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AN INFINITE DIMENSIONAL VERSION 

OF THE THIRD LIE THEOREM 

TOMASZ RYBICKI 

ABSTRACT. The notion of a weak Lie subgroup of a regular Lie group is introduced by 
exploiting the concept of the evolution operator. This enables to consider the problem 
of integrability of infinite dimensional Lie algebras. Given a regular Lie group G with 
its Lie algebra g conditions ensuring that a Lie subalgebra fj is the Lie algebra of a 
weak Lie subgroup H are formulated. Several examples are presented. 

1. INTRODUCTION 

Since a celebrated paper [5] by van Est and Korthagen on the non-enlargibility of 
some infinite dimensional Lie algebras it is well known that the third Lie theorem is, 
in general, no longer true in the infinite dimension. On the other hand, important 
counterparts of the local version of the theorem are known, cf. [11], [3]. Also the 
third Lie theorem has been extended to some Lie algebras of vector fields, see e.g. 
[2], [7]. Recently, in author's papers [13], [14] it has been shown that some strict Lie 
algebras (i.e. Lie algebras of sections of a Lie algebroid) can be integrated to groups 
of bisections of a corresponding Lie groupoid. 

We shall use the definition of an infinite dimensional Lie group in the sense of 
the convenient setting of the infinite dimensional Lie theory [8] due to A.Kriegl and 
P.Michor. A clue point in this setting is the idea of testing smoothness along smooth 
curves. A mapping between two possibly infinite dimensional manifolds is smooth 
if, by definition, it sends smooth curves to smooth curves. This is based on Boman's 
theorem which states that a mapping / : lRn -> R is smooth whenever foe is smooth 
for any smooth curve c : R —r R. 

Our generalization of the third Lie theorem appeals to the concept of a weak Lie 
subgroup and has very immediate proof. However, it encompasses many nontrivial 
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situations as it is illustrated by examples in section 4. An essential assumption 
imposed on a Lie subalgebra f) C g in our theorem is based on a distinction between 
smooth curves in G consisting of elements of H and " II-isotopies", where H is a 
subgroup of G with the Lie algebra g corresponding to f). 

A philosophy that lies behind our approach is that the existence of the evolution 
mapping 

evol^ : C°°(R, fl) -> C°°((R, 0), (G, e)), 

creates a Lie group structure on G. Of course, the smooth structure on such a Lie 
group G is not the usual one (i.e. it is not defined by charts), however basic concepts 
of Lie theory are still true. A more complete exposition of this approach concerning 
regular Lie groups will be presented in a forthcoming paper. 

We would like also to indicate that there are some "weak" settings of the infinite 
dimensional Lie theory and that they usually do not correspond strictly to each other. 
One example is the notion of diffeological groups due to J. M. Souriau [15]. A smooth 
structure is there defined by establishing sets of local smooth mappings from Rn to 
G, n = 1,2,... , and by imposing some conditions on them. As another example of 
a "weak" setting can serve the concept of generalized Lie groups of H. Omori [10]. 
The definition is based on a continuous mapping exp : G -» g between a topological 
group G and a topological Lie algebra g with some conditions which mimics essential 
properties of the exponential map. A common feature of such theories is that any 
closed subgroup of a Lie group is a Lie subgroup. This corresponds to the lack of a 
meaningful counterpart of the third Lie theorem on the ground of them. 

2. REGULAR LIE GROUPS AND THEIR WEAK LIE SUBGROUPS 

Recall that a convenient Lie group G is called regular [8] if for g = TeG there 
exists a bijective evolution map 

evo£ : C°°(R,g) -> C°°((R,0), (G, e)), 

and its evaluation map at 1 

C°°(R,g) 3 l 4 evol£(X)(l) G G 

is smooth. The right logarithmic derivative 5G is then the inverse of evol^. The 
notion of regularity has been introduced by J.Milnor [9]. 

We let exp : g —> G be given by exp(X) = evol^(K)(l). In particular, exptX = 
evoir(X)(t). 

