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A REMARK ON NATURAL QUANTUM LAGRANGIANS
AND NATURAL GENERALIZED SCHRODINGER OPERATORS
IN GALILEI QUANTUM MECHANICS

JOSEF JANYSKA

ABSTRACT. The natural quantum Lagrangians which appear in Galilei general rel-
ativistic quantum mechanics are classified by using methods of natural operators. It
is proved that all 1st order natural quantum Lagrangians are linear combinations
(with real coefficients) of the canonical quantum Lagrangian and the product of the
scalar curvature of the spacetime vertical connection and the Hermitian product.
The classification of all natural generalized Schrédinger operators is given and it
is proved that all natural generalized Schrédinger operators can be induced from
natural quantum Lagrangians.

INTRODUCTION

In [9] we have classified natural quantum Lagrangians which appear in the covariant
quantum mechanics proposed by Jadczyk and Modugno, [5, 6], for curved Galilei
spacetime. In this classification the metric structure of spacetime was used only with
zero order. This fact implies that in the generalized Schrédinger equations related
with quantum Lagrangians there is no term containing the scalar curvature as we can
find in classical geometric quantization over a curved manifold, [1, 2, 15, 17].

In this paper we classify all 1st and 2nd order natural quantum Lagrangians and all
natural generalized Schrédinger operators in the context of revisited covariant quantum
mechanics proposed in [4]. Moreover, we use physical dimensions of all objects which in
fact simplifies the results. We prove that all natural generalized Schrédinger operators
are linear and can be induced from natural quantum Lagrangians.

In the paper we deal with geometrical properties of operators only. We do not
discuss their physical interpretation which can be found in (3, 13, 14] and references
quoted there.

2000 Mathematics Subject Classification: 53C07, 53C80, 58420, 81Q70, 81510, 83C99.

Key words and phrases: Natural operator, quantum bundle, quantum connection, quantum La-
grangian, Schrédinger operator.

This research has been partially supported by the Ministry of Education of the Czech Republic
under the project MSM 143100009, the grant of the GA CR No. 201/99/0296 and the agreement
“Collaboration in the Differential Equations and Differential Geometry” between Masaryk University
and University of Florence.

The paper is in final form and no version of it will be submitted elsewhere.



118 J. JANYSKA

We assume the following fundamental unit spaces, which are positive 1-dimensional
“semi-vector spaces” over R*:

(1) the space T of time intervals,

(2) the space L of lengths,

(3) the space M of masses.

A time unit of measurement is defined to be an element ug € T, or its dual u® € T*.

Moreover, we assume the Planck constant to be an element A € T* @ L2 @ M. We
refer to a particle with mass m € M and charge ¢ € T* @ L¥/? @ M/2.

In the paper S(Q) denotes the sheaf of local sections of a fibred manifold Q — E,
F(E,U) denotes the sheaf of local U-valued functions on E.

1. GRAVITATIONAL AND QUANTUM STRUCTURE OF SPACETIME

We assume the classical (Galilei) spacetime to be a 4-dimensional orientable mani-
fold E, the absolute time to be a 1-dimensional oriented affine space T associated with
the vector space T @ R and the time map to be a surjective map ¢ : E — T of rank 1.
Moreover, we assume the fibres of spacetime to be equipped with a “scaled” Riemann-
ian metric g : E — L2 @ (V*E g V'E) or inverse metric §: E — L*? @ (VE®g VE).

Thus, we have the time-form dt : E —» T @ T*E. Given a mass m € M, it is
convenient to introduce the “normalized” metric G := £¢:E— TQ® (V*E®gV"E) or
its inverse G := 27 E — T* ® (VE®g VE). We stress that the normalized metric and
all objects which will be derived from it incorporate the chosen mass and the Planck
constant.

