition 2. Let dimM > 2. Then all natural operators T* ~» T*(T*T) trans-
forming 1-forms on M into 1-forms on T*TM are of the form

(9) w— Cl(II,Ig)Ql+"'+Cs(11,12)96

where cy,...,cq : R = R are arbitrary smooth functions.

Proof. Consider first the first order natural operators. Then it suffices to find all
G3 -equivariant smooth maps

(J'T*)oR™ & (T*T)oR™ — (T*T*T)oR™.
The action of G2, on (J1T*)oR™ is

w; = ii{wj,
(10) e
Wi,j = 03 Wk, + 03;Wk

and the action of the same group on (T*T)oR™ is

7 =aly,
(11) g; = alg;,
P; = alp; + ayarqy".
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Next, the coordinate expression of a 1-form Q = aydz’ + Bidy* + v'dp; + §'dg; on
T*TM defines the coordinates (o, B;,7*,6*) on the standard fibre (T*T*T)oR™ with
the following action of the group G3,

@ = dla; + aj 597 Be + af ™y Pg + afgmap" fﬂk%?"*'

+aktam'y ~* d; +a’kmai ars* [
alB; + ol @7*g;,

@y,

a;Jj + aiz'dfn'ykym.

(12)

B
-
Py

Since w; ; are neither symmetric nor antisymmetric in 7 and j, it will be useful to
introduce a new couple of coordinates by Sij = §(wi,j +wj;) and Rij = 3(wi; w,,.)
Then w; ; = Si; + Rij and S;; are symmetric and R;; are antxsymmemc in ¢ and j.
Using (10) we directly compute the transformation law of S;; and R;; on the kernel
of the jet projection G2, — GL,

(13) ‘f = Sij + afjr,
Rij = R;;.
In what follows we will use the following auxiliary assertions.
Lemma 1. Let f : (J'T*)oR™ & (T*T)oR™ — R™ be an G2 -equivariant smooth
mapping and let dimM > 2. Then it holds
! = olay' wiy')y*
where ¢ : R® — R is an arbitrary smooth function.

Proof of Lemma 1. We have to determine all G2 —equivariant maps of the form
f’ fily ,p.,q,,w.,w._,) Replace w; j with Si; and R;j, so that

= fi(y} s Pis @i Wiy Sij Ri;). By the tensor evaluation theorem from [4] and using
the fact that R;;jy'y’ = 0 we obtain f* = ¢(piv’, iy, wiv’, Sijy'y’)y*. Then the
equivariance on the kernel G2, — G, yields

e, et wit, Siy'y’) = o((pi + Ghary )y, iy’ wiv', (Sij + 35wk )y'y?).
Put w = (1,0,...,0) and ¢ = (0,1,0,...,0). Then
o', v, vh Siiv'y?) = o((pi + @2 h)y, ¥R o, (Sij + 8L)y'yY).
Ifa? ; # 0 and @;; = 0, then we see that ¢ is independent of p;yt. Analogously, @ a,J #0

proves the mdependence of ¢ on S;;y'y? and the proof of Lemma 1 is finished.
Quite analogously we can prove
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Lemma 2. Let f: (J'T*)oR™ @ (T*T)oR™ — R™ be an G2,—equivariant smooth
mapping and let dimM > 2. Then it holds

fi = o1(atf,wit') s + o2(qiv’, wiv)ws + 03(qiv’, wiy*) Rijy?
where 1,2, 93 : R® = R are arbitrary smooth functions.

Now we come back to the proof of Proposition 2. By Lemma 1, 4* = y(I1, I)y*.
Similarly to the proof of Lemma 1 we deduce that &* = §(Iy, Iz, piy*, Si;v'y?)y’. By
equivariances on the kernel of the jet projection G2, — G, we have & = §(I;, I)y*
and also y(I1, I) = 0. Consider now B; = B;(y*, pi, ¢i, wi, w; ;). Since 7* = 0, then
the transformation law of f; is of the tensorial character §; = 'd.ﬁj By Lemma
2 ﬂ. B1(I1, I2)gi + Ba(I1, I2)wi + B3(I1, I2)Rijy’ . Further, assume o; in the form

= kipi + k2Si;97 + @ (y*, pi, @i, wi, wi ;) with undetermined k;,k, € R. Using
eqmvanance we prove that 83 = 0, f2 = k2 and § = k;—0;. Then the full equivariance
together with Lemma 2 reads &; = k3q,-+k4w.-+k5R,~jyj . Up till now we have deduced
7' = 0,8 = (Bi—Fk1)y*, Bi = Bigi+kawi and o; = kipi+kaSijy’ +kagi+kawi+ks Rijy’
which can be rewritten in the form

7' =0,
‘= iyt -k,
Bi = B1gi + kaw; + kaw;,
@i = k1pi + kawi jy° + kawj iy’ + kagi + ksw;.

(14)

This is nothing else but the coordinate form of (9).

