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Measure representations: Existence-

Continuity and Axiom (D) 

Ursula Schirmeier 

In classical potential theory the sheaf of harmonic functions is 

associated to the Laplace operator: 

h harmonic «• A h - o. 

Similarly the sheaf of caloric functions is associated to the 
JN 

heat equation .A :." A - r-r- a o 
ot 

h caloric •• .Q h = o. 

Conversely Bony [4] showed how harmonic structures on open sub

sets of _Rn - satisfying some additional regularity assumptions 

can be defined by a differential operator (at least on a dense 

subset). 

In the general theory of harmonic spaces however the start

ing-point is an abstract sheaf of functions - called harmonic 

or hyperharmonic - without any intervention of a defining 

partial differential operator. Yet, in some situations it is 

useful or even necessary to associate.operators - substitutes 

for the differential operators in 1R - to given harmonic 

structures. Obviously the following two conditions on the 

construction of such an operator o are stringent 

- the kernel of a should consist exactly of the harmonic 

functionsj 

- a should associate to potentials lying in its domain of 

definition their "mass"i the notion of "mass" is clear for 

This paper is in final form arid no version of it will be submitted 

for publication elsewhere. 
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Newtonian potentials on E , but must be defined precisely 

for potentials on arbitrary harmonic spaces. 

In a series of papers (see [8] and the bibliography cited 

there) F.-Y. Maeda has developed a theory of Dirichlet integrals 

on those harmonic spaces X, to which such a defining operator 

can be associated, for which he coined the notion of measure 

representation . By def-inition a measure representation is a 

homomorphism 

o - (au)U€TC : ft= (KtU))ueW-> A- (A(Un u e U 

of the sheaf J\ of local differences of continuous superharmonic 

functions into the sheaf JL of signed Radon measures such that 

a(f) > o «-• f is superharmonic (f €3l(U),U €!/[)* 

(1/1 denotes the family of all open subsets U of X ) . 

Of course, the Laplace operator defines a measure representation 

of the classical harmonic sheaf. More generally, if *v. is the 

kernel of a differential operator L defined on an open subset 

X of ]R such that (X,yt. ) is a harmonic space, then 

a : f h - Lf (in the distribution sense) 

defines a measure representation of this harmonic space. 

Conversely Maeda has proved the following "Bony type" result 

- under the assumption of the existence of a measure representation 

if X is a harmonic space, X c ]R open, such that the constant 

1 and the coordinate functionals TT.,,...,TT belong to3?(X), then 
1 n 

there exists a differential operator L whose coefficients are 

measures such that 

L(hj -= o «• h harmonie on U 
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2 
for every C -function h defined on an open subset U of X. 

In this survey paper I want to present the existence theorem 

of measure representations on arbitrary harmonic spaces (in the 

sense of [2] or [5] having a countable base of their topology) 

and sketch its proof (see also [15]), then study some continuity 

properties of a and finally give a characterization of Axiom 

(D) via a "fine-local property" and the "bounded energy principle". 

The notation used is that of the book [5], but all harmonic spaces 

X will be assumed to have a countable base of their topology. 

In contrast with [5], 3* (U),P (U) andP.(U) will stand for the 

o c b 

cones of continuous potentials with compact support, continuous , 

potentials and bounded potentials on an open subset U of X 

respectively. &(U) denotes the space of all continuous functions 

with compact support on U. - , 

I would like to take this opportunity to thank the organizers 

the 13
t h
 Winter Scr 

and their hospitality. 

t Һ 
of the 13 Winteг School on Analysis foг theiг kind invitation 

•̂ The existence theorem for measure representations 

In [15] the following result was proved: 

THEOREM. Every harmonic space admits a measure representation. 

In the sequel I shall recall the construction of a measure re

presentation o in the special case of a strong or "^-harmonic 

space (X#t*). A measure representation a of an arbitrary 

harmonic space can subsequently be obtained by "glueing^-harmonic 

pieces together" using a continuous partition of the constant 

function 1. 

