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PRODUCTIVE AND INDUCTIVE CONSTRUCTIONS OF C-RAPHS*

Jiri Vindrek
1)

0., Introduction

In [5], there is given a characterization of systems of anti-
reflexive graphs in which any induced subgraph of a subdirectly
irreducible (SI) graph is again SI. In the present paper we give
a full characterization of hereditary subdirect irreducibility for
graphs.

Importance of investigation this topic is following : having
a list of SI C-graphs one can construct any C-graph using only
products end restrictions to induced subgraphs. If a class C of
graphs is hereditary subdirectly irreducible (HSI) then the subdi-
rect dimension coincides with the product dimension (for the defi-
nitions see [4] ).

1. Notations and known facts

1.1.  For the description of HSI graphs we shall use some symbols
from [5] and-also introduce some new ones.

If A is an induced subgreph of B we shall write A «— B,
For an arbitrary graph G denote V(G) its set of vertices and E(G)
its set of edges. L(G) «—> G is a graph such that V(L(G)) =
={ve V(G) ; (v,v) €« B(G)}. N(G) &> G is a graph with V(N(G)) =
= V(@) - V(L(G)). (Edges of L(G) are denoted as Li-edges, edges of
N(G) as NN-edges, edges from L(G) to N(G) as ILN-edges and edges
from N(G) to L(G) as NL-edges.)

For any ordinal n denote K, = (n,{(i,J); i, & n, 1 # J})

(i.e. the complete antireflexive graph witp n vertices),
. = (n, {(isj) ; i,jen, 1+ J, (1,7) # (0a1)}):

Ly = (n, {(i,J) 5 1,jen , 1<3}),

I-'n = (n, {(i,J) 5 i,Jen , 1< ]} vi(1,0)}),

I'; = (n, {(ivj) ; i,jen, 1> j} U{(0s1)})o

® ) This paper is in final form end no version of it will be
submitted for publication elsewhere, '
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- -—
() 2
GO = . G1 =q G2 = T (?r3 = G-4 = t
n : < T
Gg =@/\@a R, = (n,n x n) (the complete reflexive graph)

' Further, put

K = {Kn s ne Ord},

K" ={K ;s n e Ord,

+ +

1" = {1}; n e ora},

L" = {L;n e ora},

Set = {(X,ﬁ) 3 X is a set} (the class of sets = discrete graphs),

2 =46 ; {(x3),(y,x)}n EG)] =1 for any x + y € V(G)} (the
class of all antireflexive tournaments)
U={xR ;ns6, IRl= () +[5) x4y 2=y, (r,x)¥nrl>
21' and (n,R) contains neither K nor A, as an induced subgraph} s
¥ ={(n,R) ;s n<4, x4+ ywlRM{R,HBIZ1, R 2 {(0,1),(1,0),(2,3),
(3,2)Y A n xn and (n,R) does not contain K:,: as an induced
subgraph} ’
_Vj = {A 3 any induced subgraph of G with 3 vertices is either
isomorphic to AB’ or to LB} N
X, ={X; V(X) = Vuiv}, EQX) = Evi(v,v)} where (V,E)€ x}
for £ €{K, K L 1, 1, U, ¥, ¥},
Symg = {A ; A is reflexive symmetric, |V(A)]l = 5}.
1.2, By a product of graphs we mean the categorical product (i.e.
i‘;xl(vi,Ei) = ( eri’ E) where ((Xi)I ’(yi?[)GE iff

i
(x4,y;)€ E; for eny i€ I ).
1.3. Let C be a class of graphs. Then A¢ C (i.e. a C-graph 4) is
said to be subdirectly irreducible if, whenever an isomorphic
copy A" of A is contained as an induced subgraph in a product
X Bi with BiG C and pj(A') = Bj for all the projections,there
se"g. j such that the restriction of p. to A" is an isomorphism
onto Bj. (This formulation is due to A.Pultr - see [2].)
1.4, A class C of graphs is said to be hereditary with respect to
subdirect irreducibility (HSI) if any induced subgraph of a SI
C-graph is again SI (see [5] ). '
1.5. If V(A) = V(B) then the meét of graphs AAB denotes the graph
(V(A),BE(A)n E(B))JIf C =AA B, C# A,B then C is subdirectly ’
reducible in C(see [3]).
1.6, Let D be a family of graphs.Then SP(D) denotes (similarly as
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in [1]) the class of all the graphs which can be embedded as
induced subgraphs into products of graphs from D.