We choose an orientation of spacetime. We shall refer to spacetime charts (z*),
which are adapted to the fibring ¢ and to the chosen orientation of E, and such that z°
is a Cartesian chart of T' associated with a time unit of measurement ug. The index 0
will refer to the base space, Latin indices i, j, - -+ = 1,2, 3 will refer to the fibres, while
Greek indices A, u,--- = 0,1,2,3 will refer both to the base space and the fibres. For
short, we denote the local bases of vector fields and forms of E induced by a spacetime
chart by (8,) and (d*). The chart on the tangent space TE induced by a spacetime
chart (z*) will be denoted by (z*,1*). In general, the check symbol “” will indicate
vertical restriction.

We have the coordinate expressions dt = 4o ® d° and G = GY;up ® ded.

The metric g and the spacetime orientation yield the space-like vertical volume form
and the dual space-like vertical volume vector '

nEsL@NVE, n=+|gldAPAd,
1

Vldl

where |g| := det(g;;). Then, we obtain well defined spacetime volume form and the
dual spacetime volume vector

vi=dtAn:E— (TOL)QATE, v=|gluu®dlAd AN,

1
Vil

7:E—=L°®AVE, #§= DL ADy A Dy,

7:E— (T*®L3) ® A'TE, 0= W @8y A0 ANDy ADs.
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The classical phase space is defined to be the first jet space t§ : JE = J,E - E
of sections. A spacetime chart (z*) induces on the phase space the chart (z°, %, z3).
We can naturally identify the phase space with the affine subbundle JE C T* @ TE
characterized by z{ = uy ® 2. Thus, we obtain the well defined jet contact maps
n:JE - T"®TFE and 6 : JE — T'E ®g VE, with coordinate expressions 1 =
u°®110 =u0®(80+.’1268,‘) and 050“88,— = (d1 ~1‘6d0)®a,‘.

The gravitational field is defined to be a torsion free linear connection K : TE —
T'E @1 TTE of the bundle TE — E such that Vdt = 0. Its coordinate expression is
of the type K" = d* ® (8, + K", ¥ §;), with K%}, = K"}, € F(E,R).

The electromagnetic field is a closed scaled 2-form f : E - (L'/? @ M/?) ® A’T"E.
Given a particle of charge q it is convenient to consider the re-scaled electromagnetic
field F:=1f:E — A’T”E which can be “added”, in a covariant way (for details
see [4], to the gravitational connection K" yielding a (total) spacetime connection
K, with coordinate expression K;*; = K%*;, Ko*; = K%Wh; + %GﬁpF,,j, Koo =
Ko + %Ggtho. It turns out to be a time preserving torsion free linear connection
of the tangent space of spacetime.

A spacetime connection K is said to be metric if Vg = 0. A spacetime connection
K is metric if and only if the vertical restriction of K is the Levi-Civita connection 3¢
given by g and g, Ko?; + gpiKoPi = —1809i5.

A phase connection is defined to be a torsion free affine connection I' : JE —
T*E @5 TJE of the bundle ¢} : JE — E. lts coordinate expression is of the type
I =d*® (6, + ') 0?), where I'yh = [,80 + T30 2} with T80 € F(E,R).

We can prove, [10], that there is a natural bijection K + T between spacetime
connections and phase connections characterized in coordinates by I',i% = K%,

A phase connection I' on JE and the vertical metric G yield the phase 2-form
Q:=v[[)A0: JE — A*T*JE, whose coordinate expression is

(1.1) Q =Gy (dy — Tupd*) A7,

where v[['] : JE — T*Q(T*JE® g VE) is the vertical valued form associated with I" and
the contracted wedge product A is taken with respect to G. In [8] it has been proved
that the above form is the only non trivial natural 2-form which can be obtained from
['and G.

The form € is non-degenerate, in fact dt AQAQAQ : JE 5 TQ® A'T*JE is a
scaled volume form on JE. Moreover, the phase 2-form 2 is assumed to be closed, i.e.
cosymplectic. This condition is expressed by field equations which relates the metric
¢ and the spacetime connection K. One of the field equations is expressed by the fact
that K is the metric connection, [4].

The vertical metric g and the metric spacetime connection define the gravitational
structure of spacetime.