Clearly exp(t + s)X = exp tX. exp sX. 
The following situation often arise. Given a regular group G as above, there is a 

closed subgroup H C G and a Lie algebra f) such that smooth curves with values in 
f) are sent bijectively by evol^ to isotopies with values in H. Unfortunately, such a 
bijection does not yield a Lie group structure on H. However, a common intuition 
is that such a situation is not bad, and sometimes by abuse one states that H is a 
Lie subgroup with the Lie algebra f). Our goal here is to formalize this intuition, i.e. 
to define a (weak) Lie subgroup without using charts or the concept of submanifold. 
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Definition. A subgroup i ? C G i s said to be a weak Lie subgroup if there exists a 
closed subspace f) C 0 such that the mapping 

evol£ |Coo(R|W : C°°(R, rj) -> Ce°°(R, G) n MaPe(R, H) 

is a bijection. Here Mape(R,J?) stands for the totality of mappings of R onto H 
sending 0 to e, and Ce°°(R,G) := C°°((R,0), (G,e)). 

Then we set evo\r
H := evol^ |COO(R,{J) and Ce

00(R,iI) := C°°(R,G) n Mape(R,tf). 

A well known examples of weak Lie subgroups of Diff°°(M)(M) for which it is 
not known whether they are Lie subgroups constitute the volume preserving diffeo-
morphism group on a possibly noncompact manifold with volume element (cf.[l]), or 
the leaf preserving diffeomorphism group on a manifold with foliation. In the latter 
case the affirmative answer has been given for regular foliation in [12]. However, 
the problem of introducing a Lie group structure on the leaf preserving diffeomor­
phism group of arbitrary foliation seems to be difficult and central in the infinite 
dimensional Lie theory. For further examples, see section 4. 

Let us consider basic properties of weak Lie subgroups. First note that evolr
H 

sends f) C C°°(R, f)) onto the space of all one-parameter subgroups of H. The set 
evoljj(r)) of all smooth one-parameter subgroups will be designated by TtH. We 
will identify (j with TtH. We have exp : f) -> H given by exp(K) = evo\r

H(X)(l). 
Consequently 

KEf) *=-* exptKGCe°°(R,H) 

i.e. f)=gnCe°°(R,II). 
Given H C G a weak Lie subgroup and a morphism (j) : H -> H it is easily seen 

that the tangent map Tt<f> : f) —•> f) is well defined. We have also the commutative 
diagram 

H T<t> L> 

e x P H l l e x p 11 

H —±-> H 

Let conj^ : H 3 h i-> ghg'1 G H be the conjugation by g G H. Define Ad(#) = 
Te conj^. Then we have 

^ e x p t K ^ - e x p ^ A d ^ K ) . 

Clearly for every g,h G G one has Ad(gh) = Ad(g) Ad(h). 
As usual, we let ad := Tt Ad. Then 

adx(Y) = [X,Y] = -^|t=o Ad(exptX)Y. 

It is not hard to check that the bracket [,] is the Lie algebra bracket on h. 
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Some further properties are possible. So it is apparent that a large portion of Lie 
theory is inherited from a Lie group to its weak Lie subgroup. 

3. A VERSION OF THE THIRD LIE THEOREM 

Let G be a regular Lie group with its Lie algebra g. We begin with the following 
fact. 

Lemma. For all / , # G Ce
x>(R, G) the following formulae hold: 

(i)SG(fg) = 6Gf + Ad(f).SGg; 
(ii)8G(f-i) = -Ad(f-*).8Gf. 

Proof. We show only (ii) as the proof of (i) is in [8], p.405. 
First let us observe that the tangent map to the inversion v : G —> G can be 

expressed by 

TaU.Xa = -Te(fia)-^Ta(fi
a~X).Xa = -Te(pa-i ).Ta(^ )•*«, 

where tt is the multiplication in G, and \ia (resp. fia) is the left (resp. right) 
translation by a. Next remind that the right logarithmic derivative 8G : R —> g is 
given by 

6hf(t) = Tm)(^-1).Ttf.(l\t). 
Therefore 

5Gf-\t) = Tf-Ht)(^).Ttf-\(^\t) 

= Tf-Ht)(^).Tf{t)u.Ttf.(^\t) 

= -T /-1(O(Ax /w).T.(Ai / (O-x).T / (. )( /i/W-1).T1/.(^|0 

= -Te(conif-1(t)).8Gf(t) 

= -Ad(f-1(t)).8r
Gf(t), 

as required. • 

Next we formulate two conditions related to the (weak) integrability of a Lie 
subalgebra f)Cg. 