1.7. Theorem (see[51 ). Let C be a productive hereditary class of
entireflexive graphs (i.e. a class closed to categorical products
end to induced subgraphs). Then C is HSI iff either C = Set or

C = SP(D) where D satisfies one of the following conditions :
(1) Dg Ku K

(i) D e K U{Ki ,A4}
(iii) DEK v L vl
(iv) DR v L v I
(v), Dek vyl
(vi) DEK v Y
(vii) DESK Vv ¥

2., Hereditary subdirect irreducibility

Before giving the general characterization theorem for HSI
in graphs we shall consider partial cases discussing possibilities
for reflexive and antireflexive parts of graphs and for LL-,LN=-
and NL-edges.

Throughout this chapter, C denotes a productive hereditary
class of graphs which is HSI.
20.1.Lemma, If any reflexive subgraph of a SI C-graph A is complete
then lL(A)l < 2.
Proof, Since C is HSI, any L(A) is SI whenever A is SI.Any reflex-
ive complete graph is an induced subgraph of a power Rg for some
k. Hence, |L(a)| € 2,
2.2.Lemma, If some LN-edge of a SI C-graph Ao isw-_.—b then no
edge of a SI C-graph A is <> , Moreover, if some LL-edge of Ao

igs &—3then no edge of A is —>».
Proof, <> = J&>»N\ «—>»2 , hence it is reducible and it cannot

be an induced subgraph of a SI graph A. Ife—2 € (C then

—_— =<-;-)Ag—>; is subdirectly reducible and hence it cannot be
an induced subgraph of A. ‘
2.3.Lemma. Let AO,A be SI C-graphs. If some LN-edge of Aois
‘a=—>» (a«— ,resp.) then either any NN-edge of A is <«—w» or

any NN-edge of A is —» . '

Proofy —» = 3—P»A <> = p&— A <>, Hence, graphs «—>
and -—>» cannot be both SI in C.

2.4.Lemma, If pa—7 and p—v»- ( —2 ,resp.) are both C-graphs
then IN(A) 21 for any SI C-graph A.

Proof, There is *«—9= pe—» A €N , ¢ Z &> AL =
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= - Age— , ° ° =g—> A €—= —3 A,&— , hence any
entireflexive graph with at least 2 vertices is subdirectly reduc-
ible in C and |N(A)|< 1 for any SI C-graph A.

2.5.Lemma, If —2 and 3—> are both C-graphs then any NN-edge
of a SI C-graph A is &= and no IN-edge of a SI C-graph is 3
Proof, Bhere is —»= —pAgy—>, ° C = —> A — .
Hence,any NN-edge of & SI C-graph is<—» . Moreover, 3 ° =

= @—» A g¢&— , hence no IN-edge of a SI C-graph is & °

2.6 .Lemma, If a reflexive tournament A is SI in C then A is one
of EE Tollowing graphs :

/K
L e— v<—0
Proof. / 2 Q2
2~—>3 1is an induced subgraph of TQ x 1\2
hence it is not SI. Any reflexive tournament with at least 4 ver-
tices contains /|

-as an induced subgraph, hence it is not SI.

2,T.Lemma. If a symmetric reflexive graph A is SI in C then
[vial= 5. v

Proof. Using Dirichlet principle, one can check that any symmetric

reflexive graph G with at least 6 vertices contains either

. (3
a2 5 or v 3
as en induced subgraph. Since
Q S b] 2 2
— x
/ x t x i and . 2 —p N N ,

G is AT SP%n Ce y 4

2.8,Proposition.If a reflexive graph A is SI in C then |V(A)]$ 9 .
Proof.If A is symmetric then|V(A)l§ 5 due to Lemma 2.7, If A is
not symmetric then it contains 2—>3 as an induced subgraph.Hence,
¥ ¢ = 2=—MA g(——j is not SI in C.Therefore, ¥ ¥ 1is not
en induced subgraph of A. Using Ramsey theorem one can prove that

any reflexive graph with at least 9 vertices Viich does nat
contein 2 as an induced subgraph contains either

Q
a& or a tournament with 4 vertices as an induced
subgraph. Using Lemmas 2.1 and 2.6 one proves that G is not SI,
2.9. Lemma. If a reflexive graph A is SI in C and contains G5
es an induced subgraph, then A = G5.
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Proof. Using Proposition 4.6 from [3] one can prove that any

reflexive graph is a C-graph.Since any reflexive graph with at

least 4 vertices is - due to [3] - subdirectly reducible and

A is SI in C, there is A = G5.