According to the extension theorem ([2]- p. 159 or [5], p. 46) 

for every open subset U of a *!?-harmonic space X a continuous 

function f on U belongs to tR(U) iff the following condition 
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holds. 

For every open subset V such that V is compact c U 

there exist u,v € \P (X) such that 
o 

f = u - v on V . 

This remark indicates the steps to be carried out in the existence 

proof of measure representations: 

1) a) Associate measures a(p) in a "reasonable way" to 

potentials p € 7 (X). 
r o 

b) Verify the "measure representation property" 
a(p) - cj(p') > o •• p - p' is superharmonic (i.e. p' J^ p) 

2) a) To f € j\(U) such that f = u - v on V (where U,V open, 

V c U and u,v € 3* (X)) associate a measure a(f) which o 

equals a(u) - a(v) on V. 

b) Verify that a is well-defined and has the required 

properties. 

In the following I want to concentrate on the first problem. 

Consider for a moment the special case that (X,^C *) admits a 
<r 

Green function Gi i.e. 

G : X x X -• 1T+ 

is continuous off the diagonal and every potential %p can be 

represented as 

p(-) = GW(-) := / G ( . , y ) ц ( d y ) 

with a unique positive Radon measure u - u . Then - according 

to the uniqueness of the representing measures -

VP 

is well-defined and satisfies the measure representation property 
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for all potentials (not just for the continuous ones). 

Let us return to the general situation and consider the 

following way of assigning measures: let y" be a reference 

measure on X, i.e. a positive Radon measure such that 

(*) 0 < / pdy" < «> for every p € 3* (X), which is not identically 

0, 

or - more generally - a strictly positive H-integral (see [3])* 

i.e. an additive, positive - homogeneous, increasing functional 

y : iJ +(X) -> E"+ 

which is continuous in order from below and satisfies the 

positivity condition (*). (It will soon become clear, why this 

generalization to H-integrals is reasonable). For f - p - p', 

where p,p'€ ^ + (X), the symbols 

/ fdy or y(f) = y(p) - y(p') 

are used interchangeably, provided that "y(p') < °°. 

REMARK. Such measures y" always exist) take for example 
oo 

y » I X e , where {x^ : n € ]1\|} is a dense subset of X and 
_ A n x n 
n = 1 n 

(X ) -T.. is a sequence of strictly positive real numbers such 
n ncJN 

oo 

that I X p(x ) converges for one strictly positive potential p. 
n s i 

to p £ 3*h(X) a Radon measure tf(p) is assigned by 

o(p)((p) := y*(ip 8 p), cp € ^ + ( X ) , 

(measure representations in "standard form") or - more generally -

oCp)(<p) :- yC(gcp) o p), <p €<£ + (X), 

where •'« denotes the specific multiplication (see [5]., §§ 8.1,8.2) 
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and g is a fixed strictly positive locally bounded Borel 

function. 

REMARK. Ths dsfinition of a obviously depends on the choicB 

of y" and g. This arbitrarinsss stsms from the fact that 

measure reprssentations - like differsntial opsrators - are not 

uniquely detsrminBd by ths harmonic structurs. 

Ths dsfinition of o(f) makss sense more gensrally for 

f - p - p' € 5+(X). - :f+(X), providsd that 

o(f) :- o(p) - o(p') 

belongs to the space \f{,[X) of signsd Radon measures on X. 

Simple examplss (see Example 4 at the end of this ssction) show 

that in gsnaral a doss not satisfy ths measure reprssBntation 

propsrty for arbitrary p,p' € IP. (X), i.B. it can happsn that 

a(p) - a(p') is a positivs measure, but p - p' is not superharmonic. 

Using tools of ths thsory of standard H-conss, dus to N. Boboc, 

G. Bucur and A. Cornsa [3], it can bs shown that thsss problsms 

do not occur for rspresentation measures of continuous (or evsn 

regular) potentials: 

LEMMA. Let p,p'€ J^CX). The restriction (o (p)-o (p ' ) ) ... of the 

measure o(p)-o(p') to an open set U is positive, iff 

(p-p') j L J € 5J(U). 