(A) If g G Ce°°(R, G) and for any t € R there exists h G Ce°°(R, G) with 8%(h) G 
C°°(R,rj) and ht = gt then 8r

G(g) G C°°(R,rj). In other words, any G-isotopy with 
values in H is an H-isotopy, where the group H is defined as in the theorem below. 

(B) For any g G Ce°°(R, G) with 8r
G(g) G C°°(R, f>) one has Ad(g)f) C t). 

Theorem. Let I) be a Lie subalgebra satisfying the conditions (A) and (B). Define 

H = {heG:h = gi, where 8r
G(g) G C°°(R, f})} . 

Then H is a weak Lie subgroup of G with the Lie algebra f) = TeH. 
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Proof. First we show that ff is a subgroup of G. Indeed, if h% G ff, i = 1,2, then 
there are g1' G Ce°°(R,G) with h%' = g[ such that Sr

G(gl) G C°°(R,f)). Therefore 
( g V ) i = hlh2 and Sr

G(glg2) G C°°(R,f)). The latter holds by Lemma (i) and 
condition (A). Next, if g G Ce°°(R,G) with Sr

G(g) G C°°(R,f)) then (t h-> g~
l) G 

CC°°(R,G) as G is a (convenient) Lie group, and S^g"1) G C°°(R,f)) in view of 
Lemma (ii) and (A). Thus ff is a subgroup of G. 

It remaines to check that 

evol̂  \c~m) : c°°(R,F)) -> ce°°(R,G)nMape(R,tf) 

is a well-defined bijection. We use the formula 

6h(9X) = K&G(9), where gx(t) = g(Xt), A , t € R . 

It follows that if h = gt for some t, where g G GC°°(R,G) with S^(g) G G°°(R,f)), 
then h G ff. Consequently, evol^ |c°°(R,.,) ls w e l l defined. 

The injectivity is trivial, while the surjectivity is equivalent to condition (B). • 

4. EXAMPLES 

1. Given any smooth manifold M, in the framework of [8] Diff°°(M) is a Lie 
group modeled on the complete locally convex vector space 3LC(M) = YUX^KXK(M). 

Its tangent space at id is XC(M) but the Lie bracket is the negative of the usual Lie 
bracket of vector fields. The adjoint action of g G Diff£°(M) on 3ic(M) is given by 

(ff-1)*-

For any X e C°°(R,3ec(M)) there is g : R -+ Diff°°(M) such that g = X where 

g : R -> Xe(M) g{t)(x) := ^ l , ^ ^ - 1 ^ ) ) • 
g is the time-dependent vector field defining uniquely g with #(0) = id. Thus there 
exists a bijective evolution map 

evolBiff~(M) : C°°(R,Sc(M)) -> c°°((R,0),(Difroo(M),id)) 

and so Diff°°(M) is regular. 
Specifically it admits the exponential mapping, namely 

exp : XC(M) -> Diff~(M)G X ^ Flf , 

the flow of the vector field at time 1. It is well known that exp is not locally 
surjective around 0. Observe that in the convenient setting the identity component 
of Diff°°(M) consists only of compactly supported elements. 

Now let a G Q,k(M) be any closed fc-form on M. Let us consider automorphisms 
of the geometric structure (M,a). Namely we set (C is the Lie derivative) 

L(M,a) = {Xe X(M) : Cxa = 0} 

G(M, a) = {fe Diff°°(M) : f*a = a} . 

Then L(M,a) is a Lie subalgebra of X(M), and G(M,a) is its "Lie group". The 
latter statement is justified by the following observation. 
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Propo s i t ion 1. G(M, a) is a weak Lie subgroup of Diff°°(M) with the Lie algebra 
L(M,d). 

Proof . Suppose that / 6 G^°(lR,Diff00(M)) is a smooth curve of diffeomorphisms 
and X = <% i ffoo(M)(/). Then f(t) G G(M,cr) for each t if and only if Xt e L(M,a) 
for each t. In other words, for any smooth path X : R —• L(M, a) its evolution curve 
takes its values in G(M,<J). Indeed, we have for any t 

jtf(t)*a = f(ty(Cx,e) = f(ty(i(Xt)do + d(i(Xt)a)) = f(tyd(i(Xt)o). 

