WSAA 12

Lutz W. Weis
On the computation of some quantities in the theory of Fredholm operators

In: Zdenék Frolik (ed.): Proceedings of the 12th Winter School on Abstract Analysis, Section of
Analysis. Circolo Matematico di Palermo, Palermo, 1984. Rendiconti del Circolo Matematico di
Palermo, Serie II, Supplemento No. 5. pp. [109]-133.

Persistent URL: http://dml.cz/dmlcz/701819

Terms of use:

© Circolo Matematico di Palermo, 1984

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/701819
http://dml.cz

ON THE COMPUTATION OF SOME QUANTITIES
IN THE THEORY OF FREDHOLM OPERATORS

L.W. Weis

0. Introduction

Although the theory of Fredholm operators is usually approached
with Banach algebra techniques (e.g. [6 ],[ 4 1) there has been
some interest in "measures of non-compactness" (e.g. [19],[281]).
Roughly speaking, they may be used as a substitute for the operator
norm if one is interested in Fredholm inverses and the essential
spectrum instead of the usual notion of invertibility and spectrum.
For a bounded linear operator T in a Banach space X they are de-
fined in terms of X and T (not via quotient algebras like the
Calkin a’ rebra) but it is often not easy to calculate them and
this is the problem we address in this report.

We will concentrate on the following variante of these quanti-
ties (introduced by M. Schechter in [30]):

(*) A(T) = sup infllT |l
M Nc

M IN

where the 'sup' and 'inf' is taken over all infinite dimensional
subspaces of X. At first glance it may look hopeless to try to
calculate this quantity for concrete operators, especially since
one has to consider 'arbitrary' subspaces N of X and the restriction
TIN will in general distroy any concrete representation of T that
might .be useful to estimate the norm ( it is well known that
every contraction in a Hilbert-space is similar to a restriction of
the shift-operator, [27]).

But we will see that for operators in the classical Banach
spaces lp,Lp(u),C(K) one has to deal in (*) only with very'special
subspaces M and N for which the form of 'I‘IN is in general still
very close to the original operator T. Using modern Banach space
theory one can show that usually it is enough to consider 'bands'
in thése spaces (i.e. subspaces of functions that vanish outside
a given measurable set). In Ib(u) this is of special interest for
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operators of 'local type' according to Simonenko ([31]). As an il-
lustration we calculate A for certain classes of Toeplitz-, Hankel-
singu.ar integral- and pseudo-differential operators.

We will also show that A is nicely related to other inter-
esting quantities:

- For a large class of operators A(T) equals the distance of T to
the ideal of strictly singular operator. This ideal, introduced
by Kato is the maximal ideal of admissable Fredholm perturbations
in Ly (w) and C(K) (see [221,[341).

- For operators in lp and operators of local type many of the usual

measures of non compactness are just a multiple of A.

We detail these results in the following sections:
General properties of Schechter's A-characteristic.
. Operators in 1_ and in Hilbert spaces.

Singular integral operators and Toeplitz operators.

. Pseudo-differential operators.
uperators in L1(u) and C(K).

1
2

3

4. Operators in Lp(u): I<K p <.

5

6

7. Comparison with measures of non-compactness.

1. General properties of Schechter's A-characteristic.

Let X and Y be Banach spaces and B(X,Y) the space of all bounded
linear operators. Recall that T € B(X,Y) is called a ¢+—oEerator
(a ¢_-operator) if T has closed range and dim(Ker T) < « (codim
T(X) < o ). These properties can be expressed in terms of the

following quantities.
(1) r(T) = infllT MlI ’ I*(T) = :lanMMTII
M M

where the inf is taken over all closed subspaces with
dim M = codim M = « and O denotes the quotient man by * X X/M.
I was introduced by Gramsch in [11] and r*in[33]. It is not difficult
to see that
1.1 Proposition: T is a ¢ -operator e r(r) > o(l11])

T is a ¢_-operator e T*(T)> 0([33])
In particular, T is a Fredholm operator if and only if
r(T) > 0 and r*(T) > O. In the subsequent sections we shall see
that many natural conditions that guarantee that certain concrete
operators (e.g. singular integral operators) are Fredholm operators,
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can be expressed in terms of T and TI*.

r and T'* also appear in the-pErturbation theory of (Semi-)
Fredholm operators. In order to obtain a more general ideal of ad-
missible perturbation of $,-operators than compact operators Kato
introduced in [17] the class of strictly singular operators. These
are -operators such that for all infinite dimensional subspaces M of
X the restriction TlM-is not an iscmorphism into., The dual notion
of strictly cosingular operators (¢ﬁr is never surjective if codim
M = =) was considered by Pelczynski ([23]) and it was observed in
[32] that these coperators are admissable perturbations of §_-ope-
rators., The following qantity A introduced by Schechter ([30])
generalizes measures of non-compactness in thé same way striﬁﬁly
singular operators géneralize compact operators
(2) A(T) = szp T(T |y

where the sup is taken over all closed subspaces # with
dim M = codim M = &. The dwal quantity )
A¥{T) = sup I'*(¢,T)
M

was considered in [33]. Indeed we have
1.2. Proposition: A and A* are continuousz and multiplicative semi-
norms on B(X) and
A({T) = 0 » T is strictly singular ([30%}
A*(T)= O « T is strictly cosingular ([33l)