Ths following proof was communicatsd to me by G. Mokobodzki. 

It uses 

MOTOO'S THEOREM. (see [5], Exercisss 10.1.4, 10.2.1). Let p,p" 

be regular potentials such that p -^-p". Then there exists a Borel 

function i, 0 < f < 1, such that p = f © p". 



Measure representations: Existence, Continuity and Axiom (D) 171 

Proof of the Lemma (G. Mokobodzki). Set p" :-* p + p'. Then 

according to Motoo's theorem there exist two Borel functions 

f,f such that 

0 < f < 1, p = f o p" , hence o(p) • f • o(p") 

• ° 1
 f , . l 1

' P'
 e f

'
 a
 P" ' hence o(p')= f - a(p") , 

But then 

(a(p)-a(p'))
 ILJ
 > o «-> f-f > o ^ P " ) ^ - a.e. •• (p-p'j^e sf(U) 

EXAMPLES OF MEASURE REPRESENTATIONS. 

1) Let X * ]-1,+1[ be the harmonic space of the solutions of 

the one-dimensional Laplace equation on the real interval 

]-1-+1[. The measure representation in standard form corresponding 

to 

y" " Lebesgue measure on X 

is given by 

1-x
2 

a(f) » - — 2 —
 f
" (i

R
 "̂ he distribution sense), 

the measure representation corresponding to the H-integral 

p . f ,_> l(f;(-1) - f d ) ) 

(left and right derivatives at the endpoints) is 

1 
a (f) ---r f" (in the distгibution sensв). 

This measure representation is associated to the symmetric 

Green function 
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G : ( x - y ) I • m i n ( ( 1 + x ) ( 1 - y ) , ( 1 - x ) ( 1 + y ) ) 

X x X — ]R + 

in the following way 

y(G(.,y)) = 1 for all y € X, 

a(G ) = u for every u €iAl (X). 

2) Let X be a harmonic space with a symmetric Green function 

G and such that the constant 1 is hyperharmonic. Then -

similarly as in the first example - there exists a strictly 

positive H-integral "y (which is in general not a Radon 

measure on X) such that 

y(G(t,y)) =y(G(y,-)) = 1 for all y € X. 

The measure representation in standard form corresponding to 

this H-integral y" reassigns to Greenian potentials 

p = Gy = / G(.,y)y(dy) 

their charge y. 

3) Let X be a harmonic space with a Green function G. It 

can be shown ([17], § 3) that there exist reference measures 

y" such that 

g : y "—* TTGTTTyTT 

is continuous. Again the measure representation corresponding 

to *j7 and g is associated to the given Green function G: 

a(Gy) = y, 
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since f o r ip € & + (X) 

a ( G y ) ( t p ) = y((g<p) o GP) = ^ ( J { ? } G ( . . y ) ) G ( - , y ) u ( d y ) ) = / <p dy j 

but in general a is not representable in standard form 

(see [17 ] - Example in $ 2 ) . 

4) Let X = ] - 1 , + 1 [ . For every open i n t e r v a l U c X le tV t (U) 

denote the space of a l l continuous func t ions f : U -* ]R such 

tha t 

1) f i s l o c a l l y a f f i n e on U s {0} 

2) f i s constant on U fl ] - 1 , 0 ] , provided tha t 0 € U, 

( [ 5 ] , Exercise 3 . 1 . 7 ) . 

The corresponding harmonic structure possesses two non-propor

tional potentials with the same superharmonic support {0}, 

namely 

1 - l x | , p' И ] 0 ł 1 [ { x H 1 - x Ь 

especially there exists no Green function for X. 

