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ON THE SECOND ORDER ABSOLUTE DIFFERENTIATION

ANTONELLA CABRAS, IVAN KOLAR

ABSTRACT. First we compare two different approaches to the second order absolute
differentiation on an arbitrary fibered manifold. Then we extend the second approach
to connections on the functional bundle of all smooth maps between the fibers over the
same base point of two fibered manifolds over the same base. (For the first approach,
this problem was solved in [4].)

There are two different approaches to the second order absolute differentiation
in the case of a principal or linear connection I'. The first one constructs V7 ,
by means of an auxiliarly linear connection A on the base manifold, [17], which is
related to the ideas of tensor calculus. The second one applies another geometric
idea by C. Ehresmann, [6], and constructs V2 by means of I only. In Section 1
we recall the first construction in the case of a connection I' on an arbitrary fibered
manifold 7 : Y — M, which has been developed recently in [1]. In Section 2 we
generalize Ehresmann’s approach to connections on a finite-dimensional groupoid to
the groupoid GY of all diffeomorphisms between the individual fibers of Y. We
use systematically the structure of a smooth space in the sense of Frolicher on GY'.
The groupoid approach clarifies directly that the values of VZ are semiholonomic
2-jets. But it is remarkable that it also interprets some prolongation procedures for
connections on Y from a new point of view. In Section 3 we present a construction
of V% by using second tangent bundles, which we need for a generalization in Section
6. Then we comment on some differences between V3 , and V3.

The second part of the present paper is devoted to a functional version of the
second order absolute differentiation. Consider two locally trivial fibered manifolds
p1:Y1 = M, p2: Y2 > M over the same base and the bundle of all fiber maps

(1) ]:(Yia Y2) = U C°°(Y1=,Y2z)a
zEM
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which is a smooth space in the sense of Frélicher, [2]. The first approach to the
second order absolute differentiation on F(Y;,Y2) was studied in [4], so that we go
directly to the second one. In Section 5 we define the absolute differential Vrf of
any smooth map f of a manifold N into F(Y7,Y2) with respect to a connection '
on F(Y1,Y2). Then we construct VZf by using the machinery of second tangent
bundles. In Section 7 we deduce for a finite order connection I' on F(Y3,Y2) and a
section s : M — F(Y}, Y2) that the deviation of semiholonomic 2-jet V2s(z) coincides
up to the sign with the curvature of I" at s(z).

If we deal with finite dimensional manifolds and maps between them, we always
assume they are of class C®, i.e. smooth in the classical sense. On the other hand,
the concept of smoothness in the infinite dimension is due to Frolicher, [7], see also

8]-

1. An auxiliary linear connection on the base. On an arbitrary fibered manifold
7 :Y = M, a connection can be defined as a section I' : Y — J'Y, see e.g. [13]. We
denote by vr : TY — VY its vertical projection. If s : M — Y is a section, we define
its absolute differential by

(2) Vrs= Uro T8,

i.e. we construct the vertical projection of the tangent map of s. Hence Vrs is a
section M - VY @ T*M. Let z*, y? be some local fiber coordinates on Y and let T’
be expressed by

(3) dy? = F?(z,y) dz*
and s by y? = sP(z). Then the coordinate form of (2) is

os?
(4 30t~ Fi (z,8(2).

There is a canonical isomorphism iy : V(J'Y — M) = J}(VY = M), [13), p.
255. If we compose the vertical tangent map VI : VY — VJ'Y with iy, we obtain
a connection VI' := iy o VT on VY — M, which is called the vertical prolongation of
I. If Y? are the additional coordinates on VY, then the equations of VI are (3) and

OF? :
Il 7
(5) dY By Ydz'.
Let A be a linear connection on TM and A* be the dual connection on T* M. Since
VI is semilinear, we can construct the tensor product VI'® A*, which is a connet_:tion
on VY ® T*M, [1], [13]. If Y? are the tensor coordinates on VY ® T*M and A}, (z)
are the Christoffel symbols of A, then the coordinate expression of VI'® A* is (3) and

OF? .
(6) dy? = (Ty{,}’f - A{;Y,g’) dr? .
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Hence we can construct the second order absolute differential
(M V2 A3 = Vyrea-(Vrs).

