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THE DECOMPOSITION OF TENSOR SPACES WITH ALMOST
COMPLEX STRUCTURE

LENKA LAKOMA, MAREK JUKL*

ABSTRACT. Decomposition of tensor spaces with almost complex structures is a
standard task in representation theory and thus in differential geometry. Our aim
is to deduce explicit formulae by an elementary and straightforward approach. This
decomposition is computed for tensors of the type (1,3) with symmetries of certain
curvature tensors, providing an illustration of the general method on this well known
example.

1. INTRODUCTION

Let E be a real n-dimensional vector space and E} the tensor space of tensors of
the type (p,q). A fixed basis of E determines a unique basis of E?. The components

of any tensor A with respect to this basis will be denoted A"I’J’z’]’q Now let FJ-‘ be
an arbitrary tensor of the type (1,1) such that Fy = 0. A tensor A € E is called
F-traceless if the following conditions hold

Vk=1,-+,p; Vr=1,---,q: FgA} k0" =0, ATk10k0" 0,
The following theorem was proved in [5] and it shows F-decomposition for e-structures.
e-structures are structures where the condition F F}* = ed;, e = %1 is fulfilled.

Theorem 1. Let A be a tensor of the type (p,q). If n > 2(p+ q) then there ezists a
unique decomposition of A in the form

min{p.g} *'n‘ﬂx oy o

i.li.z--'i? — lllz ip E :
(1) AJIJZ“'JG JlJ2 Jq+ Z Ja]Joz"JagB
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where

*ipripy iy {m}

i, O

iy {72, i g B
Fj Fj=0; Fj=1F

jaljoz"'jag= jal Jog ' jag )

/717P2;"‘,Pt€{1,2:"':l7} (P1<P2<"'<Pt);
D=4 o1,00,--+,00€{1,2,--+ ,q} (0i are mutually different) ,

T, T2, , Tt € {0)1}

P1yP2,° ", Pt
*={Tl7721"':Tl}; o= 01,02, ,0¢
T, T2, Tt

2. DECOMPOSITION OF TENSORS OF THE TYPE (1,3).

In this section we will compute F- decompositon of tensors of the type (1,3) for
e-structures with e = —1. This structure is called almost complex structure. It was
proved in [4] that we get 48 algebraic equations in 48 unknowns in generally and
this system is not easy solvable. Therefore in [4] the contents of the theorem 1 was
extended.

We compute the decomposition of tensors of the type (1,3) which have following
properties.

ijk ijk
(2) a h h
(c) Aajk =0; (d) AiT = Aijk .
We will use next notation.
(3) A7 = FRAL,., AF = FiA
It follows from this notation A"~ = —A; . If we denote
(4) A,'j = A%a

we can also deduce following properties
(5) A,’j = Aj,' .

For example the Riemannian tensors of Kihlerian space, K-space, CR-space have these
properties (6], [7]). We have the next theorem.

Theorem 2. Let A be a tensor of the type (1,3) with properties (2), (5). Let F be
almost complex structure. If n > 4 then there ezists unique F-decomposition of the
tensor A in the form

(6) Aly = Bl + *Cjx + 6} Dy + 6L Eij + F}'Gjy + F Hy + FL L5,
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where tensors Blyy, Cjk, Dix, Ejk, Gjt, Hjk, ik have following form

Cjx =0;
Djx = —n—igAjk;
Ej, = n+2AJk;
(7) Gix = n+2AJk§
Hjyy = _n4l-2AJE»
Lk = 545
Bl = Al + 25 (07 Ai — 0f Aij + 2FP Ap + FP Az — FRA;)

and the tensor B is F-traceless.

The aim of the following text is to prove the main Theorem 2. We will suppose,
that the tensor A can be expressed in a form (6) where B ;x is F-traceless tensor and
Cjx, Dyj, Eij, Gjk, H, I;; are certain tensors. We will suppose that the tensor B »x has
algebraic properties analogous to algebraic properties of the tensor A,Jk,

(8) th+Btk] =0; Bijk+BJkl+Bkij=0; B,’;k _szk
Let us alternate the expression (6) in j, k. Using
Al + Ab = Bl +Bhi=0

we can write
(5:' (Cjk + ij) + Fih (ij + ij) + 5;-‘ (Dix + Ei) + (52 (D.‘j + E,-j)

(9)
+ F} (Hy + Iy) + F (Hy; + I;;) = 0

Suppose that Cj + Cx; # 0. Then there exists a tensor ¢/ such that
) et (Cjk + Ckj) = £1.
Contracting (9) by e’¢¥, we obtain

1 2
(10) 6! + adt + € Q; +€* Q= 0,

1 2 .
where Q;= 2¢* (Diq + Eia) and Q;= 2¢* (Hiq + Lia). After contraction (10) by i we
have

1 -2

(11) 67 — ad} + € Q; +e" Q=0

Let’s substitute 67 from (11) in (10) then we get the following condition
1 1 - 2 2

(12) +67 (14 a®) + ¢ (ZFa Q5+ Qj) + € (;a Q5+ Qj) =0

Since Rank||6?|| < 2 it contradicts the assumption n > 2. We have following lemma.
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Lemma 1. The condition
(13) Cjx+Cij =0
holds for coefficients Cj.