2,10.Lemma., If G5 is not a C-graph and G, is a C-graph then any

reflexive SI C-graph has the following property : For an (x,y) ¢

¢ E(A) define U(x,y) as the smallest subset of V(A) x V(A) - E(4)

containing (x,y) and such that (V(4),E(A) v U(x,y)) & C. Then for

any two (x,,¥,) » (x9,¥4) € (V(A) x V(4)) - E(A), U(x,,y,) n

A U(x1,y1) $+ @, and for every morphism y: A —53B with \V(B)l<lV(A)]

there is an (x,y) € (V(4) x V(4)) - E(A) with (¢(x), ¢(y)) e E(B).

Proof follows directly from [3], Lemma 6.8,

20,11, Proposition. If a reflexive graph A is SI in C then it satis-

fies one - of the following conditions : '

(i) Ae Symg

(ii) Ae> G

(1ii) lv(aA)l =9 and A satisfies the conditions from Lemma 2.10.
(Denote thig class of graphs by 3929 .)

Proof follows from 2.7-2.10.

2.12.Lemma, The following graphs are subdirectly reducible in C

whenever they are C-graphss '

l?a 1\?1 v 1 K-.—>l

H

4
—1 _ )’-i—-) ) ™ v b}
\/ / . .
H- Hg H7 H8
Proof.

2 2 2 _ p2 2
Hy <> Gy x RS, H2«——>.c'x R » Hy <> x R, H, <> ?x R,

Hs"'"'BXGg » Hg &> 'PXGS ’ H7=->~}ng’ Hg => x3.
2.13.Propogition, If A is SI in C , L(A) # # is a complete graph
and (1,n),(n,1) € E(A) whenever 1 L(A), n & N(A) then either

"A is one of the following graphs : G1,GB,G , or VLl =1

end N(A) is an antireflexive tournament. (Denote this class of
grephs by 2, .)

Proof, According to 2.1, lL(A)lf. 2. Hereditary subdirect irreduci -.
bility implies that N(A) satisfies conditions of Characterization
Theorem 1.7. Consider two cases :

1. |L(A)] = 1.Consider possibilities for N(A) using 1.7.
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(1) If N(A)€ XKv K° then by 2.2 fhere is | N(A)l = 2. For the case
I¥(a)] =0 one obtains A = G, , for the case | ¥(a)) = 1 there
is A = Gy and for the case IN(A)l = 2 there is N(A) = K; which
is an antireflexive tournament on 2 points.

(i1) If N(A) = A, then one obtains a contradiction using 2.2.
(i11) If N(A) € LY u T then N(A) is an entireflexive tournament.
(iv) 1f N(A) e _L- v T then N(A) is an antireflexive tournament
as well.

(v) If N(A)G U then one obtains <—» as an induced subgraph
which contradicts 2.2,

(vi) If N(A) € ¥ then one obtains a contradiction with 2.2, too.
(vii) If N(A)e ¥ then using 2.2 one obtains that N(A) is an anti-
reflexive tournament.

2. )l = 2.

If N(A) = @ then A =G, .

If N(A) & ¢ then A contains H, as an induced subgraph which contra-
dicts 2.12, _
2.14. Proposition., If A is SI in C ,,L(A) ¢ @ is a complete graph,

N(4A) = § and (1,n) & E(A), (n,1) ¢ E(A) whenever le L(A), ne N(4),

then |L(A) = 1 and either

(1) nN(A) = K, for some n,

or
(ii) N(A) is an antireflexive tournament. "
(Denote the class of graphs satisfying (i) ((ii),resp.) by )%
(T1,resp ).
Proof. Lemmas 2.1 and 2,12 imply that |L(A)}= 1. Using 1.7 and 2.3
one obtains that N(A) is either antireflexive complete or an anti-
reflexive tournament.
2,15, Proposition. If A is SI in G, L(4) % # is complete, N(A) 3¢

_and (l n) ¢ E(A), (n,1) € E(A) whenever 1€ L(A), néN(A), then
\L(4)] = 1 and either N(A) = K, for some n or N(A) is an antireflex-

ive tournament.(Denote the corresponding class of graphs by 5‘1’ v
vI? .)

Proof is similar to the proof of Proposition 2.14.