We assume, according to [4], the quantum bundle to be a Hermitian line bundle over
spacetime

T:Q—-E,
i.e., m: @ — E is a Hermitian complex vector bundle with one-dimensional fibres. Let

us denote by h : Q xgQ — C® AV*E the Hermitian product with values in vertical
volume forms. Let b : E — @ be a (local) base of @ such that A(b,b) = 7. Such a local
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base is said to be normal and the fibred coordinate chart (2%, 7%, 2), z € F(Q, CRL*%?),
induced by a normal base of @ is said to be a normal coordinate chart on Q. In any
fibred normal coordinate chart h(¥, ¥) = 9n for every section ¥ = ¢'b € S(Q).

A linear connection on @ is said to be Hermitian if it preserves the Hermitian fibred
product h. In a normal fibred coordinate chart Hermitian connections are expressed
in the form, [4],

(1.2) u=d"@ (@ +inml), weFER),

where 1 = z®b is the Liouville vector field on Q. Let us consider a new fibred normal
coordinate chart (z°, y',2) on @, then the transformation relations are

(1.3) 2° = az® + o, v =y (z,y), 2= )

where a,a® € R, a > 0. We set @ = 1/a. The function 9(z,y) represents a change of
gauge. The transformation relations for coefficients of a Hermitian connections are

oy
(14) 9, = (‘lj + 27r6j19)6—y.,

N ay
(1.5) 4y = (9o + 2710g0)a + (4; + 270;9) 7= .

0z0

Let us note that the quantum bundle @ can be viewed as an associated gauge-
natural vector bundle, [11], defined on the category PB 3)(U(1,C)) of principal
U(1,C)-bundles over fibred manifolds with 1-dimensional bases and 3-dimensional fi-
bres. The transformation relations (1.4) and (1.5) then define the action of the group
W(ll”lz)U (1,C) = G} 4, X T!U(1,C) on the standard fibre of linear connections on Q.

Here x denotes the semidirect product of groups and Gfm) is the subgroup in the kth

s
order differential group G% corresponding to fibred diffeomorphisms.

Let us consider the pullback bundle 7t : Q' := JE xg Q@ — JE of the quantum
bundle 7 : @ — E, with respect to tj : JE — E. Let us recall that a connection
u: Q" = T*JE @ TQ" is said to be the universal connection of the system of
connections & : JE xgQ — T"E ®¢ TQ if, for every section o : E — JE, the associated
connection £(0) : @ — T*E ®g TQ of the system is obtained from u by pullback
according to the formula (o) = 0*u.

A connection u: Q" — T*JE ® ;g TQ' is said to be a quantum connection if, [4, 5],

Q1) u is Hermitian,

Q2) u is a universal connection,

Q3) the curvature of 4 is given by

R,=iQ®1.

The condition Q3 implies, that the coefficients u, of a quantum connection are given
by coefficients of a Poicaré-Cartan 1-form

0= —(-;—G?ja:f)r(’; — Ao)d® + (GYzh + Aj)d’

associated to the phase 2-form Q, where A = A,d” is a potential given by a chosen
quantum connection.
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The potential A is not a 1-form. If we express the transformation relations for Ay,
we get from (1.4) and (1.5) that A is a section of a 1-order gauge-natural bundle (called
potential bundle) defined on the category PB(; 3 (U(1,C)). The action of the group
WU(1,C) on the standard fibre of the potential bundle is then given by

(1.6) A; = (A — GY,aPah + 2m0;) &l ,
1

1.7 Ay = | Ag + =G° @Pafalal + 2mdy | @
9 P4 0%s™0

+ (4 +279;) &,

where (a,a},9,9;) are coordinates on the group W(ll‘i,‘)U(l,C) and tilde denotes the
inverse element.

A pair (Q, ) is said to be a quantum structure over spacetime.

In what follows we assume a quantum structure exists.

2. QUANTUM LAGRANGIANS

Let us consider a section ¥ € §(Q), its pullback on JFE (denoted by the same symbol)
and a quantum connection 4. The covariant differential of ¥ with respect to u is a
fibred morphism over E

V[u]¥: JE— T'E%Q

and the time-like and the space-like covariant differentials of ¥ are

VU=n.,V:JE—T @0, V\P:.I[E—)V‘E%Q.