By (4], every natural operator in question has a finite order. Now we show that
the second order natural operators are reduced to the first order ones (the proof
for natural operators of the order r > 2 is quite similar). The second order natural
operators lead to the G3 —equivariant maps (J2T*)oR™ & (T*T)oR™ — (T*T*T)R™.
It suffices to prove that all such maps are independent of w; jx. The transformation
law of w; ji is

— ~f~
Wi, jk = a4 a Apwe,mn + a,ka Wem + a,a,kwg,m + aqa,c Wem + a,,kwg

Put St]k = (wt gk T Wjik + Wk 11), ijk = (ws gk~ w],!k) and T:JL = (wl Jk — Wk 13)
Then w; jr = Sijk + Rijk + Tijk, Sijk are symmetnc in all 1nd1ces and on the kernel
of the jet projection G3, — G, we have Sijx = Sijix + aukwg, Rijx = Rijx and
T.,k = Tijx. In the case of the second order natural operators the map f from
Lemma 1 should be replaced with f : (J2T*)oR™ @ (T*T)oR™ — R™, so that we
have additional coordinates w; jx. Now we show that the function ¢ from Lemma
1 does not depend on w; jx. First, replace w;jx with Sijk, Rijx and Tyjk. Since
S;jk are symmetric in all indices, the equivariance on the kernel of the jet prOJectlon
G3 - GL ylelds that f¢ are independent of Sijk. Moreover, since R;jry tyiyF = 0
and Tjxy'y’y* = 0, the tensor evaluation theorem leads to the same form of fias

in the case of the first order operators. The proof that the map f from Lemma 2 is
independent of w; jx is quite similar. This completes the proof of Proposition 2. O
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Corollary 1. All natural operators T* ~» T*(T*T) are linear.

In what follows we will use the concept of a natural 1-form in the sense of the
following definition.

Definition 1. A natural 1-form on T*T is a system of 1-forms Qs : T*TM —
T*T*TM for every m-manifold M satisfying T*T*TfoQp = QnoT*T f for all local
diffeomorphisms f : M — N.

Definition 2. A natural operator A : T* ~» T*F is called absolute, if Ayywar =
ApOp for every wys : M — T*M, where Ops means the zero section.

In this way natural 1-forms on T*T'M are exactly the values of absolute natural
operators T* ~ T*(T*T).

Corollary 2. All natural 1-forms on T*TM are of the form
(15) c1 (1) + e2(11)Q + c3(11)S%

where the 1-forms Q;, Q4 and Q¢ were defined above and cy,cz,c3 : R =& R are
arbitrary smooth functions of the invariant (3).

Remark 2. It is well-known that if F' is a Weil bundle, then all natural operators
T ~ T'F transforming vector fields on M into vector fields on F'M can be constructed
from the complete lift F by applying all natural transformations TF — TF over
the identity of F, [4]. The complete lift F of a vector field is defined as its flow
prolongation. We have proved in [1] that the same holds also for the bundle F =
T*T, which does not preserve products. The 1-form Q3 = widy' + w; jyidzcan
be also considered as a 1-form on TM and is sometimes called the complete lift of
w = widzr® to TM. Using pull-back with respect to the projection T*TM — TM,
we can consider Q3 as the complete lift of w to T*TM. In this situation we can
pose a question what would we obtain after applying all natural transformations
T*(T*T) = T*(T*T) over the identity of T*T to the complete lift of w to T*T'. Using
all natural transformations TTT* — TT*T from [1] we easily determine the following
equations of all natural transformations T*T*T — T*T*T over the identity of T*T"
@; = Do +Gp; + Hp; + KB+ Lai, B; = DPi + Gg;, v* = Dy*, 6 = D§* — Hy' + K+,
Applying this to the complete lift 3, we obtain all 1-forms from the list (9), except
Q, = widy® + w; jy*dzi. Notice that the 1-form Q0 is the only nonabsolute closed
1-form on T*TM.

Remark 3. The problem of finding all natural operators transforming 1-forms to the
bundles T'T* and T*T™* can be reduced to Proposition 2. This is a simple consequence
of well-known natural equivalences s : TT* — T*T and ¢ : TT* — T*T*, [4]. Denot-
ing by (2%, u;, s* = dz,t; = du;) the coordinates on TT*M and by (%, v;, a;dz*+b*dv;)
the coordinates on T*T™* M, the equations of s are (y* = s*,p; = ti,¢; = u;) and the
equations of ¢ are (v; = u;,a; = t;,b* = —5').

Remark 4. Let F. be a natural bundle and let {A,,...,Ap} be a basis of the vec-
tor space of all linear natural operators T* ~» T*F. Using the pull-back with re-
spect to T*FM — FM, we can consider {A;,...,A,} as a set of linear natural



32 MIROSLAV DOUPOVEC - JAN KUREK

operators T* ~» T*(T*F) transforming 1-forms on M into 1-forms on T*FM. Fur-
ther, let {B1,...,Bg} be a basis of the vector space of all absolute natural operators
T* ~ T*(T*F). Then S := {Ay,...,Ap, By,..., By} is certain set of linear natural
operators transforming 1-forms to the bundle T*F. In particular, if F' = T, then all
natural operators T™* ~» T*(T*T) are linear and the basis of all such linear operators
is exactly the set S constructed above. Obviously, the 1-forms 5, 3 and Q5 can be
easily defined also on the tangent bundle (cf. [5] and [8]), so that 4; = Q2, A2 = Q3
and Az = Q5. By Corollary 2, B; = §;, Bs = Q4 and B3 = . In this notation
we do not distinguish between the operator and its value. It is our belief that such
a construction of linear natural operators T* ~» T*(T*F) has a general character
and can be used for other natural bundles F. But this does not work for all natural
bundles, the cotangent bundle F' = T* being the simplest example. In this case all
linear natural operators A; : T* ~» T*T™* are zero order only, so that the set S does
not describe all natural operators of this type.
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