If we have a vector bundle 7 : E — M, then VE = Exp E. If I is a linear connec-
tion on E, then VI coincides with the product I’ x . For every section s : M — E,
we have przoVrs: M — EQT*M and V3 5 s is identified with (Vrs, Vrga-(Vrs)).
This is the classical tensor approach, [16). In particular, if E is a tensor power of TM
and T*M and T is the corresponding tensor power of a linear connection A on TM
and of its dual A*, we take A again for the auxiliary linear connection on M. Then
we obtain the classical procedures of tensor calculus.

2. The groupoid approach. Let 7 : Y — M be a locally trivial fibered manifold.
We write Is0C®(Yz,Y;) for the set of all diffeomorphisms of Y; into Yj.

Definition 1. The set
L) gr=|J IsoC®(YaYy)
(zy)EMxM

is called the groupoid of all diffeomorphisms of the fibers of Y or the groupoid of Y.

We are going to show that GY is a smooth space in the sense of Frélicher.

In general, let p; : Y3 & M; and p; : Yo = M, be two locally trivial fibered
manifolds. Then we define
9) Fib(Y,Yo) = ) C®(YiYa)

(z.y)EM1X M

We denote by p : Fib(Y;,Y2) = M; x M, the canonical projection. Consider the
product projections pry : My x Mz — M, pra : My x My = M; and construct the
pullbacks Y; = priYa, Yz = pr3Ya, which are fibered manifolds over M; x M;. Then
we have defined F(Y;,Y?) in the sense of (1). By the definition of pullback,
(10) f’b(YI’ Y2) = '7:(?1’?2) .

This introduces the structure of a smooth space on Fib(Y,Y2), [2]. In other words,
for every manifold N a map f : N — Fib(Y1,Y>) is smooth, if the base map po f :
N — M, x M, is of class C*® and the induced map

1) Ffivio Y,

f(u:yl) = f(u’)(yl)’ fl =pn °p°f, u € Nv e Yls fl(u) =p1(yl)’ is of class C*°.
Moreover, r-jets of N into Fb(Y;,Y2) are introduced by
Jf(Ni fib(yh Y2)) = Jr(Nl }-(Yl’ }’2)))

where the right-hand side was defined in [4]. In the case of product bundles Y; =
M X @, Y2 = M3 X Q2, we have
(12) Jr(Na }-"b(}’l, YZ)) = Jr(Nl Ml X MZ) XN COO(QI:J'(N) QZ)) ]
where the subscript « indicates that we consider the maps into the fibers of the jet
projection a : J™(NV,Q2) — N.

The inclusion GY C Fib(Y,Y) defines the structure of smooth space on GY. We
shall writea = priop:GY = M, b=praop: GY — M. The following definition
extends an idea by Ehresmann, [6], to the infinite dimensional space GY'.
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Definition 2. An element of connection on GY at £ € M is a 1-jet at z of a smooth
map o : U — GY of a neighbourhood U of z satisfying

(13) ao(u) =z, bo(u)=u forall ueU and o(z)=idy,.

The set of all elements of connection on GY will be denoted by QGY. Since
QGY c JY(M,GY), it is a smooth space as well. The source jet map is a projection
QGY — M. _ 5

Every A € Q,GY, A = jlo(u), defines a section A : Y; = JLY, A(y) = jlo(u)(y).
Conversely, Proposition 5 of [19] implies that for every section B : Y; — J1Y there
exists a neighbourhood U of z € M and a map o : U — Fib(Y, Y) satisfying (13) such
that B = jlo. Since o(z) = idy,, the map ¢ : U x Y; = Y is local diffeomorphism
in a neighbourhood of {z} x ¥;. In this local sense, connections on Y correspond to
smooth sections I' : M — QGY.