Then, for any section ¥ € §(Q), we obtain the following invariant fibred morphisms
over B

o 1 [ o
L(¥) = 5dt A (h(w,iv\p) +h(iVY, \p)> : JE— A'T'E,

< 1 - - .
L(T) = §dt A(G®h)(VY,VY): JE — A*T'E,
and the canonical quantum Lagrangian is a unique (up to a multiplicative factor) linear
combination of the above morphisms which projects on E, namely

Ecaﬂ(ql) = ‘C(\I}) - é(\II)

with coordinate expression

2.) Coanl) =3 (1000 — 90) + G5 Ay (93,5 — B00)
—GHO,Y0 ) + (240 — G1 A, Ag)) V0,

where v° = v(u®) = /|g|d® A d! A d® A d°.

From the point of view of natural geometry, 11, 12], the canonical quantum La-
grangian is a natural operator transforming vertical metrics, sections of the quantum
bundle and potentials associated with quantum structures into volume forms on E.
This operator is of order one with respect to sections of the quantum bundle. In [9] we
have classified all natural quantum Lagrangians of the above type by using Hermitian
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product with values in complex numbers and the Planck constant 4. According to [4],
we now discuss the classification of natural Lagrangians under different conditions: we
use the Hermitian product with values in vertical volumes forms, we assume also the
dependence of natural quantum Lagrangians on spacetime connections (up to finite
order k), we use physical dimensions of all objects and assume Lagrangians covariant
with respect to changes of bases in unit spaces L and T. Moreover, we use constants
m, F (via the normalized metric).

According to the general theory of natural differential operators, [11, 12], any natural
quantum Lagrangian is of the form £ = fv = fyu°, where f; is a real T @ L*3-valued
function defined on standard fibres of bundles in question, i.e. the bundle of normalized
vertical metrics on E, the bundle of 1-jet prolongation of @, the bundle of potentials
and k-jet prolongation of the bundle of linear connections on E. Then fy is invariant

with respect to the Lie group JV(’iEQ)’lU(l,C) = G;‘;v’:f) X TIU(1,C) acting on these

standard fibres where the action on the standard fibre of J;Q can be deduced from
(1.3) and the action on the standard fibre of the potential bundle is given by (1.6) and
(1.7). The others actions are standard, [11, 12]. Le. fp is of the type

(22) fU(Gf]Ja Z, 27 23, zz\’ AA) K“X”, K#I\V,pl) ey Kp/\ll,py..p;‘) .
We have

Lemma 2.1. Any W**21U(1, C)-equivariant T®L*®-valued function (2.2) is a linear
combination (with real coefficients) of two functions

(fi)o = G§ 225 + i(220 — 220)
—iGIAj(27 — 22) + (G A A, — 240) 2z,
(f2)0 = G R?p;22,
where R, is the formal curvature of K>,
PROOF. Let us recall that the formal curvature of K,*, is given by

(23) Ru)‘wc = K,u.Au,lc - Kp./\n,u + KpAnKupu - Kp/\vapn
and its formal covariant derivative is given by
(24) R}L/\VMP = R#/\VN-P - KP/\URI‘UVN + ]{ﬂa#Ral\V"

+ KpUVRu)‘cm + KpanRuAua .

The formal higher order covariant derivatives can be defined in the same manner.
Further let us define the 1st order quantum formal covariant derivative of z by

(25) ZA '—"Z/\-iA,\Z.

The formal curvature of K and its formal covariant derivatives are transformed
under the action of G(II,S) as tensors and z., is transformed by the action of the group

W% U(1,C) given by

Zo= ezmo(zm&g -

=

H
0 ~p 7~q,5%
é—szqa,aoasaoa) ,

(2.7) z; = ¥ (z; + 2G5 aap)al .
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Now we can use the orbit reduction theorem, [11], and to express fy in the form
fo = goo F, where F is the mapping given by (2.3) - (2.5) and
(2.8) gO(Gf)jv 2,2, 20, 2, R,"\,,K, Rﬂkvmpn cees R#A”N;Plimipk«l)
is a W(llg)U (1, C)-equivariant T ® L**-valued function.