Using A& and T Schechter formulated the following perturbatitm
theorem which generalizes Kato's theorem on strictly singular
operators and the well known fact that thé set of ¢+-nnerators 1s
open in B(X,¥):
1.3. Theorem: a) ([30]) If A(T) < r({S) then T+S i3 a ¢,-operator
and ind{5) = ind (S+T}.
b) ([33]1) 1f A*(T) < $*(5) then T+5 is a $_-operator and
ind@(s} = ind(5+T).
Furthermore, the quantities (1} and (2) can be used to gave asymp-
totic formulas for the radius re{Tl of the essentlal spectrum of
T € B(X) {(see [ 6] for its properties) and for the so called semi-
Fredholm radii,.
{3) 5,(T} = sup{e 2 0 : T - AI 18 a ¢, -operator for x| < ¢}

S5_ (T} = sup{e 2 0 t T - AI t8 a ¢_—operator for |i| < ¢}
1.4. Theorem: For T € B(X) we have )
a) ([30],[33]) r (T) = 1lim A /" - 1;».1 ax (o) 7

n
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b) ([391) s,(T) = lim 1 (™™, s_(1) = lim r*(™)/n
n n

1.1. to 1.4. suggest that if we deal with perturbations of (Semi-)
Fredholm operators and the essential spectrum instead of perturba-
tions of invertible operators and the usual spectrum the role of

the operator norm will be taken over by A, A¥, and T , I'* may be
considered as substitutes for.the minimum modulus of the operator T

(4) m(T) = inf{llTxIl : lIxli = 1}
and the so called surjection modulus
(5) q(T) = sup{e 20 : TUX > ely}

where UX'UY are the unit balls of X and Y. It is one of thc main
points of the next sections to show that the 'abstract' quantities
A,T,... for operators in classical Banach spaces can be expressed
in terms of the more intuitive quantities (4) and (5). This will
allow to calculate A,A*,T,T* and to apply theorem 1.3. and 14, in
some concrete situations.
The 'duality' between A,I' and A*,T* takes a simple form in

reflexive spaces:
1.5. Proposition: If X and Y are reflexive then

A(T*) = A*(T) ’ T (T*) = r*(T)
But in general Banach spaces, it might happen that e.g.
"A(T*) > A*(T) = O (see [23],[.8 1,[35]). We shall also need the
following useful relations which hold for general T € B(X,Y)
(see [24] B. 3.8)
(6) m(T*) = q(T) ¢+ a(T*) = m(T).

2. Operators in 1 and in Hilbert spaces.
14

For multiplication operators it is rather easy to calculate A and T
but this special case is useful in determing A and I for more gene-
ral classes of operators (see e.g. 2.2., 2.4.).

2.1. Proposition: Let m € La(Q,Y,u). For the multiplication opera-

tor T: Lp(h,,,u) » Ly (2,Z,u) with Tf£(w) = m(w)<f(w), w € 2, we have

A(T) = A*(T) = Tim R(m)
I(T) = T*(™) = lim R(m)

Here R(m) denotes the essential range of the function m, i.e.
R(m) = {1 € C: u(lm=A11< €)>0 for all ¢ > O}

If the measure space is purely atomic then T is a diagonal operator
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T(£,) =(mnfn) in a sequence space 1, and

A(T) = limlmnl B r(r) = limlmnl
. n n
while HTIl = supim_| , o(T) = q(T) = infim_|.
1f (2,Z,%) has no atoms then n
A(T) = lITIl = sup R(m), I'(T) = o(T) = inf R(m)

(this observation is also true for multiplication operators in
Banach function lattices and in spaces with an unconditional basis,
see e.g. [ 5],[20] for definitions).

Sketch of proof: As subgpaces on which A and T are (almost)

attained we may take the span of XAn' n € N, where the An €Y are
pairwise disjoint and chosen in such a way that the values of
Imle are very close to lim R(m) or lim R(m).

n

Using results on basic sequences from Banach space theory
(see e.g. [20]) we can reduce the calculation of A and TI' for an
operator T in lp to certain diagonal operators. More precisely, if

x, € 1p satisfies

M lo= 1, x -, o, HTx )l ~— d

then there is a subsequence x

nk' such that X, and

k

-1

y, = T(x_ )-lT(x_ )l are equivalent to the unit vector basis (ek)
k By Ny

of lp. Then the diagramm

commutes, where U(ek) =x_, V(e,) =y, are (almost) isometries and
ny, k k

D is the diagonal operator D(un) = (HTanu“). In particular
d = A(D) = I (D) ~ A(TI ) ~ T (TI )
[xnk] [xnk]

»
This is the essential step in the proof of the following theorem:

2.2. Theorem: For a bounded linear operator

T : lp — lp y | Sp<oor T : Co — G, We have
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A(T) = a*(T) = Tim i TP §I")
nm
n )m-e
= sup{TIWITE lI: £ pairwise disjointfif = 1}%)
n .
= inf{lIT-KIl : K compact}
r(r) = lim m(PnTPm)
n,mse :
= inf{limHTan : fn pairwise disjoint,"fnn= 1}
= sup{m(T-K) : K compact}
T*(T)=  lim q(P TP )
n,m-e

= sup{g(T-K) : K compact}

In sections 4 and 6 we shall extend these formulas to operators in
Lp(u) and C(K). They improve the original definition of A and T in
several ways:

- Instead of arbitrary infinite dimensional subspaces M of lp we
only have to consider the 'special' subspaces Pn(lp) = [eK,K > n]
on which T still may have a form similar to the whole operator.
E.g. if T : 1p -+ 1 1is given with respect to the unit vector basis

p
by an infinite matrix

A1q A s
Ay1 8y eccenens
then PnTPm is given by o
agn an,m+1""'

(0]
an+1,m an+1,m+1"’

ceee

And on the subspaces Pn(lp), i.e. for these truncated matrices,
we only have to estimate the 'traditional' quantities Il |l ,m(-),

and g(-). As an illustration for this, we shall consider Toeplitz- .
and Hankel matrices in Sec. 3.