Given a section s : M — Y and an element of connection A = jlo(u) € Q.GY, we
define the absolute differential V 4s by

(14) Vas =gz (07 (u)(s(w)) € J2(M,Y2),

where 0~!(u) denotes the inverse diffeomorphism, so that a‘l(u)({(u)) is a local map
M — Y,. We are going to show that (14) coincides with (2) for A =T'|Y;. In some
local coordinates ¥, yP, let §? = fP(u,y) be the coordinate expression of o(u). Then
A:Y; — JLY is given by
8f*(z,y)

P == g7
(15) Fr(ay) = L2
If y? = sP(u) is the coordinate form of s, o~ (u)(s(u)) is expressed by f”(u,s(u)),
where fP(u,y) is the inverse diffeomorphism of o(u). Then the coordinate form of
Jzo 7 (u)(s(u)) is

8f(z,) , 87*(z,y) s
(16) FrE 8y? 8z’

But o(z) = idy, implies 8f?(z,y)/8y? = &2. Differentiating 0~ (u) oo (u) = idy, , we
obtain 8f?(z,y)/8z° = —8f?(z,y)/dz* = —F?(z,y). Hence (16) concides with (4).
Using this point of view, we interpret Vrs as a section of the union

(17) JH(M,Y,n):= | J'(M,Yz),
zeEM

which is a fibered manifold over M. Every diffeomorphism ¢ : Yz — Y}, is extended
into a map J(idp, ) : JH(M,Y;) = J}(M,Y,). This defines an injection GY —
G(J*(M,Y,n)). Hence every element of connection A = jlo(u) on GY is extended
into an element of connection A; on G(J*(M,Y,r)) defined by

(18) Ay = 5 (idu, 0 (w)) .
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The correctness of this definition follows from the coordinate expressions. The local
coordinates z*, y? on Y induce jet coordinates v*, y?,y? on each J}(M,Y;). If o(u)
is expressed by

(19) 7= ui'l P = fp(u’ y) )

then the additional coordinate expression of J*(ids, o (u)) is
_q . _ a fp u, y

(20) 'U‘ = U‘, yf = %yq)-y:’ .

Hence A; is of the form

P

. . OF? .
(21) dv'=0, dy?=Fl(z,y)ds’, dyf = Tyf’y}'dz’ .

Thus, every connection I' on Y is canonically extended into a connection I'; on
JY(M,Y,n). Since Vrs is a section of J1(M, Y, ), every

Vr, (Vrs) (@) = 527" (idw, o (u)) ™ (Vrs(u))

is a semiholonomic 2-jet of M into Y.

Definition 3. The map

(22) Vis:=Vr, (Vrs): M - | ] J2(M,Y2)
zEM

is called the second absolute differential of s with respect to I.

Proposition 1. The coordinate form of Vis is (4) and

8%s OF _ OFF ds OF} 9s1  OFF

(23) 3700 Oz 0y 0 9y 0a T ogr T

Proof. This follows directly from (4) and (21).

We remark that the idea of extending the groupoid GY can be applied for pro-
longating connections in many similar cases. For example, every diffeomorphism
¢ : Y; = Y, induces the tangent map Ty : V.Y — VY. Hence every element of
connection A = jlo(u) on GY defines an element of connection VA = jlT(o(u))
on the groupoid GVY of the vertical tangent bundle. For a connection I" on Y, VI'
coincides with the vertical prolongation from Section 1.
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3. The use of second tangent bundles. For every vector bundle p : E =& M,
there are two vector bundle structures 7z : TE — E and Tp : TE — TM on TE.
Moreover, we have an injection ¢ : E — TE which identifies E, with the tangent
space Ty, (E;) of the fiber E; at its zero vector 0;. In other words, i(E) is the
common kernel of both projection 7g and T'p. Using the terminology of J. Pradines,
(18], [15], we say that ¢(E) =: HE C TFE is the heart of E. Clearly,ifg: D - N
is another vector bundle and f : E — D is a linear morphism, then T'f is a linear
morphism of both vector bundle structures 7g — 7p and Tp — T'q. We shall also say
that T'f is linear in both directions. Moreover, Tf(HE) C HD and the restriction
Hf :HE — HD of Tf coincides with f.

Every non-holonomic 2-jet X € J2(M,N), is of the form jlo, where 0 : M —
J1(M, N) is a section of the source projection a : J'(M,N) = M, [5]. Every o(u) €
J1(M, N) is identified with a linear map p(o(u)) : T,M — TN, so that X defines a
map

(24) pX : TT:M — TT,N, pX =T,u(o(u)).

Consider the projections mras : TTM — TM and Ty : TTM — TM.