From the homogeneous function theorem, {11, 12], applied on a change of base in L
and a change of gauge we get that go has to be in the form
(2.9) go = @p2Z + b)2Zx + ChzpZ + dé“zqim ,

where all coefficients are G, ,-invariant and depend on Gy, the formal curvature and
its formal covariant derlvatlves Then, if we consider global solutxons only, we get from
homogeneous function theorem

a0=aGBjRikkj, bg:b, bé::O, CgZC, CE:O;
=d)=0, d=0, dJ =dG{,

where a,...,d are constants.
So we have
(2.10) go = aGf,jRi"kaE +bzzy+czeZ+ de,jz;,-Z;j .

If we consider the equivariancy of (2.10) with respect to elements (6, af) in Gl 3
we get

(2.11) b=1d, ¢=—id, and a,d are arbitrary real numbers.
Substituting (2.5) and (2.11) into (2.10) we get Lemma 2.1. O
Now we can prove

Theorem 2.1. All 1st order (with respect to sections of the quantum bundle) natural
quantum Lagrangians induced by the gravitational and quantum structure of spacetime
are of the form

K
L(¥) = a Lean(¥) = by—Rdt AR(T, 1),

where Leon(V) is the canonical quantum Lagrangian, R is the scalar curvature of the
vertical metric connection 3 and a, b are real numbers.

PROOF. Theorem 2.1 is the direct consequence of the above Lemma 2.1. It is easy
to see that the natural Lagrangian corresponding to the equivariant function (f))o
is a constant multiple of the canonical quantum Lagrangian. Moreover, the vertical
restriction of the Ricci tensor of spacetime connection K coincides with the Ricci
tensor of the vertical restriction of K which, by the assumption d2 = 0, coincides
with the vertical connection s generated by g. Then Gy Ri?p; = fr‘—nﬂR, where R is the
scalar curvature of s, and we get the Theorem 2.1. a

Remark 2.1. Polynomiality (in sections of the quantum bundle) of natural quantum
Lagrangians is a consequence of physical dimensions of our objects. Without using
these dimensions we would obtain much more complicated solutions, [9]. Moreover,
physical dimensions of objects restrict also the order of derivatives of spacetime con-
nection on the 1st order, i.e. £(¥) depends only on the curvature and does not depend
on its covariant derivatives.
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Remark 2.2. Since the vertical restriction of K is given by the metric g, all natural
quantum Lagrangians described in Theorem 2.1 depend only on the vertical metric
and its derivatives up to order two and they do not depend on the horizontal part of
the spacetime connection K.

Remark 2.3. Comparing the results of classification in [9] and the classification of
Theorem 2.1 we see that we have lost one natural Lagrangian in the list of base
Lagrangians in [9]. Namely it is the vertical differential of the Hermitian product
contracted by the metric, i.e. (g, (dh(¥, ¥),dh(¥,¥))). In our new situation, the Her-
mitian product A(¥, ¥) is a vertical volume form and its vertical differential vanishes.

Remark 2.4. Let us remark that the constant —b/2 in Theorem 2.1 we have cho-
sen only to obtain later the expression of the Schrédinger equation corresponding to
classical situation.

3. EULER-LAGRANGE OPERATOR AND SCHRODINGER EQUATION

Let us consider a quantum Lagrangian £ = ¢yd® A d' A d* A d® and recall that the
Euler-Lagrange morphism £(L) : J,@ — V*Q ® A*TE associated with L is given in
coordinates by

E(L) = (% - Dﬁ—{") FRA AN N A,
0z 32)‘
where D, is the formal derivative with respect to z*. By using the identification of V*Q
with @ x Q" and the isomorphism A : @ — L?® ®Q we can express the Euler-Lagrange
morphism as
"(L): Q-1 ®QQATE.