It follows that the definition of a weak Lie subalgebra is fulfilled. • 

The most important examples of such structures are symplectic structures, volume 
elements, locally conformal symplectic structures (cf.[6]), cosymplectic structures. 
Note that the symplectomorphism group is also a usual Lie subgroup ([1]). From 
[7] we know that also the group of conformal automorphisms of a locally conformal 
symplectic structures is a Lie subgroup. 

Recall that a cosymplectic structure on 2k -f 1-dimensional manifold M is given 
by a pair (0,UJ), where 8 is a closed 1-form, and CJ is a closed 2-form, and the 
nondegeneracy condition ujk A 0 7-= 0 is fulfilled. It follows from Proposition 1 that 

G(M,6,u) = {X e X(M) : Cx6 = 0, Cxu = 0} 

is a weak Lie subgroup with the Lie algebra L(M,0,u). Analogous statement can 
be made for other automorphism groups studied of (M, 6,u).. 

2. Let CJ be a symplectic structure on M , and let J" : QX(M) -» X(M) be the 
corresponding musical isomorphism. 

A smooth path of diffeomorphisms satisfying Proposition 1 is called a symplectic 
isotopy. A symplectic isotopy f(t) is Hamiltonian (or exact) if the corresponding 
Xt € L*(M,a;) for each t. Here L * ( M , C J ) stands for the Lie algebra Hamiltonian 
vector fields, i.e. X £ L*(M,u) iff L(X)LJ is exact, i being the insertion. A diffeo-
morphism / of M is called Hamiltonian if there exists a Hamiltonian isotopy f(t) 
such that / ( 0 ) = id and / ( l ) = / . The totality of all Hamiltonian diffeomorphisms 
is denoted by G*(M,u;). 

Propo s i t ion 2. G * ( M , C J ) is a normal subgroup ofG(M,uj). 

Proof . First we show that G * ( M , C J ) verifies the group axioms. Let f(t), g(t) be 
Hamiltonian isotopies, that is S^[ffoo(^M^f(t) = (dut)*", ^Diffoo(M)Sf(0 = (dvt)*" for 
some smooth families of C°°-functions ut and vt. Then f(t) o g(t) is still a Hamil­
tonian isotopy. Indeed by Lemma 

*Di«-(M)(/(*) °0(*) = (<*(«« + v* ° / ( - ) " 1 ) ) r • 

We have that f(t)~l is Hamiltonian as well since by Lemma 

6hm~(M)(rl(t)) = (d(-ut°f(t)f • 
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Therefore G*(M,u) is a group. Next, if f(t) is a Hamiltonian isotopy as above and 
g is a symplectomorphism then 

^Dif^M)^"1 o /(*) o g) = (d(ut o g)f . 

This means that G*(M,u) is a normal subgroup of G(M,CJ) . • 

Observe that G*(M,LJ) is a weak Lie subgroup. It is a usual Lie group, if the 
group of periods of CJ (i.e. the image by the flux homomorphism of the first homotopy 
group of G(M,LJ)) is discrete. Analogous statements still hold for locally conformal 
symplectic structures, cf.[6], in view of the existence the flux homomorphism and 
other invariants. 

3. Let T be a generalized foliation on M, cf.[16], and let G(M, T) be the group of 
leaf preserving diffeomorphisms of T. It is straightforward that G(M, T) is a weak 
Lie subgroup. It has been shown in [12] that it is a Lie group if T is regular, however 
there is no hope to extend the proof for the singular case. 

4. Recall that a Poisson structure on M can be defined by a bivector A which 
satisfies the integrability condition [A, A] = 0 in terms of the Schouten bracket [,]. 
This yields a Lie algebra bracket on C°°(M) given by 

{u,v} = A(du,dv} 

for any u,v G C°°(M). We have the musical homomorphism #A : ft2(M) -> X(M) 
which is an isomorphism iff A defines a symplectic structure. 

A smooth mapping / of (M, A) into itself is called a Poisson morphism if 

{u o / , v o / } = {u, v} o / for any u,v e C°°(M). 

Let G(M, A) be the group of all Poisson diffeomorphisms of (M, A) which are tangent 
to the leaves of the symplectic foliation T(A). 

Recall that a vector field X is an infinitesimal automorphism of (M, A) if [A, X] = 
0, that is if CxA = 0. By L(M, A) we denote the Lie algebra of all infinitesimal au­
tomorphisms with compact support which are tangent to T(A). Next, let L*(M, A) 
be the ideal of L(M, A) of all Hamiltonian vector fields, i.e. X E L*(M, A) iff there 
exists compactly supported u 6 C°°(M) such that 

X = [A,u] or, equivalently, X = (du)* . 