1)
If (eK) is the unit vector basis of lp we denote by Py the co-
ordinate projection Pn(K§1uKeK) = KgnaKeK .

2)In this line let p > 1.
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- In characterizations of semi-Fredholm operators sometimes
called singular sequences (i.e.lX lI=1, X — 0) are used (see
e.g. [19],[17]). Our formulas imply that it is enough to consider
very special singular sequences formed by pairwise disjoint
vectors. This corresponds to the use of 'Weyl-sequences' (which
are orthogonal) in Hilbert space theory . S
- Since the Fredholm property of T : 1_ - 1 corresponds to the in-
vertibility of the equivalence class @F’B(lp)/K(lp) one may for-
mulate properties of Fredholm operato:.. or the essential spectrum
in terms of the quotiegt norm |ITIl. Frc1 this point of view A pro-
vides a manageable 'Iifting' of ITI to the original space.'~
2.1. and 2.2. contain some results on Hilbert space operators
which are essentially known, although not stated in terms of A
and T . Since a separable Hilbert space is isometric to. , ve obtain
from 2.2. )
2.3. Corollary ([14] §3, Theorem 1): For a bounded linear operator
T : H-> H in a Hilbert space H we have )
A(T) = A*(T) = sup{IIﬁHTxnII: Han= 1, (xn) orthogonall
n

= in€f{lIT-K|l : K compact}
Of course analoguous formulas can be derived for T and I'*. Since
self-adjoint operators are similar to multiplication operators the
next statements follows from 2.1. but they also follow from results
in [19], p. 61/62; [2 ] and [40].

2.4. Corollary: Let T be a bounded linear operator in a Hilbert
space and T* its Hilbert space adjoint. Then
A(T) = a*(T) =sup oy ([T*11'/2) = sup o (lTT*1"/?)
T(T) = inf o ([T*T]'/2)
r*(1)= inf o(lrT*]1"/?)
rroof: By the polar decomposition we have
T = UITI T* = |T*|U*
where [T| = [TT*]1/2 and U and U* are partial isometries..Hence
A(T) = A(ITI) = A(IT*|) and we may restrict ourselves to self ad-

joint operators. But by the spectral theorem for self adjoi?t
operators T there is a space LZ(Z,u), an isometry U : H — L, (Z,u)
and a multiplication operator Mf(y) = m(y)£f(y) in L,(Z,u) such that
T = U-1JU. By 2.1. we have

A(T) = A(M) = TIm R(m) = sup 0o (M) = sup o (T)
r(r) = r(M = lim R(m) = inf o (M) = inf o (T)

the formula for r*(T) follows by duality.
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We mention one more consequence of 2.2, which is helpful in
calculating I and r* for Fredholm operators.

2.5. Corollary: If T and S are bounded linear operators in 1p such
that TS - I and ST - I are compact then
A(T) = T(S)™" = r*(s)

This 'generalizes' the well known fact that for a invertible opera-

-1

tor T we have

iz =mr ™ = qrh .
Using the corollaries 2.3, 2.4 and 2.5 one can sometimes deduce
r(T) and A(T) easily from known results. For examples, see Sec. 3

and 5.

-1

3. Singular integral operators, Toeplitzoperators and Hankel

operatbrs in L2(T).
Let T be the unit circle in € and u be Lebesgue's measure on T.
Here we are interested in operators in L2(T,u) of the form
(1) M, + MgS c,d € L_(T)
where Mc denotes the multiplication operator by c, i.e.
Mc(f)(X) = c(x)f(x)
and S denotes the operator of sinqular integration

Sf(x) = f ééi— dy (Cauchy-principal-
value).

Let us recall the connection of the singular integral operator (1)

with Toeplitz- and Hankel-operators: fn(eit) = eint, n € Z, form a

orthonormal basis of Lz(T) and

P(Laf)= Loaf,Q(Laf)= Loaf

nezx n2o nezx n<o

are orthogonal projections onto the Hardy sgace H, (T) and its
complement HZ(T)' respectively. Since P = 7(Id + S), Q= I(Id - 8)
we can write (1) in the form
(2) M, + MgS = M P+ MQ where a =c +4, b=c¢c -4 .
With respect to the decomposition LZ(T) = Hy(T) + Hz(T) the singu-
lar integral operator (1) has therefore the 'matrix'-representation

PMain, Py -
2

(3) - | o -
alH, bIH-

where the 'diagonal‘ operators are similar tc. Toeplit. operators
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and the 'off-diagonal' operators are essentially Hankel operators.
More precisely, a Toeplitz-operator is of the form

(4) PMalH2 : Hy — H, , a € L(T)
If J: LZ(T) — L2(T) is given by J(fn) = f_, + then P - 70T and
JPJ - Q is the orthogonal projection onto (1) and we have that

-1 _
(5) QMbQ J [PMJ(b)P]J = QMbQ - JPJMbJPJ
is a finite dimensional operator. Hence the diagonal operators of (3)
are. essentially similar to Toeplitz-operators. A Hankel-operator is

given by P

(6) _ PJMaiHQ: H,(T) — H,(T), a € L_(T)

Then the following operators are one-dimensional
QM P - J[PJM_P]

- —P]*J = -
PMbQ [PJMbP] J PMbQ PM.