2,16 .Proposition, If A4,(1=0,1) are SI in C, L(4;) £ ¢ are complete,
N(A ) + 4, (1,n)e E(A ) whenever l e L(A ), ne N(A ) and if there
e:n.st n,,n,6 N(A ), 11,12 € L(A,) such that (n1,l )c E(A,),
(ny,1,) ¢ E(4) then

&

Ay > 3(&/
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Proof.By 2.2 and 2.3, «—» and —> (and also ° °* = —3 A &— )
are subdirectly reducible. Hence, lN(Ai)I £1. By 2.1 and the
assumptions of Proposition, lL(Ai)I <€ 2, Therefore,

A, = R 7 s Ay —> AL
2.17.Proposition. If A;(i = 0,1) are SI in C, L(A;) # # are com-
plete, N(Ao) £ 8, (n,l) < E(Ai) whenever 1 € L(A)), ne N(4.)
and if there exist n,,n, & N(Ao) » 1 L, @ L(Ao such that

(1,ony) € E(4,) » (15,n,) @ E(4,) then

La—p L

BTN/

Proof is similar to the proof of 2.16.

2.18. Progcsitlon. If Al(i = 0,1) are SI in G, L(A ) # @ is either
complete or a tournament, N(A ) ¥ 0, l{(n,l) (l,n)} N E(Ai)f a
= 1 for any (n,1) € N(4;) x L(A ) and if there exist ny,n,&N(4,),
1,51, € L(4,) such that (11,n1)e‘ E(4,)s (0,1, )e E(A,) then
N(Ai) Kn for some n, (1°,n) € E(A ) <> (n,l )EE(A )
whenever 1° #1°" € L(Ai)° (Denote the class of graphs A.l satisfy—
ing these conditions by L.)

Proof. By 2.5, any NN-edge of A; is «—> . Hence, N(Ai) = K, for
some n. By 2.12, ‘A‘i does not contain neither H2 nor H3 as an
induced subgraph.

2,19,Proposition. If A is SI in G, L(A) # ¥ , N(A) + @ and if
there are no NL- and LN-edges in A then |L(A)l = 1,

Proof follows from 2.12 because A cannot contain H4, H.7 and H8

as induced subgraphs.

2,20, Proposition. If A;(i = 0,1) are SI in G, L(44 X X B
complete, N(A, ) 4 9 [ L(A,) x N(A)) nTE(A4 1w L(A )xii (4 )

and for any t1,1) € L(4,) x N(A,) there is (1,m) € B4 ep (n,1)
€ E(4;), then lL(Ai)ls 2 and N(Ai) is an entireflexive tourna-
ment . Moreover. if lL(A )l = 2 then L(4) = {17,1""}such that
(1%,n) ¢ E(A)) <= (x°’, n) € E(4;) for any ne N(4;).

" (Denote the class of graphs satlsfying these conditlons by M.)
Proof follows from 1.7,2.1,2.2 and 2.12.

2,21.Proposition, If A;(1 = 0,1) are SI in G, L(4,) # ¢. N(A ) ¥
$ 9, ¢*L(A)xN(A)n E(4,) L(A)xN(A)and

N(A ) x L(A ) n E(Ai_) = @, then N(Ai) is either an antireflexive
tournament or an antireflexive complete graph. Moreover, if

1’4 1" L(A;) then (1%,n) € E(A;)e» (1°7,n) ¢ E(4;) for any
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ne N(Ai).(Denote the class of graphs satisfying these conditions

by N.)

Proof follows from 1.7,2.3 and 2.12.

2.22.Proposition., If Ai(i = 0,1) are SI in G, L(Ao) + 0, N(Ao) 3

# 0 +# N4 xL(A )N E(4)) # N(A)) x L(A)) and L(4;) x N(4;) N

r\E(Ai) = ¢ then N(A ) is either an antlreflexive tournament, or

an antireflexive complete graph.Moreover, if 1° & 1°°€ L(A) then

(n,17) € E(4;) <> (n,177) ¢ E(4;) for any neN(4;). (Denote the

class of graphs satisfying these conditions by P.)

Proof follows from 1.7,2.3 and 2.12,.

2.23.Lemma, - If there are (11,n ) (1 sTy ), (13,n3) € L(A) x N(A)

such that (l1gn ) (n1.1 ) (n 91 ) (1 ’n )# E(A)’ (12’112) (n 91 )e

€ E(A) then A is subdlrectly reducible in C.’

Proof, Since 3 °*, yJ—>» and@«— -are induced subgraphs of A,
2 * = &= Ao and ¢ is HSI, A cannot be SI. _

2.24.Lemma. If L(A) is complete and if there are (11,n1),(12,n2),

(135n3) @ L(A) x N(A) such that (1,,n,),(13,05),(n3,15) € E(A)

and (n,,1,) € E(A),(1,m,)€ E(A) ((ny1,) & E(A),(1,n,)¢ E(A)

resp.) then A is subdirectly reducible in C.