Then, for any section ¥ € §(Q), we have the Euler-Lagrange operator *&(L)(¥) =
1E(L) o j*T associated with natural quantum Lagrangian of Theorem 2.1 in the form

e ()(¥) = [ ( (0o — i + .12.3(1/\]/_;?1 )

1 ) .
(3.1) + 505"(8,,6(,1/; — 264,09 — 10, A, — ApAgtp)
1 , k
+ icgq”phq(aﬂ/) - ZAh‘/))) - bi'r%Rw] b®°.

We define the Schridinger operator associated with a natural quantum Lagrangian
L to be the sheaf morphism

(3.2) Osen(£) = (B;*€(L)) : $@Q) = S(T* ©Q),

Let us consider a section (an observer) 0 : E — JE — T* @ TE and let us define the
divergence of o as a T*-valued function given by
(3.3) Lop=divio)n: E- T 9L} @ A’V'E

which, in coordinates adapted to o, has a coordinate expression

(3.4) div(o) = %/lgl

=
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Further we have the (observed) Laplacian

&(\I/) =(g; V[o'u® K|V[0'4]¥) : E— Q

with coordinate expression, in coordinates adapted to o,

5(‘11) = (gpq(ap —i4,)(0, — 14) + gpq%p'q(ah - iAh))(\I’)
= ¢"1(8,0% — 204,09 — WDy A, — ApAg)
+ g0, (0w — iAn)) b

which implies that the Schrédinger operator (3.2) associated with natural quantum
Lagrangian of Theorem 2.1 can be expressed as

ho ©

“A) - b—z%R) (0)

35)  OsaL(V) = 1@ (ai(To+ jeivo)) + 5

and the generalized Schridinger equation can be written in the form

4
(3.6) i (Vo + div(o))¥ = —% (A - IcR) ),
where a real constant k = b/a, a # 0, is arbitrary and there is no distinguished value
for k which comes from naturality of the construction.

Let us note that even if the operators Vg, div(o) and A depend on an observer o,
the Schrodinger operator (3.5) is observer independent.

Now we shall classify all natural operators Os., : S(Q) — S(T* ® Q) of the Schro-
dinger type, i.e. we shall classify all second order operators depending on the vertical
metric fleld, the spacetime connection and its derivatives of finite order k¥ and the
field of potentials and its first order derivatives. Such operators are given by covariant
mapping (over E)

(3.7) f: QT ®Q

parametrized by the coordinates on the standard fibres of bundles of normalized met-
rics, 1st jet prolongation of the bundle of potentials and kth jet prolongation of the bun-
dle of linear connections on E. Any covariant mapping (3.7) is of the form f = fu’®b,
where

ij 5 5 5 A ~ A A
(38) fO(Go ,Z,Z,Z)‘,Z,\,Z)\u,Z)‘“,A)‘,A,\‘u,K“ ,,,I(# v,p1s e .,K# "xpl---Pk)

is an 14/(1;’;2;’2U (1,C)-invariant T @ L*3/2-valued function.

We have

Lemma 3.1. Any W(ﬁg:;’zU(l,C)-invariant T ® L*3/%-valued function (3.8) is of the
form

1 .
(39) fo= a’(2i(20 —1Apz — §K0kkz) + GgK,;kj(Zk - iAkZ)
+ ng(Zij - 2iAng - iA,;,jZ - A,‘AJ‘Z)) + b/GBjRikka ’

where ', b' are complez constants.
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PROOF. Let us consider the formal curvature, its formal covariant derivative up the
order (k — 1) and the 1st order quantum formal covariant derivative of z defined by

(2.3) - (2.5).
Now let us define the 2nd order quantum formal covariant derivative of z by
(3.10) Zo = (Z0)u — 1Auza + K\ uz,, -
From (2.6) we can deduce that 2, is transformed by the action of the Lie group

W(ﬁ‘;)U(l,C).