(7)
JPJ

b
i.e. the 'off-diagonal'operators in (3) can be expressed in terms of
Hankel-operators.

rfurthermore, we want to recall the connections of defini-~
tions (4) and (5) with Toeplitz- and Hankel-matrices. The Fourier-

transform of the Toeplitz-operator U = PM is an operator

A + + alHy
U: 1, ) » 1, ) given by an infinite matrix of the form
a a, a

o 1 2
®) @) = [ ala, ag . where aj = &(3),3 €z"
3, kez a-2 a-1 a, a,"-

Such a matrix is called a Toeplitz-matrix.

The Fouriertransform V : 12(Z+) - £2(Z+) of a Hankel-operator

vV = PJM : Hz — H, is given by the matrix

aIH2
3% 1 2 +
(9) (aK+j) o3 = a; a, where ay = a(-j),j ez
K,j€z a, -

which one calls a Hahkel-matrix.
As indicated by (3),(5) and (7) one can reduce the calculation of A
and T for singular integral operators to Toeplitz- and Hankel-
operators; we look therefore first at these operators.
3.1. Satz: For a Hankel-operator V = PJMaIHZ'a € L_(T), we have:
r*(T) = r(T) =0
A(T) = inf{lla-th_ : ¢ € H_(T) + C(T)}
where H_(T) = Lw(T)ﬂHZ(T).
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Proof: Since the Fourier transform : HZ(T)—a 126ﬁ+) is an isometry
we have I'(V) = I'(V). From (9) we obtain for the unit vectors

_ +
e t 12(Z ) that

I2

Vel ? = Llal? — o0 for K==
Now 2.3. implies that T(G) = 0. F*(G) = O follows by duality since

V* is given by the Hankel matrix (a

.) .
3%, 5ezt

The second statement follows directly from 2.3. and the well known
fact, that

inf{llT-K Il : K compact} = inf{lla-zll_ : ¢z € H_+C}
(See Hartmann's theorem, e.g. in [25] §1). But in 3.2. and 3.3. we
will only use "<" and this inequality is easy to prove: If = Cw+co
with ¢_ € H_(T) and ¢y € C(T) and € > O choose a trigonometric
polynomial gy = N Bnein such that "CO-C1" < e. Then U;1= PJM§1IH2
is a finite dimensional operator and

a(uy) = 80,70, ) S B,

L

< -
SRLE Lo

< lla-zgll+ € «

3.1. gives a criterion for when the 'off-diagonal' operators in (3)
are negligeable in calculating T and A. If a,b € H_(T) + C(T) then
by (7) and (9) the operators PMblH; and QMalHZ
motivates the following definition:

A function a € L_(T) is called quasi-continuousﬁ;f a € H_(T) + C(T)

ind @ € H_(T) + C(T) (see also [29]).

are compact. This

+.2. Satz: For a Toeplitz operator U PJMa aeL (T), we always

1ave 1H,
A(U) = A*(U) = IUll = sup la!
inf ©R(a) < r(u) < inflal
If a is quasi-continuous we have in addition
r(u) = r*(u) = inflal .

Remark: Even for a piecewise monotone function a we may have
r(u) = 0 < inflal , see [ 6] 7.20. :
Proof:The first statements follow from

re(U) < A(U) s iUl s HMaH = suplal

r(u) < s, (U) < inf{Ixl : 1 € oe(U)}
(see theorem 1.4) and the well known fact that R(a) < ce(U)
(see [ 6 1 Corollary 7.7).
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Choose A €co (a) such that y := inflcorR(a)l = [Al. Put Ag = A|AI_]
and fix some u, < u. Then, for r large enough co(R{a)) is contained
in the ball B(er,r—u1) with center er and radius r=uq. From the
general inequality i
r(u+v) < r(u) + a(v)
we obtain then
r(r) = P(erId)- A(erId—T)
2 riagl = (r-uy) = u,
by our first estimate. Since Mg < u was arbitrary the second in-
equality holds.
If a is quasi-continuous?it follows from 3.1. and (5) that QMaP and
PMaQ are compact and therefore we obtain from 2.1 and lemma 3.3
that
inflal

F(Ma) = F(PMaP+QMaP+PMaQ+QMaQ)
F(PMaP + QMaQ) = min(T (PM
r .

The same argument works for TI'*(U)

), T (QM -
aIH2 aIH2

IA

3.3. Lemma: If W: L,(T) - L,(T) has H,(T) and H;(T) as invariant
subspaces then
A (W)

max (A (W ), AW, =)
IH, IH,

T (W) min(r‘(WlH ), T(W
2

-))
|H,

I* (W)= min(T*(W 4 ),P*(W'H-))
2 2

This can be shown using 2.3 and that L, (T) = H,(T) + HE(T) is an
orthogonal decomposition.
3.4. Theorem: For a singular integral operator U = M, + M4S with
quasi-continuous ¢ and d we have

A (U) max (suplc+dl, suplc-dl)

I (u) r*(U) = min(inflc+dl, inflc-dl)
Proof: By (2) U = MP + M Q where a = c+d and b = c-d are quasi-
and OM

1]

continuous. By (7) and 3.1 the operators PM are

. bIH, alH,
compact and we obtain from (3) and 3.3:

A(wW) = maX(A(PMalﬂz)’ A(QMEIHE))
rw = min(F(PMa'HZ), F(QMbIH;))

By (5) we have A(QMyy) = A(PMg () 1y ) and T (@M =) = T (BMy () 1y ).