Proof, Suppose A be SI.Then 2.1 implies that IL(A) £2, 2.4

implies that IN(A)N< 1 and there are at most 2 IN- and&NI-edges

which contradicts assumptions of Lemma.

2.25.Propositions If A is a SI G-§raph which contains 62 as an
induced subgraph, L(A) x N(A) ¢ ETA), N(A) x L(A) < E(A),“then

I1N(A) 21, (Denote the class of graphs satisfying these conditions
. by Q.)

Proof., Lemma 2.2 implies that no edge of A i's neither«e—> nor

" —> . Since ° * = —>» A <€— there is lN(a)l < 1.
2.26,Corollary. For the case that L(A) is a tournament we obtain
the following SI graphs :

(€3

> & 2‘ 4—\\ , Q'\
§7_ 4 > '\/

o27.Lemma, If G, &> 4, N(A) % #, L(A) x N(A) g E(A),
N(A) x I-(A) n E(A) = @ (L(A) x N(A) n E(A) = ¢.N(A) x L(A) <E(A)
resp.), then A is subdirectly reducible in C. '
Proof follows from 2.12.
2.28,Lemma. If A contains GpsGy andp—> ( —2p resp .) as 1nduced
subgraphs then A is not SI in C.
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Proof. g—> =& PAF—p» —¥ =<PAJ—% » hence A is not SI
in Ce.

2029.Proposition, If A (i = 0,1) are ST in G, G ¢——>A° » 0 %

3 L(A)) x N(A)) n B % L(A ) x N(A)) and if for any (L,n)e L(4;)
x N(A ) there is (l,n)eL(A )<$=>(n 1)<=(4;) then

A, > /\a Ay @A or A, >
R A

Proof follows from 2.12 and 2.2,

- 2:30.Lemma, If a reflexive graph A is SI in C and 2 2 is
also SI in C then A is symmetric. ’
 Proof., ¥ W = @—35 A @¢—», hence A cannot contain G2
as an induced subgraph.
2.31.Proposition, If A.(i = 0,1) and ¥* ¥ gare
L(A ) x N(A )f\ E(AO) * @ and (nsl) [ E(Ai)é">(l n) 6 E(Ai)
for any (n,1) € L(4;) x N(A;) then L(4;) x N(Ai)E-_E(Ai) and
N(Ai) is an antireflexive tournament. Moreover, L(Ai) > Vv 2
(Denote the class of graphs satisfying these conditions by T2.)
Proof, According to 2,30, L(Ai) is symmetric. By 2. 2, N(A ) is
an antireflexive tournament., Since + ° = ¥ ¥ A 04—9
there is L(A;) x N(4;) € E(A;). Lemma 2.12 implies that A;
cannot contain H1 as an induced subgraph. Hence, any Ll-edge
ofAi is ¥ 3 t.Since 2 X
X 3 — s s
there is L(Ai) “—> 3 2
2,32.Propogition, If A and & g are SI in G, L(A) x N(A) p
. n E(A) # @ and N(A)x L(A) n E(A) = ¢ (L(A) x N(A)n E(A) = ¢
and N(A) x L(A) @E(A) # @, resp.) then L(A) x N(A)G E(A)
(N(A) x L(A) < E(A) resp.) and either N(A) = K, for some n
or N(A) is an “entireflexive tournament and L(A) «—>» & 3 .
(Denote the class of graphs satisfying these conditions by
K2 v 2y (& v T3 resp.).)
Proof, By 1.7 and 2.3, N(A) is either complete or a tournament.
Since 3 2 =2 2 A O—> =L & A pe— , there is
L(A) x N(A)g E(A) (N(A) x L(A) g E(A) respe). Lemma 2.12 1mplies
that A cannot contain neither Hs‘nor H6 as an induced subgraph.
Hence, any Ll-edge of A is 2 3 and L(A) &> 2 o
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2.33.Proposition. If 4;(i = 0,1) are SI in G, > 2 < 4,
ae> — 4, (L(a) xN(A ), UN(4) x L(A))) n B(A ) 4E(A )s
l{(1,n), (n,l)} A E(A )N >1 for any (1,n) G L(A ) x N(Al), then
lN(Ai)\ £1, [L(Ai)lé 5,L(Ai) is symmetric and for any ne N(Ai)
and 1°,1°& L(4;) such that (1°,1°") € E(A;) there does not
hold both (17,n) € E(A;)==>(1"",n) & E(4;) and (n,1°) & E(A;)<=>
&>n,1" e E(Ai). (Denote the corresponding class of graphs
by R.)
Proof, By 2. 30, L(A;) are symmetric. By 2.7, \L(Ai)\ss Lemma
2.4 implies that lN(A N <=1. Lemma 2.12 - which implies thet
Ai cannot contain H1,H2,H3 as induced subgraphs - finishes
the proof,
2+34.Proposition. If A and ¥ 2 are SI in C and if for any
(1,n) 6 L(A) x N(A) there is (1,n) e E(A)<=>(n,1) ¢ E(A) then
L(A) is symmetric, |L(A)|=5, N(A) = K, for some n and for any
1,16 L(A) such that (1°,1°°) € E(A) there is (1%,n) € E(A)=>
<> (n,1°") € E(A) for eny n € N(A). (Denote the corresponding
class of graphs by S.)
Proof. By 2.30, L(A) is symmetrice.By 2.7, |L(A)\£ 5. Lemma 2.5
implies that N(A) is a tournament and ¥ ° is not an induced
subgraph of A.By 2.12, for any n€ N(A) and 1°,1°°€ L(A) such
that (1°,1°") € E(A) there is (1°,n) € E(A)e> (n,1°7) € E(4).