Lemma 1. (J. Pradines, [18]) A map A : TT,M — TT,N represents a non-
holonomic 2-jet X € J2(M,N),, i.e. A= pX, iff all following conditions are ful-
filled:

(i) A is wp-projectable over a linear map A, : TM — TyN and T'r-projectable
over a linear map Az : T:M — TyN,
(ii) A is a linear morphism with respect to both vector bundle structures mr and
T,
(iii) the heart restriction Ao : H;TM — H,TN coincides with A;.

Moreover, X is semiholonomic, iff A; = Aa.

Proof. If fP(u), fP(u) is the coordinate expression of o, then po(u) is of the form
yP = fP(u), Y? = fP(u)X*. For T po(u) we find

p . . .
(25) YP=fP(z)X}, dyP= %xﬂ.’) dzt, dY?= a—’;i(f—) X'dr? + ff(z)dX*.

This is the coordinate form of our claim. ' 0

The absolute differentiation of sections of a fibered manifold « : Y -+ M can be
extended to any map f: N — Y. We define

(26) Vof=vroTf,

so that Vrf is a VB-morphism TN — VY over f : N = Y. If u® are some local
coordinates on N, U* are the additional coordinates on T'N,

(27) ' = fiu), ¥ =F"(u)
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is the coordinate expression of f and I' is given by (3), then the coordinate form of
Vrf is (27) and

(28) y? = ("’f

Vrf is a map with values in VY, so that we can construct its absolute differential
with respect to any connection A on VY — M. Since o : VY — Y is a vector
bundle, J'VY is a vector bundle over J'Y. A connection A : VY — JIVY is called
semilinear, if it is projectable, i.e. there exists a connection Ag : Y — JY satisfying
Apog= (J'g) oA, and A is a VB-morphism VY — J'VY over Ag. Clearly, both
To:TVY - TY and Vg : VVY — VY are vector bundles. If A is a semilinear
connection, its vertical projection va : TVY — VVY is a VB-morphism Tp — Vo
over va, : TY - VY.

Proposition 2. LetT be a connection on 7 :Y — M, A be a semilinear connection
onVY > Mand f: N—>Y be a map. Then

(29) VA(fo)(u) :TTyN — VVf(,‘)Y

corresponds to a non-holonomic 2-jet of j,f(N, Yr(tw))- If Ao =T, then each jet
(29) is semiholonomic.

Proof. Since Vyrf : TN — VY is a linear morphism, TVpf : TTN — TVY is linear
in both directions. Since A is semilinear, its vertical projection va is linear in both
directions. Hence va o TVrf is linear in both directions over va, o T'f and vp o T'f.
The heart map is vr o T'f. Then our claim follows from Lemma 1. O

Proposition 3. If we take A = VT, then for every section s: M — Y we have

(30) VyrVrs(z) = p(Vis(z)) -

Proof. By (28), the coordinate form of Vrs is y? = sP(z) and

(31) y? = (af - PP, s(z))) X°

Using (5), we find VyrVrs in the form corresponding to (23). O

4. Remarks. The groupoid approach to connections was invented by C. Ehresmann
for Lie groupoids, which correspond to the classical principal fiber bundles, [6]. Every
principal fiber bundle 7 : P — M with structure group G determines the associated
groupoid PP~! which can be defined as the factor space P x P/ ~ with respect to
the equivalence relation (u,v) ~ (ug,vg), u,v € P, g € G. Writing uv~! for such
an equivalence class, we have two projections a,b : PP~ - M, a(uv)~! = v,
b(uv~!) = mu. The formula

(wo™t) (vw™?) = uw™?
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defines a partial composition law in PP~! and e, = uu™! is its unit for every z =
mu € M. By definition, a Lie groupoid ® over M is isomorphic to PP~ for a principal
bundle P —+ M. If E is a fiber bundle associated with P with standard fiber S, every
v € P; determines the “frame map” g, : S — E;, [13]. Then g, 0¢;!: E; - E,,
u € P, depends on uv~! only. This defines a map PP~! — GE, which is called the
action of PP~ on E.