The measure representation corresponding to the Lebesgue measure 

TT on ]-1,+1[ is given by 

o(f) «pf" + fЧo)e
o
, f € 1R 

Here f^(o) denotes the left derivative of f at o, e is the 

Dirac measure at o, f" denotes the second derivative in the 

distribution sense of f on X v {o} and <p : X -> ]R is defined by 

(1-^) (1+y), y < o 

' u>(y) - j 
•^(1-y) , y > o 

(see also [15], Example (2.2.2)i for this harmonic space 

F.-Y. Maeda found a similar measure representation, [8], Example 3.3.) 
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An easy c a l c u l a t i o n shows t h a t f o r t h e two p o t e n t i a l s p , p ' 

d e f i n e d above 

a ( p ) = e Q , a ( p ' ) = -=; C Q , 

hence a ( p ) - a ( p ' ) > o , b u t p - p ' C 5 (X) . 

2. Continuous measure representations 

Before studying continuity properties of measure representations 

consider the following example of a measure representation which 

is discontinuous with respect to the topology of uniform con

vergence. 

EXAMPLE. Let X = ]-1,+l[ be the harmonic space introduced in 

the last section, Example 4. Another measure representation a 

for this harmonic structure is given by 

a(f)
 :
= - p̂ • f" + f;(o)e

Q
, f € &, 

where <p(x) = Ixl for x € X and f" denotes the second derivative 

in the distribution sense. The sequence of continuous potentials 

,n Є Xsl , 
r 1 - Ixl for -1 < Ixl < 1 

n l
 1 - 1 for 0 < Ixl < 1 

n — — n 

converges uniformly and increasingly to 

p(x) - 1 - Ixl| 

.but the corresponding sequence of measures 

a(p
n
) = - (e

1
 + c

1
 ) , n € U , '•" 

"n n 

converges vaguely to the zero measure, whereas a(p) .- e 4 0. 
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I n [ 1 5 ] , Theorem 3 . 5 , i t was shown t h a t measure r e p r e s e n t a t i o n s 

o o f t h e fo rm 

a ( p ) ( c p ) = y ( g c p o p ) , p € 3 >
b ( X ) , <p € # + ( X ) , 

where g is continuous and strictly positive, always define 

continuous maps o ~ o.. from the cones J (U) of all continuous 
U c 

superharmonic functions on open sets U with respect to the 

topology of local uniform convergence to the spaces«a (U) of 

positive Radon measures on U with the vague topology. 

If the harmonic space satisfies Doob's convergence axiom and 

the condition (A) below - especially if there exists a Green 

function G on X (see [7] and [14]) - then -.for a suitably 

chosen measure y" - o is continuous on t) (U) even with respect 

to the topology of pointwise convergence. 

A still coarser topology than the topology of pointwise con

vergence on S (U) is the topology of graph convergence studied 

by G. Mokobodzki (see [10] and [1]), which coincides with the 

natural topology T ., introduced by N. Boboc, G. Bucur and 
r nat J 

A. Cornea on standard H-cones (see [3]). A sequence (p ) in 

J (U) is convergent to p € o (U) with respect to this topology 

iff for every subsequence (p JI^TM 

p • lim inf p (lower semi-continuous regularization). 
k • 00 n k 

The assertions mentioned above are contained in the following 

THEOREM. Assume that Doob's convergence axiom and the following 

condition (A) hold 

(A) Every point x € X has an open neighbourhood V such that 

the smallest absorbing set Af.. containing CV is the whole 

space X. 
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Then there exists a reference measure u such that the measure 

representation o associated to u and to an arbitrary strictly 

positive and continuous function g is naturally continuous on J : 

For every open subset U 

• ° = a
ii •' Ctf̂  CU) »T„^-I_) -* («/l (U), vague topology) u + na u + 

is a continuous map. 

The proof is carried out in [17]- It relies on the following 

three lemmas valid under Doob's convergence axiom. 

