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RESTRICTIONS OF 3-FORMS IN DIMENSION 7
TO SUBSPACES OF CODIMENSION 1

JIRI VANZURA

ABSTRACT. On a 6-dimensional real vector space there are six types of 3-forms. We
take all types of 3-forms on a 7-dimensional space and determine types of restrictions
to all subspaces of codimension 1.

Let V be a finite dimensional vector space. A k-form w € A¥V* is called multi-
symplectic or regular if the homomorphism

VAW v w=w(y,...)

is a monomorphism. If a k-form w is not regular, we shall call it singular. We denote
by A¥V* c A¥V* (A¥V* c A*¥V*) the subset consisting of all regular (singular)
forms. The general linear group GL(V') operates in a natural way on A¥V*, and it
is easy to see that this action preserves A¥V* (A¥V*). Consequently, A¥V* (A¥V*)
decomposes into orbits of this action. In this paper we take k = 3, i.e. we consider
3-forms. It is known, that the number of orbits of 3-forms is finite if and only if
dimV < 8.

Let us treat first a 6-dimensional real vector space W. We choose its basis
fi,..., fe, and we denote fi,...,Bs the corresponding dual basis. There are three
orbits consisting of singular forms represented by the forms

(Sl) 0'1=0,
(82) o2 =P1 A P2 A Ps,
(S3) a3 =P1 A (B2 ABs+ BaAPs).
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There are also three orbits consisting of regular forms. They are represented by the
forms

(R1) p1=P1AB2 APBs+BsA Bs A DBs,

(R2) p2=PL1AB2AB3+B1ABsAPs+PaAPaBs—BsAPs A Ps,

(R3) p3=P1ABsAPs+BaABsAPs+ P3N Ps A Ps.

Now, let us pass to a 7-dimensional real vector space V. We choose a basis
e1,...,er of V, and we denote by ay,...,a7 the corresponding dual basis. Here the
subset A2V* decomposes into eight orbits. They are represented by the following
forms.

(1) w1=a1/\'a2/\a7+a1/\a3Aa4+a2/\a5/\ae,

(2) we=a1AagAas+aiAasAar+o1 Aag Aay
—asANagANar+agANagANag+azAag Aar,

(3) wi=aiAlazAar—az Aag+agAas),
(4) ws=a1A(agAar—azAag+asAas) + a2 Aag Acag,

(5) ws=arAagAaz—ar AagAas+a; Aag Aayg
+aAagAag+azAasAar+azAagAar—azAas A ag,

(6) ws=oa1AagAag—ay AazAag+a; Aag Aas
+asAazAas+az Aag A ag,

(7) wr=aiAagAas+ai1 AagAag+a1 Aag Aoy
+asAagAar—as AagsAag+asANagAas,

(8) wg=arAazAaz+arAagAas —ag AagAar
+asANagANagt+azAasAayr++ag AagAag
—azAasAag.

The subset A3V* decomposes into six orbits. They are represented by the following
forms
(9) W9 = 0,

(10) wip=ai1AazAasz,

(11) w1 = alA(az/\a3+a4/\a5),
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(12) wip=a1AasAag+agAas Aag,
(13) wiz=aiAagAagt+aiAagAhas+az AagAog—agAas Aog,

(14) wyu=o1AagANas+asANagNag+azAas Aag.

Let us recall that with a 3-form 7 on a 6-dimensional space W we can associate
an endomorphism Q(7) in the following way. We choose a nonzero 6-form 6 on W,
and for w € W we define Q(7)w by the formula

(LwT) AT = 1Q(r)uf -
We have
Q(o1) =0, Q(o2)=0, Q(03)?=0, dimimQ(s3)=1.
Replacing 8 by a8 if necessary, we get moreover

Q(p1)? =1, dimim(Q(p1)+I)=dimim(Q(p1) —I) = 3,
Qp2)? =-1, Q(ps)*=0,dimimQ(p3) = 3.

More information about the endomorphism @ you can find in [BV1].
Further, let w be a 3-form on a 7-dimensional space V. We choose again a 7-form
6 on V. Then we can define a symmetric bilinear form ¢ on V' by the formula

(Low) A (tyw) Aw = g(v,0")6.

It is obvious that the definition of the symmetric bilinear form ¢ depends on the
choice of the 7-form 6. In other words the form ¢ is determined up to a nonzero
scalar multiple. More information about 3-forms on a 7-dimensional space you can
find in [BV2].

Finally, for any 3-form ¢ on a vector space Z we define

A Q) ={z€2; ()" =0}, A¥Q)={z€ Z(.()"* = 0}.