Now the result follows from 3.2. The same argument works for I'*. "o



120 L.W. Weis

3.2. and 3.3. contain well-known characterizations of the Fredholm
property for Toeplitz and singular integral operators: e.g. MC+MdS
vith quasi-continuous c and d defines a Fredholm operator if and
only if inflc+d|-lc-d| = inflc?-d%| > 0 (see e.g. [10] Kap. III §7,
[ 6] Theorem 7.26,[29]

These results can be generalized using localization techniques

(see section 4).

Let us come back to Hankel-operators for a moment. Besides the sym-

bol a and the Hankel*matrix (a ) there is a third discription

. K+J
of v = PJMa'H . If V is a positive operator (in the Hilbert space
2
sense) then there is a positive measure A on [-1,1] such that
a, = a4(-n) is the nth moment of A:
1 n
(10) a = 4&a(-n) = [tidu(t)

-1

Now" A(V) can be estimated as follows (compare Th. 1.6. in [25])

3.5. Corollary: If V is positive in HZ(T) then

c
1a(v) < Tim n-la | < lim WZEELT) cgp ()
n 1-t
n t-1
2 2
rroof: For Zlfil <1, Zlgil < 1 we have

. 1
I 2 ag,f.9.1< sup (lag .| (14R+IN L zozegl £0 -+ 195 1)
j,Ken KFITKZITT prusy KA g, jKHI+T K 3

)

. . 1 < a
Since the Hilbert matrix (RxfiT) has norm = and PnVPn-(a
it follows that

K+j’'K,j2n

A(V) = lémanVPnl < lim n-IanI.

The remaining inequalities also follow along the lines of the proof
of theorem 1.6 in [25] . o

3.6. Example: Let v be a positive and finite measure on [0O,w) and

k(x) = e-xde(y) its Laplace transform. It is shown in the proof

0—38

of Theorem 2.5 in M25] that a singular integral operator of

Carleman type K
(11) Sk * Ly(0,m) — L, (0,), S f(x) = | k(x+y)f(y)dy
o
is unitary equivalent to the Hankel matrix (aK+.) on 1 (Z+)
'K, jez* 2

given by the measure
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a2 A s :z'r;:-If(i-+t'-> ?dvdr‘?_, SO
Then A(Sk) = A((aK ) ) and by - 3 5 and ‘an. estimate connecting
+3 K, j€Z+ :

the vanishing conditions for the measures A and \A there is a con-
stant ¢ > O such that ;

-—A(S ) < ,lim.—_—,-——ﬂ_— < CA(_S )
c k' x40 X . k
| g

4. Operators in L (u) .

In trying to generaliz_ our results from operators in sequence .
spaces lp to function spaces L. (X,u) 1t 1s natural to 1ook out for
form: as of the kind i : .
(M A(T) = °© Tim - leATxBII .

u(A),u(B)QO : :
i.e. one tries to replace the Lands l (M), M c: 11,:by the bands .
Lp(A), A c X. But (1) does not hold ror arbitrary Operatorslin -
Lp(u), e.g. there are convolution operators‘Tf = £y, wa 'biased
-*nin' measure, with

A(T) >0, Iim ”XAT”L =0.
u(A)-0 2

On the other hand, we will discuss in this section a class: of

operators for which (1) holds and which is “large enough to contain

many interesting operators from analysis. '

Let (X,A,u) and (Y,B,v) be separable measure spaces and Ugr Vv, are

finite measure equivalent with u and v respectively. S T,... denote

bounded linear operators from Lp(X,u) to Lp(Y,v),I < p < =,

4.1. Definition: 1) S: Lp(x,u) - Lp(Y,v) is called almost compact,
if for all € > O there are A € A, B € B with uo(A) < e,vo(B) < e
and such that T - XATXB is compact.

1i) T : Lp(x,u) - Lp(Y,v) is of diagonal type if for all e > O
there are A1,...,An € A, B1""'Bn € B

0<u(Ai) < e, AinAj =@ for i * j,uz\'i

0<U(Bi) < €, BinBj = ¢ for 1 # j,UBi

n
.uch that T - 121 XBiTXAi is almost compact.

]
o]

(2)

[
<
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4.2, Examples: a) It was shown in [36] that an integral operator
Tf(y) = [k(y,x) £(x)du(x)
with an absolute kernel (i.e. lk(y,X)| also defines a Lp-bounded

integral operator) is almost compact. So is the singular integral
operator S : L,(0,=) = L,(0,=) _
) _ 1
Sf(y) = é Ty £ dx

since Sx[a'm), X[a,w)s , a > 0, are compact. On the other hand,
S is unitarily equivaient to multiplication by = (cosh(§l))—1 on
LZ(II). So one should ngt take the word 'almost' too liberally.
b) T is of diagonal type if

T£(q) = aly)£(s(y)) + [k(y,x)£(x)d (x)
where the measurable functions a : Y- T , 6§ : Y » X and
lkl: ¥ x X = Hff are such that the above operators are Lp-bounded
c) T is of diagonal type if

T =8 + fk(y,x)f(x)du(x)

where S is 'local type', i.e. X = Y is a metric space and for dis-
joint compact subsets A,B < X we have that XBSXA is compact. Ty¥pi-
cal examples of local type are singular integral operators an<
pseudo-differential operators with a smooth symbol (see e.g. Sec.5)

Proof: a) See [36] and [25], Theorem 2.6.

b) Since for B= 6 ' (A), A € A, we have v(B) = [x _, dv =
s~ (a)

-1
fo(gﬁgg——)du it is possible to choose A < X and B = 6_1(An)

such that (2) is satisfied.
c) For A1""’An € A with AinAj =@ for 1 + j we have

nMs

S =

Xp Sxp +
4=1 By TTA

Xn SX .
17837 Ay 0 ,3=1 Ay A
i

=1 71 j

M

The se. .:d sum is an almost compact operator since S is of local
type and ugs Vv, are regular measures.