LEMMA 1> Let U Jbe an open and relatively compact subset of 

X and let L c U he compact. Then the restriction map 

Q : J, (X) :- {p € P(X) : S (p) c L} - P. (U) := {p €3?(U) : S(p) c L}, 
~ L ~ ~ LCU 

OCp) :» potential part of p.y = p.y "" ̂ £ in * 

is a homeomorphism. 

LEMMA 2. Condition (A) is eguivalent to 

(R) .There exists a reference measure u on X which is T , -
nat 

continuous on the cones *». (X), L c X compact. 

Especially Lemma 2 shows that in the presence of Doob's convergence 

axiom Condition (A) is even necessary for the continuity property 

of a stated in the Theorem. 

LEMMA 3. (see [16]). The specific multiplication maps 

^+CU) —tf +(u) 

s | * f ® s 

(for f €«J(U)) are T . - continuous. ^ + nat 
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3. Two characterizations of Axiom (D) 

At the Oberwolfach meeting on axiomatic potential theory in 1984 

I. Netuka suggested to characterize special properties of harmonic 

spaces by special properties of measure representations. As a 

first answer to this question two characterizations of Axiom (D) 

are presented in this section. 

Axiom (D) was introduced in axiomatic potential theory by 

M. Brelot. It states that the domination principle is valid for 

all locally bounded potentials p, i.e. 

(D) R p • p for every locally bounded potential p. 

In the following only measure representations o in standard, 

form are considered, determined by a strictly positive H-integral 

o(p)(tp) = y(<P © p), p €lP b(X) f <p € # + ( X ) . 

The harmonic spaces are assumed to be strong or ^-harmonic and 

the positive constants are hyperharmonic. 

The characterizing conditions of Axiom (D) are the bounded 

energy principle 

(E) E(f) := / fdo(f)> o for every f € ̂ b(X) - ^ ( X ) 

and the fine local principle (FL). 

DEFINITION. A measure representation o is said to satisfy 

the fine local principle (FL) or o is said to be a fine local 

operator, iff, whenever f € J . (X) ~*u(X) vanishes on a finely 

open set V, then the restriction a(f)m of o(f) to V is the 

zero measure. 
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REMARK. If o is the canonical measure representation 

associated to the Newtonian kernel for the classical harmonic 

sheaf, then E(f) is the usual Newtonian energy for f € ? , (X) - ? . (XV 

The bounded energy principle and the fine local principle are 

both satisfied by o but neither of them is valid for the heat 

equation. 

Another example where ajl these principles are violated is the 

following: 

EXAMPLE. Axiom (D) is not valid in the harmonic space 

X = ]-1,1[ introduced in $ 1, Example 4. The measure represen

tation o associated to the Lebesgue measure y* on ]-1-1[ 

satisfies neither the bounded energy principle (E) nor the fine 

local property (FL). Indeed: 

Let p : x h-> 1 - Ixl and p' : x h-• (1-x)1j0 <|[(x). 

Then 

E(4p'-p) = J(4p'-p)do(4p'-p) -- (4p'-p)(0) - - 1 < Oi 

hence (E) is violated. 

The potential p* vanishes on the finely open set ]-1,o], but 

the restriction of the measure 

a(p') = \ eQ 

to ]-1,0] is not the zero measure; hence (FL) is violated. 

The following theorem is proved in [17], $ 1, 2: 

THEOREM. Let (X,tft*) be a ^ -harmonic space such that 1 €#*(X) 

and let o be a measure representation in standard form on X. 

Then the following conditions are equivalent: 

1) (X#*) satisfies Axiom (D). 

2) o satisfies the bounded energy principle (E). 

3) o is a fine local operator. 



Measure representations: Existence, Continuity and Axiom (D) 179 

SOME COMMENTS ON THE PROOF. 