In the sequel we take the 3-forms wy,...,w;4 on the 7-dimensional space V, and
consider their restrictions on all 6-dimensional subspaces W C V. I present the re-
sults without proofs. The proofs have computational character. For every restriction
w;|W I have computed the corresponding endomorphism Q(w;|W), which (with the
exceptions of the types (S1) and (S2)) enables to recognize type of the restriction
wi|W.
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TYPE 1

For this form we have

A%(w)) = VEUVY, where VP =[es,eq,e1], VP =][es,e,e7], Vi=VENVP

3 _ya b a __ b _
A%(w) = Vg UV, where Vg =[ej, €3, eq 65,66 67], Vi = [ez e3 64,65, €6 €7].

1. Proposition.
(S1) There is no W such that wi|W is of type (S1).
(S2) wi|W is of type (S2) if and only if W = V¢ or W = V2.
(S3) wy|W is of type (S3) if and only if W D V§ or W DV and W # Vg, V.
(R1) wy|W is of type (R1) if and only if W  V;.
(R2) There is no W such that w;|W is of type (R2).
(R3) wi|W is of type (R3) if and only if W D Vi, W A V£, and W 2 V2.

TYPE 2

Let us write v = c1e1 + +++ + crer and v/ = cle; + -+ + cher. For this form we
have

A%(wp) = {v € Vjc1 = c3 = ¢3 = ¢4 = 0, c5¢6 + cgc7 + crcs = 0},
A¥(w2) = {v € V;cicq — cac3 = 0}.

Obviously, A?(w;) determines a subspace V3 C V, V3 = [es, e, e7]. Moreover, on V
we have a a symmetric bilinear form ¢ (determined up to a nonzero multiple) defined
by the formula
q(v,v') = c1¢y — cacy — c3ch + ¢l .

We can immediately see that kerq = V3. Consequently, ¢ determines a regular
symmetric bilinear form on V/Vj3, and this one in turn determines a quadric Q in
the projective space P(V/V3) associated with the vector space V/V3. If W C V
is a subspace of codimension 1 such that W D V3, then W determines a subspace
of codimension 1 in V/V3, and this one in turn determines a hyperplane W in the
projective space P(V/V3). Finally, on V3 we have a regular symmetric bilinear form
g3 (determined up to a nonzero multiple) defined by the formula

/ / / /
g3(v,v') = csc + c5¢h + cgCy + caCy + Cre5 + C7Ch -

Let us remark that for each 2-dimensional subspace Z C V3 the restriction g3|Z is a
regular bilinear form.

2. Proposition.
(S1) There is no W such that wa|W is of type (S1).
(S2) There is no W such that w,|W is of type (S2).
(S3) wq|W is of type (S3) if and only if W D V3 and the hyperplane W is tangent
to the quadric Q.



RESTRICTIONS OF 3-FORMS IN DIMENSION 7 TO SUBSPACES OF CODIMENSION 1 329

(R1) wa|W is of type (R1) if and only if W % V3 and the restriction gs|(W N V3)
is indefinite.

(R2) we|W is of type (R2) if and only if W 2 V3 and the restriction gs3|(W N V3)
is definite.

(R3) wq|W is of type (R3) if and only if W D V3 and the hyperplane W is not
tangent to the quadric Q.

TYPE 3

For this form we have
Az(w3) = Aa(wli) = I,(i = [62’83134’351 €6, 67] .

3. Proposition. \
(S1) w3|W is of type (S1) if and only if W = V.
(S2) There is no W such that ws|W is of type (52).
(S3) ws|W is of type (S3) if and only if W # V.
(R1) There is no W such that w3|W is of type (R1).
(R2) There is no W such that w3|W is of type (R2).
(R3) There is no W such that ws|W is of type (R2).

TYPE 4
For this form we have
A% (wg) = V3 = [ea,e5,€7], A3(ws) = Vg = [e2, €3, €4, 5, €6, €7) -

4. Proposition.
(S1) There is no W such that ws|W is of type (S1).
(S2) wy|W is of type (S2) if and only if W = V5.
(S3) w4|W is of type (S3) if and only if W D V3 and W # V.
(R1) There is no W such that wg|W is of type (R1).
(R2) There is no W such that wy|W is of type (R2).
(R3) wy|W is of type (R3) if and only if W 2 Vj.

TYPE 5
Let us write again v = cje; + +++ +c7ey and v’ = cje; + -+ + cfer. For this form
we have
A*(ws) = {0}, Ad(ws)={veV;~c]—G—ci+ci+ci+cg+cr=0}.
This time again, on V' we have a a symmetric bilinear form ¢ (determineci up to a
nonzero multiple) defined by the formula
q(v,v') = —cic} — cachy — cachy + cacly + csch + cach + crcy -

This form has obviously signature {3,4}. (We use this notation in order to underline
that the bilinear form is determined up to a nonzero multiple. Depending on our
choice it can have signature (4,3) or (3,4).)
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5. Proposition.

(S1) There is no W such that ws|W is of type (S1).

(S2) There is no W such that ws|W is of type (52).

(S3) There is no W such that ws|W is of type (S3).

(R1) ws|W is of type (R1) if and only if the restriction g|W is a regular form of
signature {3, 3}.