4.3. Theorem: Let T : LD(X,u) - Lp(Y,v) be of diagonal type. Then
we have that
A(T) = A*(T) = Tim MxgExpl .

u_(Aa)=0
vg(B)*o

n

sup(IimHTan : #£ I =1 and £ pairwise disjoint}
inf{liT-SIl : S compact}.



" QUANTITIES IN THE THEORY OF FREDHOLM OPERATORS 123

I'(T) = 1lim m(Tx,) = sup{m(T-S) : S‘compact}
uOZAS*o A

Ir'*(T)= lim g(x,T) = sup{g(T-S) : S compact}
voiAi»o A

Using some information about subspaces and basic sequences of L
one can reduce this result to 2.2. Instead of going into the details
of “the proof we discuss some examples which illustrate our ealier
reﬁark, that formulas as given in 4.3. reduce the estimation of A
to norm estimates for operators which have a form similar to the
original T. )
4.4. Examples: For a composition operator

TE(y) = a(y)£(56(y))

. -1
we define s(x) = kvi1al?16) (x) - gﬁé%—~(x) where E(lalP[6) is the

dv.5 denotes the

conditional expectation of lalp'given 6 and
Radon Nikodym derivatives of the image measure 606_1 with respéct..
to . Then
A(T)
r(T)
Proof: For t € L (X,y) we have

Ten® = fla(y) IP1£(8(y) [Pav (y)

ITll = supls|
a(T) = infls|

-1
= JECalP 18) 1260 1P P20 au(x)

Now the estimates are the same as for multiplication operators.

4.5. Example. For f € Lp(0,1) define

(3) TE(Y) = uly) | vOEGIAX , y € (0,1)
(o]

Here we assume that for all C¢ € (0,1), % + % = 1, we have
u € Lp(c,1), u(supp(u)n(c,1])"> o

v € Lqio,c), p(supp(v)n(,C)) > O

(4)

. b 4 1/p
Put K(a,b) = sup (F1v(x) 1%x) /9. (f1ux) 1Pax’
acy<b a y
Tomaselli has shown, that T is a bounded operator in Lp(0,1) if and
only if K(0,1) is finite and '
(5) K(0,1) < lithh s p'/P.q"/%k(0,1) .
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In particular, if u € L,(0,1) and v e Ly(0,1) then
uxB'rxAu.'s D- ([ 1v(x) 19ax) /9 (f 1u (x) 1Pax) /P
A ' B ,

—_— o " for, u(A), u(B) — O
i.e.. T is c0mpact in this case. In order to estimate A(T) we con=
‘clude from the special form of T that for all 0 < a < b <1

T= TX +X Tx
[a,b] "[a,b] [b 11" *la,b]l *la,b]"*[0O,b]

The last two operators are agaid of the form (3) but with u and v
replaced by restrictions of these functions that belong to L (0,1)
and L (0,1) respectively. Therefore these operators are compact
and we have ) o
A(T) = A(x CLTX- D s ox Tx It
. [a,b]% "[a,b]° [a,b1 "[a,b]?
< p1/p-q1/qmax(K(0 a) ,K(b, 1))

by (5). Hence we obtain from 5.3. and (5)

K <A s p”pq”Vq-K
where K = max{1im K(0,a), lim K(b,1)} .
) . a-»O 2 b-1
In {15] Juberg and Stuart have estimated measures of non-compact-
ness for integral operators f . form (3) It will follow from sec-
tion 7-that (6) is an improyement of their results. . a

For. an operator U : LP(T) - Lp(%) of local typeiA and:yloan be
expressed by the 'localized' quantities

6(U,x) inf{ﬂUxK(x )H e > 0}

y(U,x). SuP{a(uXK(x,e)) e > 0}

where K(x,e) = {y € T :+«lx-y| < €} . Such quantities were studied
in [ 1]; up:to a factor 2 the following result was already given
in [311¢ o .
4.6. Corollary: For an operator U : L,(T) = L,(T) of local type we
have

A(U) = sup.6(U, x)
XET

ru) = inf y(U,x) .
XET

This local approach may be used to refine the results of section 3:
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4.7, Examgie: Considerna ;ingular’Qntcgral operator
M= aP + ) . LZ(T) - L2(T)
as defined in Section 3. If a4 is piecewise.continuous, then
) r(u) = infla¥) '
where a¥: Tx [0,1]1 »C is defined by.
a®(t,u) = a(t-0)u + a(t+0)(1-y)
i.e. in the jumping points of ‘a we add vertical lines to the graph
of a. . . ’
Proof: For a continuity point x of a one can show easily
y(U,x) = la(x)l = la (x,u)| for all 0 < u < 1.
"If a(x-0) + a(x+0) define V = bP + Q by a function b which equals a
on K(x,e) and is continuous outside K(x,e) such that
coR(b)) = co({aly) : y € K(x,e)}) =: D
Applying 3.2, ) to V we obtain
F(UXK(x,e))Z inf{Ixl : X € D}

— inf{ ar(x,u) :0<yu<1}fore-0.
On the other hand, one always has by [10] IX 2.5
T(U) < Ainf{IAl : A€o (V) }= infla”|

One can estimate A(T) and T (T) also for more general classes of
singular integral operators in Lp-spaces. But these cases are more
complicated and they will appear elsewhere together with the proofs
of 4.3. and 4.6.