An element of connection on a Lie groupoid ® at z € M is 1-jet of a local map
o : U — @ of a neighbourhood U of z € M satisfying ao(u) = z, bo(u) = u, s(z) = e,
[6]. The space of all elements of connection on @ is a fibered manifold Q% — M. A
connection on @ is a section I' : M — Q®. If ® acts on a fibered manifold E - M, T
induces a connection I'g : E — J'E, Tg(y) = jlo(u)(y), provided I'(z) = jlo(u). In
particular, ® = PP~ acts canonically on P and the connection I'p is principal. One
verifies easily that the rule I' — I'p establishes a bijection between connections on
PP~ and principal connections on P. For & acting on E, the absolute differentiation
of sections of F with respect to a connection on & was introduced by Ehresmann,
[6]. The principal bundle form of this operation was studied in [10]. Section 2 of the
present paper represents a generalization of these ideas to the infinite dimensional
groupoid GY.

We have already remarked in Section 1 that the first approach to the iterated
absolute differentiation is related with the classical ideas of tensor calculus. On the
other hand, the second approach is of different geometric character and its interest-
ing applications can be found, e.g. in the theory of submanifolds of a space with
Cartan connection, [9]. The connéction in question determines the geometry of every
submanifold N and the use of the contact elements generated by N, [13] (which are
called jets of the submanifold N by some authors), eliminates any role of a linear
connection on N. For example, the higher order torsions of N can be introduced in
the framework of the second approach, [9].

5. Maps to the functional bundle. Consider two locally trivial fibered manifolds
p1:Yh = M, p; : Y2 = M and the functional bundle (1). Write p : F(Y3,Y2) = M for
the canonical projection. The set F(Y7, Y2) is a smooth space in the sense of Frolicher,
[2]. A connection I on F(Y;,Y2) is a smooth section I' : F(Y3,Y;) = J1F(Y4,Y2),
[2]). For every smooth map f : N — F(¥1,Y2), we can construct the tangent map
Tf:TN — TF(Y1,Y2). Using the vertical projection vp : TF(Y3,Y2) & VF (Y, Yz)
of I', we define the absolute differential

(32) Vrf=vwoTf:TN > VF(1,Ys).

By linearity, (32) can be considered as a map N —+ VF(Y;,Y2) ® T*N.

We remark that the construction of Vrf can be reduced to the absolute differ-
entiation of a section of an induced bundle with respect to the induced connection
analogously to the classical case of fibered manifolds. In general, if g: N - M is a
map, we construct the induced bundles g*Y;, i =1,2,

g'Yi = {(u,5:) € N x Y;, g(u) = pi(%:)}

and define g*F(Y;,Y2) = F(9*Y1,9*Y2), which is a smooth space over N. If s: M —
F(Y1,Y2) is a smooth section, the formula (g*s)(u) = s(g(u)) defines the induced
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section g*s : N — g*F(Y1,Y2). The rule jls — jlg*s defines a map J1F(Y3,Y3) =
JY(¢*F("1,Y2)), z = g(u). In this way, every connection T : F(Y;,Y2) = J1F(Y1,Y2)
induces a connection g*T' : g* F (Y1, Y2) = J'g*F(Y1,Y2). Every smoothmap f : N —
F(1h,Y>) with g = po f defines a section g*f : N — ¢g*F(Y3,Y2). Then we have an
identification

(33) Vrf = Vgrg'f.

Since ' : F(Y3,Y2) = J1F(Y1,Y2) is a kind of differential operator, one can char-
acterize an r-th order connection, r > 1, [2]. We recall that every X € J1F(Y3,Y2),
is identified with an affine bundle morphism X: JLY, = JY; over ¢ : Yy, — Yo,
whose derived linear morphism is T @ idr+p. We say that T is of order r, if the
condition jyo = jy9, ¢, 9 € C*°(Y1z,Y2s), y € Y3, implies

(34) L(p)|(J'V1)y = T(®)|(I'11),,

i.e. the restriction of the associated maps (), T'(¥) : J1Y; — J1Y; to the fiber
(J'Y1)y over y coincide.

Write FJ7(Y1,Y2) = U J"(YM,YM), which is a finite dimensional manifold.