(R2) ws|W is of type (R2) if and only if the restriction q|W is a regular form of
signature {2,4}.

(R3) ws|W is of type (R3) if and only if the restriction q|W is a singular form.

TYPE 6

For this form we have
A%(wg) = Vi = [er], A%(ws) = Vs = [es, eq,e5,€6,€7].

6. Proposition.
(S1) There is no W such that wg|W is of type (S1).
(S2) There is no W such that wg|W is of type (S2).
(S3) ws|W is of type (S3) if and only if W D V5.
(R1) There is no W such that wg|W is of type (R1).
(R2) we|W is of type (R2) if and only if W 2 V;.
(R3) ws|W is of type (R3) if and only if W D V; and W 2 V5.

TYPE 7

For this form we have
A%wr) = {0}, A%wr)=Vs=[ese5,€7].

7. Proposition.
(S1) There is no W such that w,|W is of type (S1).
(S2) There is no W such that w7|W is of type (S2).
(S3) There is no W such that w7|W is of type (S3).
(R1) There is no W such that w7|W is of type (R1).
(R2) wy|W is of type (R2) if and only if W 2 V3.
(R3) wq|W is of type (R3) if and only if W D V3.

TYPE 8

For this form we have
Az(wg) = Aa(ws) = {0} .

8. Proposition. The restriction wg|W is always of type (R2).
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TYPE 9
9. Proposition. The restriction wg|W is always of type (S1).

TYPE 10
For this form we have kerw;g = Vj = [eq, €5, €5, €7).
10. Proposition.
(S1) wio|W is of type (S1) if and only if W D V4.
(S2) wyo|W is of type (S2) if and only if W 2 V.
(S3) There is no W such that wyo|W is of type (S3).
(R1) There is no W such that wyo|W is of type (R1).

(R2) There is no W such that wyg|W is of type (R2).
(R3) There is no W such that wio|W is of type (R3).

TYPE 11

For this form we have

kerwy; = V3 = [es,€7] and  A%(wi1) = Ve = [e2, €3, €4, €5, €6, €7] .

11. Proposition.

(S1) wi1|W is of type (S1) if and only if W = V.

(S2) w11|W is of type (S2) if and only if W D Vo and W # V5.
(S3) w11|W is of type (S3) if and only if W 5 Va.

(R1) There is no W such that wy;|W is of type (R1).

(R2) There is no W such that wq;|W is of type (R2).

(R3) There is no W such that wy1|W is of type (R3).

TYPE 12
For this form we have

kerw;s = Vi = [e7] and AZ(wyp) =VEUVP,

where 1’4? = [31,82,83, 87] and V4b = [647 €5, €6, 87].
12. Proposition.

(S1) There is no W such that wi2|W is of type (S1).

(S2) wi2|W is of type (S2) if and only if W D V@ or W D V.

(S3) wi2|W is of type (S3) if and only if W D Vi, W 2 V2, and W 5 V.
(R1) wia|W is of type (R1) if and only if W % V4.

(R2) There is no W such that wia|W is of type (R2).

(R3) There is no W such that wy2|W is of type (R3).

331
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TYPE 13

For this form we have
ker w13 = A2(w13) = V1 = [87] .

13. Proposition.
(S1) There is no W such that wy3|W is of type (S1).
(S2) There is no W such that wi3|W is of type (S2).
(S3) wy3|W is of type (S3) if and only if W D V;.
(R1) There is no W such that w3|W is of type (R1).
(R2) wy3|W is of type (R2) if and only if W 2 V;.
(R3) There is no W such that wi3|W is of type (R3).

TYPE 14

For this form we have
kerwis =V; =[e;] and Az(wM) =Vy = [e1, €2, €3,€7] .

14. Proposition.
(S1) There is no W such that wi4|W is of type (S1).
(S2) wis|W is of type (S2) if and only if W D Vj.
(S3) w14|W is of type (S3) if and only if W 5 Vy and W D V5.
(R1) There is no W such that wy4|W is of type (R1).
(R2) There is no W such that wi4|W is of type (R2).
(R3) wi4|W is of type (R3) if and only if W 2 V;.

REFERENCES

[BV1) Bures, J., Vanzura, J., Unified treatment of multisymplectic 3-forms in dimension 6, available
in arXiv:math.DG/0405101, to appear.

[BV2] Bures, J., Vanzura, J., Multisymplectic forms of degree three in dimension seven, Proc. 22nd
Winter School “Geometry and Physics”, Srnf, January, 12-19, 2002, Suppl. Rend. Circ. Mat.
Palermo, Ser. II 71 (2003), 73-91.

MATHEMATICAL INSTITUTE, ACADEMY OF SCIENCES OF THE CZECH REPUBLIC
Z1ZKOVA 22, 616 62 BrRNO, CZECH REPUBLIC
E-mail: vanzura®drs.ipm.cz