5. Pseudo-Differential operators.

First we will discuss an algebra of pseudo-differential operators

introduced by Herman and Cordes in [ 3 ]; later on we consider

operators of the Hormander class s™ g on R"

5.1. The Laplace Comparison algebra'(cf. [31,[4]). Denote by A

the C*-subalgebra of B(Lz(nfﬁ) generated by all operators of the form

a(M) and b(D). Here a(M) denotes the multiplication operator
a(Mg(x) = a(x)g(x) , g € L(R")

where a is a bounded, continuous function on R" whose 'local os=

cillation' vanishes at =, i.e.

(1 max{ la(x+h) - a(x)| :t h € R®,|h] < 1} - O

for |X| - «» . On the other hand, b(D) stands for the formal Fourier

multiplier
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b(D)g = F ' (bF(g)) , g € Ly(R")
where b is a bounded, continuous function on RP such that the
limits lim b(pz) ev‘<t uniformly for z € R", Izl = 1 .
p-> o
The alaebra A contains for example the operator
(1-8)""

where A is the Laplace operator on R", and also the ideal of cum-
pact operators on Lz(nf’)..Furthermore, the quotient A/K is a com-
mutative C*-algebra with a maximal ideal space M. Now the symboi. c(T)
of an operator T € A is defined as the Gelfand transform of the
equivalence class T € A/K . In particular, o¢(T) € C(M) and the sym-"
bol is invariant under compact perturbations. It follows directly
from this definition of the symbol, some standard properties of th~
elfa d homomorphism and Corollary 2.5. that for every T € A we nave

A(T) A*(T) = maxlol

r(T) r*(T) = minlol.
There is a rather concrete discription of the maximal ideal space M
in [ 4], Chap. IV, Theorem 1.6, from which it follows for example

that for an operator T of the form

n
T= 5 ai(M)bi(D) € A
i=1

we have n
a(r) = Tim I a; (x)by (2)
IXl+lgl»e 1
n
(2) r(T) = T a, ()b, (z) .

Ixl+lgl»se 1

Operators in the Sobolev spaces Hs v

(3) Hy = {u€s' : ful? = f1a@) Ai+1z1?)dg < =)
may be treated in the same way using the isometries

t _ . _ 2, -t
(4) A~ = b(D) : Hg = H_ o o+ b(z) = (I+1zl17)

(see [ 4] Sec. 8,9). We illustrate this by an example.
5.2. Example: Let K be the partial differential operator

K = PN aaDa
lal <N

with coefficients a  that satisfy (1). K : Hy » H o is bounded and

by (4) we have
A(K : Hy » Hy_)

(K Hs - HS_N) r(T Ho - Ho)

But T belongs to A and has the form

-N
=A(T : H. - H) --Ts
° o where T = A K/\s/2



JUANTITIES IN THE THEORY OF FREDHOLM OPERATORS 127

T= L a/(Mb (D) , b = (1+1¢12)"N/2a

lalsn @ o
Since Ib,(t)| - O for |al<N and l;b»w we get from (2):

A(T) = max{ sup I T a, (x)z%), sup Tim | F a,(x)b (z) 1}
n=1 lal=N ¢ nlx|+eo [a]l<N .

X€ERP, z€S LER
r(T) = min{ inf I £ a )%, inf  lim | 3 a (x)b (2]},
xech€sn-1lal=N cE]Rnlxl-nae la|<N

This gives a Fredholm criterion for K which corresponds to theorem 33
in [3]".

Now we turn to classes of pseudo-differential operators defined by
Fourier integrals.

5.3. Symbols of class Sp 5+ We say that a C™function p(x,z) de-
fined on ]RZn_ ]R x]Rc is a symbol of class S ,6°
0<s6<Kp=s1, 1f for any multi-index «,B there is a bounded func-
tion C (x) such that

(5) Ia ax p(x,c)l S Cq, B(x)(1+|cl)

for all x € R", ¢ € R". For a rapidly decreasing function u € S

- <m< o,

m+S 1B 1-plal

we define

(6) Pu(x) = [[e p(x,z)u(x')dx'dc

P extends to bounded linear operator P : H_, -~ H_ (see e.g. [18]
Chap. 3, Theorem 3.7). There are some estimates for the distatice of
T to the class of compact operators from H o, m to Hg due to HOrman-
der [13] and some sufficient conditions for the Fredholm property
of T due to Grushin ([12]) and Kumano-go ([18]). Their methods

(e.g. Garding's inequality and special parametrices) lead to the

i(x-x")

following estimates:

5.4. Proposition. Let p be a symbol of class Sr 5 and assume that
’

its derivatives are slowly varying in the sense that in addition

to (5) we have:

(7) ICy B(x)I———-o O if |x| - « for all a and B # O .
’
Then for P : H = Hg defined by (6) we have
s+m -m/2
A(P) 2 Tim Ip(x g) (I+lzl .
IxXl+lglse

If p(x,;) = O for all x outside some compact set, then we
have equality.
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. §470perators in L (u) and C(K) )
In the- s;tuations we considered so far the class of strictly (co~)

-singular operators coincides with the ideal of compact operators.

In L, (v) and C (K} they form a larger class and - this is more ime

portant for us - they interact better with -the Banach space struc-
ture of L, (u), and C(K) than COmpact operators do. Pelczynski 23]

has shown for example that .an operator in’ L1(u) 1s strictly singu-
lar if and only if it is weakly- compact, i.e:

(1 A(M.=0 - 1ff - TIm lxaT =0
. ' : V(a0 -

1)

The latter conditions- means that T(U ) is equi-integrable. As a
generalization of (1) we get the following formula for A .