1) •* 2). The implication 1) •* 2) has been proved by P. A. Meyer 

in the framework of Hunt processes with absolutely continuous 

resolvents ([9], p. 441j see also [11]) using additive functionals 

and martingale theory. A proof within the frame of axiomatic 

potential theory relies on a result of F.-Y. Maeda ([8], p. 39) 

according to which for every bounded f € 7iX) - J> (X) 

2f s f - f2 € tf(X) (even € 7 (X)), 

i.e. 2f o(f)- o(f2) > 0 

hence 

E(f) - / 1 • fda(f) > 1 J 1da(f2) -= 1 y(f2) > 0. 

This proves (E) for bounded differences of continuous potentials 

(without assuming Axiom (D)). The general case follows then by 

an approximation of bounded potentials by finite .sums of con

tinuous ones using Axiom (D). 

2) •+ 1). The implication 2) «-> 1 ) has been proved by M. Rao [13] 

for a class of Levy processes. His proof carries over to Dur 

situation provided that E(-) is definite on positive functions, 

i.e. E(f) = 0, f > 0 -* f = 0. 

This is for instance true if y" charges every finely open set. 

M. Rao's idea - translated to our situation - is the following: 

Let p € J h(X) and let u € ? , (X) such that u = p on S(p), 

u < p. Then (E) for p - u implies 

0 < J(p-u)(do(p)-do(u)) - - /(p-u)do(u) < 0 

(since u - p on S(p) = Supp o(p) and p - u > o), 

hence 
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/(p-u)da(p-u) = o. 

According to the extra assumption of definiteness we have p.= u. 

These considerations show 

S ( p )
 = p foг evєгy p Є T .(X), . R 

P 

a condition which is equivalent to Axiom (D) for t^-harmonic 

spaces X with hyperharmonic positive constants. 

Without the extra assumption of definiteness the proof is 

more in/volvedj details can be found in [ 1 7 ] . 

3) •• 1). Again the proof is much simpler using the extra 

assumption of definiteness and is presented herej the general 

case is carried out in [ 1 7 ] . 

Let p € j\(X) and let u € ..P-tX) such that u a p on S(p). For 

every e > o the potential 

p := inf(u+e,p) 

coincides with p on a fine neighbourhood V of S(p). According 

to the fine local property of a 

^ P c ^ S C p ) ' " ^ i S C p ) 

hence 

' 1S(p) ^ P ^ ± u ( 1S(p) 'Pc 1 + v ( V s ( p ) в
P £ '

 = víPc] i u ( p ) 

= / 1 do(p) = / 1s(p)da(p) - / 1 s ( p )da(p e). 

But then / V s ( p ) d o ( p e ) = v(1 X v S ( p ).ep.] = 0. i.e. 

a ( pe )IX-S(p) " ° * a (P )ixvsc P)-
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Ths assumpt ion o f d e f i n i t s n s s s a l l o w s now t o conc luds 

JCp -p £ ) Cda (p ) -daCp e ) ) - 0 •• p - p e , 

hsncB 

p < u + e for svsry e > o 

and finally 

p < u. 

For the proof of the implication 1) -> 3) see [17]. 

REMARK. (Existence of fine measure representations) For 

harmonic spaces satisfying Axiom CD) B. Fuglede dsveloped a 

"fine potential theory". In this case a can be extended to 

a defining operator of the sheaf A of fine-local differsncBS 

of finite finely superharmonic functions: 

For every finely open set V and f : V -• ]R 

f € ĵ (V) •• for every point x € V thers sxist a fine neigh

bourhood W and two finite finsly supBrharmonic 

functions u,v on W such that f • u - v on W. 

dвf 

•• for svsry point x € V there exist a fine neigh

bourhood W and u,v€ 3*(X) such that 

f - u - v on W 

(due to the "local extension property", [6], 9.9). 

To f € fl£(V) a rsprssBnting measure is assigned in the usual way: 

If f « u - v on a finsly opsn sat W, u,v 6?, (X), thsn dsfins 

, a(f)|w : = a(u)|w - a(v)|w-

According to ths fins local proparty a is wsll-dsfinsd and has 

the measure reprssentation property 

^^^IV — ° ** ̂  *s ^inB^y superharmonic on V. 
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