Now we can use the orbit reduction theorem and to express fy in the form fy = gooF,
where F is the mapping given by (2.3) - (2.5), (3.10) and

ij o 5 - A
(3‘11) gO(GD 1%y %y 2N Z;A,Z;/\;uyz;/\;me 2
by A A
Rﬂ VK Ri‘ VKp1y ** 0 RI-‘ V";Plin-ipk—l)

isa W i%)U(l, C)-equivariant T ® L**/2-valued function.
From the homogeneous function theorem applied on a change of base in L and a
change of gauge we get that gy has to be in the form

(3.12) 90 = a0z + byzp + ¢z,

where all coefficients are G(1 3y-invariant and depend on Gy, K,>,, the formal curvature
and its formal covariant derivatives. Then, if we consider global solutions only, we get
from homogeneous function theorem

ayg = a GSJRikkj + ap GSjKiijpqq
+ az G;jK,‘pijqq + a4 G:)JKiqujqp + as Kopp;
b5 = b1, by = by GR K,y + by Gy Ky,

— 0i _ 0 _ ij
=0, f=c=0, ¢ =cGY,

where a;, ..., ¢ are constants.
So we have
(3.13) 90 = a1 Gy Ri*ijz + ay G K7 Ky

+ a3 Gz)jKipijqqZ + a4 G’Bj[(.;qujqu + as Ko”pz
+ by Z, + by GgQKPiqZ;i + b3 thquqZ;i + CG:]JZ;,';]' .

If we consider the equivariancy of (3.13) with respect to the kernel of the group
homomorphism pf : Gf, 5 = G, 4, e get

a2:a3=a4=b2=bg=0;

as = —ic and aj,b;,c are arbitrary complex numbers.
Hence (3.13) reduces to
(3.14) go = a1 G(i)jRikka +bizp + C(G:sz;i;]' — iKo%p2) .

Finally we consider the equivariancy of (3.14) with respect to elements ((5"},(1’6) in
Gl 5 and we get

(3.15) by =2ic, and ay,c are arbitrary.
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Substituting (2.5), (3.10) and (3.15) (where we have put a; = V', ¢ = @') into (3.14)
we get Lemma 3.1. a

Theorem 3.1. All 2nd order natural operators of Schrodinger type are of the form

) 1. 9 ‘
(316) OSch(‘I') = UO ® (a(z (Vo + EdIV(O)) + %A) - b%R) (‘If),
where R is the scalar curvature of the vertical metric connection, o is an observer and

a, b are complex numbers.
PROOF. From the condition d2 = 0, [4], we have

39l

1.
Ko*r = —5¢780gi5 = ——=
2 ’ Vgl
which implies that the operator corresponding to (3.9) (for a = 24/, b = —¥'/2) is
(3.16). ]

Remark 3.1. From Theorem 3.1 it follows that any natural operator of Schrédinger
type is linear (with respect to sections of the quantum bundle) and is associated with a
natural quantum Lagrangian described by Theorem 2.1. Moreover, the corresponding
generalized Schrodinger equation is of the type (3.6), where the constant & can be
complex.

Remark 3.2. Let us note that by using different methods the canonical quantum
Lagrangian and the corresponding covariant Schrédinger equation were studied for
instance in [3, 13, 14]. Our result concerning the canonical quantum Lagrangian and
the corresponding covariant Schrédinger equation corresponds to [3].

4. HIGHER ORDER NATURAL QUANTUM LAGRANGIANS

In Theorem 2.1 we have classified all 1st order natural quantum Lagrangians. Nat-

urally, there is a question if higher order natural quantum Lagrangians exist. The
answer is positive, at least in the second order. If we consider the Schrodinger opera-
tor Oscn(Lean) associated with the canonical quantum Lagrangian L, then it is easy
to sce that
(4.1)
1
2
is the 2nd order natural quantum Lagrangian. Moreover, by using the same method
as in the proof of Lemma 3.1, we can classify all 2nd order Lagrangians and we get

L:Sch(‘l’) = (dt A h(\I’: OSch(Ecan(\y))) +dtA h(OSch(‘Ccan(‘I/))ﬁ ‘1/))

Theorem 4.1. All 2nd order (with respect to sections of the quantum bundle) natural
quantum Lagrangians induced by the gravitational and quantum structure of spacetime
are of the form

L(T) = a Loan(¥) - b%Rdt A R(Y, ) + ¢ Lsen (V)

where a, b, ¢ are real numbers. O
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Now, if we associate the Schrodinger operator with the second order natural quan-
tum Lagrangian Ls.n we get

(42) OSch(ESch(\P)) = OSch('ccan(‘Il)) )

which implies that the Schrodinger operator associated with 2nd order natural quan-
tum Lagrangians from Theorem 4.1 is
h

(4.3) Osen(£(P)) = (a4 ¢)Osen(Lean(P)) — b%‘R(‘I’) ,

i.e. it is the operator from Theorem 3.1.