6.1. Theorem ([38]): For an arbitrary bounded linear operator
T :vL1(X,u) - L1(Y,v) we have
A(T) = A*(T) = 1lim uxATn
v, (A)-0

= inf{llT-Sl : S weakly compact} . .

This formula has again the useful properties we discussed after 2.«.
(just replace the bands'lp(M),M c N, by L1(B),B c Y, and compact
operators by weakly compact operators.) E.g. we obtain a formula
for the essential spectral radius which applies to a perturbation
argument in transport theory (see [37] ) . In [37] we also dis-
n)1/n — 1, (T) and the
so called Doeblin-condition for Markov processes.

6.2, Examples ([38]): a) Let U : L1(x,u) — L1(Y,v)

(2) U(f)y) = [k(y,x)f(x)du(x)

be an integral operator defined by a measurable kernel k. Then

4(U) = inf sup [ Ik(y,x)ldv(y)
n x |lki>n

cribe a connection between the formula A (T

b) Let V : L1(x,u) - L1(Y,v) be defined by
(3) VE(y) = ffduy v-a.e.
where (“y)er is a stochastic kernel of u-singular measures on
(X,A). Then

A(V) = IVl = supllul

y
Y

where Huyﬂ is the total variation of uy.

n We continue with the notation of section 4.
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Since an arbitrary operator V : L1(x,u) —_ L1(Y,v) can be written
is a sum T = U + V where U and V have the form (2) and (3) resp.
(see[37]), the above examples already cover the general case.

For operators in C(X) we get results which are essentially
dual to our results in the L1—case.
6.3. Satz: For compact spaces X and Y and a bounded linear opera-
tor T : C(X) — C(Y) we have:
A(T) = sup{Iim ITx, | ¢ A < X open and A NMA_ = @ for n # m} .

n
If X is extremely disconnected or Y metric then
A*(T) = A(T)
and if Y is extremely disconnected we also have
A(T) = inf{llT-Sl : S weakly compact}

One can also ‘'dualize' the formulas given in 6.2. But it can happen
that A*(T) = O < A(T) (e.q. choose C(X) w~ Cqr C(Y) m1 and T as an
isomorphic embedding. Then A(T*) = O since by a theorem of Rosen-
thal [26] every separable quotient of 17 is reflexive).
6.4. Remark. So far we can estimate f(T) and T*(T) only for special
operators in L, and C(X). For example, if T has the form

TE(y) = [k(y,x)f(x)du(x) + L a (y)£(o (¥))
n=1

then for T : L1(X,u) - L1(Y,v) one can show that
r(t) = lim m(TxA)
u(A)-0

ana .or T : C(X) — C(Y) we have

* = 3 .
r'*(T) inf{l;m a(xAnT) : An < X offen, An n Am + @

for n # n}
I don't know at this point if these formulas hold for general boun-
ded linear operators in L1(u) or C(X).

7. Comparison with measures of non-compactness.

There is an abundance of measures of non-compactness and quantities
similar to A and TI' in the literature (see [19],[28],[301,[39] and
their references. We have concentrated here on A and T' since these
formulas seem to be well suited for the application of Banach space
methods also in L1(u)- and C(K)-spaces. But our methods also give
that in many situations of interest in applications A and T actual=-
ly coincide with various other notions. Here are some examples.
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a)

b)

c)

In [30] and [39] it was shown that the quantities

©(T) = sup{m(T!M) : dim M = !}

™(T)= sup{q(QyT) : codim M = =}
have properties similar to A and A*. This is no coincidence. In
a joint work with O. Beucher we shall show that

A(T) = =(T) , A*(T) = t*(T)
for arbitrary bounded linear operators in a large class ot
Banach-spaces including all Lp(u)-spaces, | £p< «», Lorentz
function spaces, e¢ertain Orlicz function spaces, Hardy-spaces
and Sobolev-spaces.
In all situations considered in sections 2,3,4 and 5 the popular
measures of non-compactness coincide with A and I'. More precise-
ly, let us call 'measure of non-compactness' any function
a : C— I{ v

where C is the class of absolutely convex, bounded subsets of

the underlying Banach-space X, with the following properties
i) If A,B € C and A is relatively compact then a (A+B) = a(B)
ii) If A,B € C and A < B then a(A) < a(B) .

.iii) If A € C and r € I{ then a(rA) = ra(a).

iv) There is a constant C such that u(UM) = C for the unit ball

Uy of every infinite dimensional subspace M of X.
For example the well-known Kuratowski and Hausdorff-measures of
non-compactness have these properties, see [28] §1.2.
For X and T € B(X) as in section 2 to 5 we then have

a(TUx) = CA(T) .
Indeed it is not difficult to see that
C.1(T) < a(TUx) < C inf{ |l T-KIl : K comp.}

and then equality follows directly from our earlier results.

This observation does not extend to X = L1(u) or X = C(K). There
are integral operators T in C[0,1] and L1[0,1] which are weakly
compact but not compact and therefore satisfy

0 = A(T) < q(TUx)

Different kinds of measures of non-compactness were studied in
[30] and [39]:

c(T) inf{nTIMH : codim M < =}

K(T) = inf{IQ,T : dim M = =}
Since A(T) s C(T) < IT+KFk, A*(T) < k(T) < I T+Kl for all compact
K, we have

A(T) = c(T) = k(T) = A*(T) .
for all situation considered in sections 2 to 5 but not for
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dimensional operators we have equality in these inequalities in

all situations considered in sections 2 to 5. A similar remark

applies to the characteristic y_(T) considered in [39] .
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