3. Characterization Theorem
Now, we can prove the following :
3.1, Theorem. Let C be a productive hereditary class of graphs.
Then G is HSI iff either C = Set or C = SP(D) where D satisfies
the following conditions :
(i) D SX vk uKou K

(11) DS K v{Kj 4} v K v (x5 Do (44),3
(iii) gsguL“ufruKouL uT
(iv) DS K vli~ ugugougougo
(v) P_E_I_{_U_I_J,ugouy_o
(vi) DX VY vk v ¥,
(vii) D sK vW VK v ¥,
(viii) D = Symg u{G5} v Refy
(ix) D = {61.G3,G43u 7
(x) D £2y vk}
(xi) D =I7 VKT
(xii) 25{“-—3’&/'»}
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(xiii)
AV
(xiv) D€L
(xv) DelM
(xvi) D eX
(xvii) D gk
(xviii) De Q
(xix) ; a
Ds { S %’*}
Ve
(xx) 2€ E—’f
(zxi) D SKFvI)
(xxii) D €K vIJ
(xxiii) D eR
(xxiv) D =8

Proof, I¢ If C is HSI then we can consider the following cases :
a) All C-graphs are antireflexive. Then by 1.7, C = SP(D) where

D satisfies one of the conditions (i)-(vii).

b) All C-graphs are reflexive. Then by 2.11, C = SP(D) where D
satisfies (viii).

c) There exist C-graphs with loops and also C-graphs without loops.
Then we can divide the proof of Theorem discussing possibilities
for LL-,IN- and NL-edges of SI C-graphss

LL-edges IN-end NL-edges see C=SP(D) where
i D satisfies
—> —3 ° ix

, n A 2.13 ( \)

e v A3 2.14 (x)

N, n. 2,15 (Xi)
> T )

Q 0. 2016 (Xli)
&y b O .

%qq (LH A‘_ 2017 (Xlli)

P OTO s Ay O 2,18 (xiv)
arbitrary o e 2,19 (1)-(vii)
Ae—3n LA A . 2.20 (xv)
arbitrary > o 2,21 (xvi)
arbitrary ag N . 2,22 (xvii)
arbitrary le—y By O 2.1 contradiction

. 2.23 contradiction
e v ) v 2,24 contradiction
arbitrary Ve Vs & - ° :
arb:.trary o, og a 2.24 contradiction
A : 2,25 (xviii)
(ff, ;) Q 2.27 contradiction.



136 JIXf VINAREK
R A A
L (&, o 2.27 contradiction
J; (t‘, 3’,) by D 2.28 contradiction
{é(és :) Ge—> g 2,28 contradiction
&, H — 2,29 (xix)
2 < .
a (B ,4) aes, (@ ) 2.31 (xx)
3 R R
,(ta,f) ey (@ V) 2,32 (xxi)
A2 e (R ) 2,32 (xxii)
3@,L) ey 4> (o) 2.33 (xxiii)
%(@%:{%)" s % ) 2.34 (xxiv)

ITI. One can check that systems satisfying one of the conditions

(1)=(xxiv) are hereditary.Hence, systems SP(D) are HSI,

| bl
[2]
(3]
L4]

[5]
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