We have the inclusion [L(M, A), L(M, A)] C L*(M, A) as a consequence of the equal­
ity [Xi,X2] = [A,u], where u is defined by u(x) = i(X\(x) AX2(x))wJ . 

As in the symplectic case one defines G*(M, A), the group of Hamiltonian auto­
morphisms. 

It is easily checked that counterparts of Propositions 1 and 2 hold for arbitrary 
Poisson manifolds. This is due to the fact that on each leaf L of the symplectic foli­
ation lives a symplectic form u;£. Consequently, the groups G(M, A) and G*(M, A) 
are weak Lie subgroups of Diff°°(M). 
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Let us remind that A is said to be regular iff the symplectic foliation ^(A) is so. 
It is proven in [12] that in the regular case the above automorphism groups admit a 
(usual) Lie algebra structure (under some extra assumption for G*(M, A)). But the 
method of [12], which consists in a use of the space of foliated forms as the model 
space, cannot be generalized to the arbitrary case. 

5. A reasonably broad class of groups in geometry constitute strict groups (this 
idea goes back to C. Ehresmann, cf. [4]). Recently, by using the convenient setting 
in global analysis it has been shown that important strict groups carry a regular Lie 
group structure, cf. [13], [14]. 

Recall that G is a strict group if it is a subgroup of the group of all bisections 
Bis(r) of a Lie groupoid T. A groupoid structure on a set T is given by two surjections 
(the source and target) a,/? : T -> M C T, by a multiplication m : T2 -> T, where 
T2 = {(x,y) e T x T : a(x) = /?(y)}, and by an inversion i : T -> T, satisfying 
compatibility axioms, see eg. [11], [4]. Then M is the space of units of I\ 

By a bisection of a Lie groupoid T we mean a submanifold B of T such that a\B 
and f3\B are diffeomorphisms onto M. Let Bis(r) be the set of all bisections. It is 
a group endowed with the product law induced by m. Note that if T = M x M is 
the coarse groupoid then Bis(r) = Diff°°(M), so that all diffeomorphism groups are 
strict. 

Let us remind that a left-invariant vector fields X on T is characterized by 
T0(X) = 0 and Tlx(X) = X for any left translation 

lx : (3-\CL(X)) ly^x.ye P~l(P(x)). 

Let XL(T) be the Lie algebra of all left-invariant on T. Then XL(T) ~ kerT/?|Af. 
Also Ta\xL(T) : XL(T) -> X(M) is well defined. 

It is well known (J. Pradines [11]) that to any Lie groupoid T =4 M is assigned the 
associated Lie algebroid A(T). Namely, A(T) = (A/rM, [[,]], Ta), where [[,]] is a Lie 
algebra bracket on Sect(ker 77?|M) introduced by means of the above identification 
and A/pM ~ kerT/3 with A/pM being the normal bundle to M. 

Let X e C°°(R,Sectc(JVrM)). There is a unique X e C°°(R,XL(T)) which 
extends X. Let <f> = evol£)iffoo(M)(.K). By definition (3 o (j>(t) is a bijection for all t. 
With some effort it can be shown that a o <j>(t) is a bijection for all t as well, cf.[14]. 
Thus we get that Ct = f(t)(M) e Bis(r), and we get the evolution operator 

evol£ is(r) : C°°(R,Sectc(JVrM)) -> C~M(R,Bis(r)) 

given by 
X^evol[ ) i f foo ( M )(K)(M). 

Specifically, Bis(r) admits the exponential mapping 

exp : Sectc(jVrM)-> Bis(r) K.->Flf(M). 

All this gives a flavour how to show that Bis(r) is a (convenient) regular Lie group. 
The complete proof is in [14]. The fact that Bis(r) is a Lie group enables to introduce 
a weak Lie subgroup structure on several strict groups. Some of them are studied in 
[13], [14]. 
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Final remark. The presented examples are rather standard. However we would like 
to emphasize that it is usually difficult to built up a usual Lie group structure on a 
subgroup of regular Lie group. The reason is that such a construction deeply involves 
the geometry determined by the subgroup which is usually not known enough. This 
strengthens our belief of the usufulness of the concept of weak Lie subgroup. 
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