If z8,y? or z%,2° are some local fiber coordinates on Y; or Yz, respectively, then
the induced coordina.tw on FJ"(V1,Y2) are z*,yP, 28, where a is a multiindex of
the range equal to the range of y? with 0 < |a| < r. Let S(J'Y;,J'Y2) be the
space of all affine maps (J'Y;), — (JY2), with the derived linear map of the form
B®idrspm, B € V;Y2®V,'Y1. An r-th order connection I' determines the associated
map G : FJ"(Y1,Y2) = S(J'Y1,J'Y2) by (34). Its coordinate form is

(35) 2l = z;,'yf + <I>;-‘(z",y", 23), 0<]o|<r.
We say that ®¢ is the coordinate expression of I'. Analogously to [2], if ¢ = fi(u),

z* = f°(u,y) is the coordinate form of f : N — F(Y;,Y3), then the coordinate
expression of Vrf is

) (2550 - a1 (e, 02, s 2 ) U

6. The second order procedure. In the remaining two sections we assume I is
a finite order connection. Its vertical prolongation VI : VF(Y;,Y2) = JIVF(13,Y2)
is a semilinear connection, [4]. Thus, for every map F : N — F(Y3,Y2) we construct
the iterated absolute differential

(37) Vyr(Vrf) : TTN = VVF(Y,, Yz).

We are going to deduce that the value of (37) at each u € N corresponds to a
semiholonomic 2-jet of N into C* (Y14, Y2z), z = p(f(u)).
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The non-holonomic and semiholonomic 2-jets of N into any functional bundle
F(11,Y,) (C®(Yiz,Y2;) is the case of one-point base) can be introduced as a spe-
cial case of the iterated 2-jets studied in [4]. In particular, for the product bundles
Y1 =M xQ,, Y2 = M x Q2, we have F(Y1,Y2) = M X C®(Q,,Q2) and Section 6 of
[4] gives the following identifications

(38) TN, M x C™(Q1,Q1)) = (N, M) xn C(Q1, T*(N, Q1)) ,
(39) JA(N, M x C%(Q1,@2)) = J*(N, M) xn C(Q1, J*(N, Q1)) ,
where the subscript « indicates that we consider the maps into the fibers of the jet

prolongation o : J2(N,Q) — N or & : J(N,Q) — N. On the other hand, as a
special case of Proposition 1 of [12], we obtain another trivialization formula

(40) TT(M x C*(Q1,Q2)) =TTM x C*=(Q1,TTQ>) .

Every element X € J2(N, F(Y1,Y2))y is of the form X = jlo(v). Each o(v) €
JY(N,F(Y1,Y2)) is identified with a linear map po(v) : T,N = TF(Y1,Y>), so that
X defines a map
(41) pX :TTyN = TTyF("1,Y2), pX =Tupu(o(v)).

Proposition 4. For every u € N, there ezists a unique element
V%‘f(u) € jf(N, C’°°(Y1=, Yzz))!(u):
z = p(f(u)), satisfying
(42) VvrVrf(u) = u(Vif ().
Proof. In the same way as in the proof of Proposition 2 we deduce that VyrVrf
satisfies the functional modification of Lemma 1 with the semiholonomicity condition.
Using the trivializations (39) and (40), we can apply Lemma 1 pointwise.
O

7. Relations to the curvature. For a finite order connection I with the coordinate
expression ®¢ from (35), the additional coordinate expression of VI is

ove ., oo .

a2t G L

with Z% = d28, [4). If 2% = f°(z,y) is the coordinate expression of a section s : M —
F(1h,Y3), then we obtain the coordinate form Vrs as a special case of (36)

(43)

afe(z, . . .
(44) (—fé(;l) — 822,17, 0uf(z, y))) Xé = f2X5.
Hence the coordinate form of the “second order term” in VyrVrf is
45 0 (jay_ 0% o 993 3(fP) ) X} @ dz?
(45) bz—,-(fi)— Ef'fi """ a2 o (fF) ®

Analogously to the formula (36) of [4], we find that the alternation in 4 and j of (45)
is —(CT')(s(z)), where CT is the curvature of T, [2].

We recall that every semiholonomic 2-jet X € JZ(N,F(Y1,Y2)), determines the
deviation AX € TyF(Y1,Y2) ® A’Ty N, whose coordinate expression is just the alter-
nation of the “second order” component of X, [2]. Hence we have proved
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Proposition 5. For every finite order connection T' on F(Y1,Y3) and every section
s: M = F11,Y2), we have

(46) A (Vis(z)) = —CT(s(z)), =z€M.
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