REFERENCES

1. K. S. Cheng, Quantization of a dynamical system by Feynman’s path mteg1 al formulation, J.
Math. Phys. 13 (1972), 1723-1726.

2. B. S. DeWitt, Dynamical theory in curved spaces. I. A review of the classical and quantum action
pripciples, Rev. Mod. Phys. 29 (1957), 377-397.

3. C. Duval and H. P. Kiinzle, Minimal gravitational coupling in the Newtonian theory and the
covariant Schriodinger equation, Gen. Rel. Grav. 16 (1984), 333-377.

4. A. Jadczyk, J. Janyska and M. Modugno, Galilei general relativistic quantum mechanics revisited,
“Geometria, Fisica-Matemética e outros Ensaios”, Homenagem a Anténio Ribeiro Gomes, A S.
Alves, F. J. Craveiro de Carvalho and J. A. Pereira da Silva Eds., Coimbra 1998, 253-313.

5. A. Jadczyk and M. Modugno, A scheme for Galilei general relativistic quantum mechanics, In
General Relativity and Gravitational Physics, Proc. XXI Conv. Naz. Rel. Gen. Fis. Grav., Bar-
donecchia (1992), World Scientific 1994, pp. 319-337.

6. A.Jadczyk and M. Modugno, An outline of a new geometric approach to Galilei general relativistic
quantum mechanics, in C. N. Yang, M. L. Ge and X. W. Zhou editors, Differential geometric
methods in theoretical physics, World Scientific, Singapore, 1992, 543-556.

7. J. Janyska, Natural and gauge-natural operators on the space of linear connections on a vector
bundle, Diff. Geom. and Its Appl., Proc. Conf. Brno 1989, World Scientific, Singapore 1990,
58-68.

8. J. Janyska, Remarks on symplectic and contact 2-forms in relativistic theories, Bollettino U.M.L.
(7) 9-B (1995), 587-616.

9. J. Janyska, Natural quantum Lagrengians in Galilei quantum mechanics, Rendiconti di Matem-
atica, S. VII, Vol. 15, Roma (1995), 457-468.

10. J. Janyska and M. Modugno, Relations between linear connections on the tangent bundle and
connections on the jet bundle of a fibred manifold, Arch. Math. (Brno), 32 (1996), 281-288.

11. I. Kolaf, P. W. Michor and J. Slovak, Natural Operations in Differential Geometry, Springer-
Verlag 1993.

12. D. Krupka and J. Janyska, Lectures on Differential Invariants, Folia Fac. Sci. Nat. Univ. Purky-
nianae Brunensis, Brno 1990.

13. K. Kuchaf, Gravitation, geometric quantization and quantum mechanics, Phys. Rev. 22 (1980),
1285-1299.

14. H. P. Kiinzle, General covariance and minimal gravitational coupling in Newtonian space-time,
Geometrodynamics Proceedings (1983), Tecnoprint, Bologna 1984, 37-48.

15. J. Sniatycki, Geometric quantization and quantum mechanics, Springer-Verlag 1980.

16. A. Trautman, Fibre bundles associated with space-time, Reports on Math. Phys. 1 (1970), 29-62.

17. N. Woodhouse, Geometric quantization, Clarendon Press, Oxford, 2nd Edit. 1992.

DEPARTMENT OF MATHEMATICS, MASARYK UNIVERSITY
JANACKOVO NAM 24, 662 95 BrRNo, CZECH REPUBLIC
E-mail: janyskaQmath.muni.cz