We can use the previous arguments for the coefficients G and we get
Lemma 2. The condition
(14) Git+Grj=0
holds for coefficients Cjy.

The equation (9) now has a form
(15) &} (D + Eu) + 6 (Dij + Eyj) + F} (Hue + L) + F (Hij + I;;) = 0.
Suppose that D, + E # 0. Similarly to the previous cases we get the existence of a
bivector e'n* such that

én* (Dy + Ex) =1.
When we contract (15) by €'7* we obtain the equation
~ 2

1
(16) 8 +adt +1" Q; +1" Q;=0,

1 2
where Q;= € (Dqj + Eqj) and Q;= € (Hy,j + Ip;). Contracting (16) we express JJL‘,
then we replace it in equation (16):

(17) #(1+d)+n* (é), -a 612]-) +q" (é] —-a é;) =0.
The equation (17) has no solution for n > 2.
Lemma 3. The condition
(18) Djy+ Ey; =0.
holds for coefficients Djx, Ej.
In a similar way we obtain
Lemma 4. The condition
(19) Hj +I; =0.
holds for coefficients Hjy, Ijx.
When we apply lemmas to the Theorem 2 we have

Lemma 5. When the condition (2(a)) is fulfilled then for n > 2 the tensor A may be
ezpressed in a form

(20) Ak, = Bl + 6!Cjy + 6! Dy — 6p Dy + F'Gji + F} Hy — FH,j

where
Cjk+Ck,‘ =0, ij-I—ij =0.
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Using properties A%y + A%+ Ak = 0; Bfi, + Bl + B = 0 we get the equation
(21) Qe + Qs + 6p Qs + FFp + FIO + F{Q4; =0,

where

Qjx = Cjx — Djk + Dij;  Qyx = Gjk — Hjx + Hyj.
But ij =0; ﬁjk =0forn> 4, ie.
(22) Cjk = Djx — Dyj; Gjx = Hjy — Hyj.
Let us replace Cjx and Gjx in (20) by (22). Then we get
Lemma 6. If conditions (2 (a), (b)) are fulfilled then for n > 4 the tensor A may be
ezpressed in a form

Al = Bl + 8} (Dje — Di;) + 8} Dy — 6 Di;
(23)
+ FP (Hj — Hyj) + F:-,!lHik - F!'Hy;.

1

6:1 (Djk — Dy — Dﬁ + DE)

The condition A:}E = A%, gives

+ 5;‘ (D + Hg) - 0¢ (Dy + Hii)
(24)
+ F,'h (ij — Hy; — Hj—k + HE)

+ F} (Hix — D) - Fy! (Hi;; — D) =0.
Equation (24) implies
(25) Hik = DzE’ Djk - ij = DJ_I: - DE .
Using conditions A%;, = B3, = 0 and conditions (25) in the equation (23) we have
after contraction by &

(26) (n+1) (Djx — Dkj) + Dsz — Dgz = 0.
It follows from (26)
(27) Djk = ij .
Substitute (27) to (22). We obtain
(28) Cjk = 0; ij = 2Dj;.
We can rewrite the equation (23) in a form
(29) Al) = By +6"Dy — 68 Dyj + 2F! Dz + F} Dz — F{D;;.
Contract (29) by 6 then
(30) A,'J' = - (Tl + 2) D,'J'
and therefore
1
(31) D,'j = —mAij .
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Substituting (18) to (19), (25), (28), (31) we get coefficients Cjx, Dj, Ejx, Hjx, Ljx in
the form mentioned in the Theorem 2. Now the tensor B, has a form
(82  Bpi=Ant— (6"A,k hAij +2F Ag + Fl Az — FLA3) .

All computed tensors are F —traceless and the proof is complete.
When A%, is the Riemannian tensor then Bf, (32) is well known tensor of the
holomorphically-projective curvature.

ijk

Allow us to express our thanks to Prof. Mikes for his advices and ideas.
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