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We assume Zermelo-Fraenkel set theory with the axiom of choice. The letter A
will denote arbitrary cardinal while w denotes the first infinite cardinal. If X is a
set then |X] denotes the cardinality of X, #(X) is the power set of X,

[X]* ={Ys X:|N s A,
[X]*={YS X:|V < A

[X]* ={YsX: V= 4.

If ¢ & #(X) then: ¢ is a partition of X if U ¢ = X,0 ¢ ¢ and elements of & are
pairwise disjoint; a set S is a selector of ¢ if § & U ¢ and |S n Y] = 1 for every
Ye ¢. A family ¢ & #(X) is proper if ¢ # #(X). An ideal # on a set X is a
collection of subsets of X that is closed under subset formation and finite unions.
A family # € #(X) is called a filter on X if the family # = {X\F: F € F}isan
ideal on X. # and & are called then mutually dual. A filter # on X is called
uniform if | F] = | X] for every F € #. An ideal .# on X is called uniform if the dual
filter to # on X is uniform. A family & S [X]™ is called a pseudobasis for a filter
& on X if | 7| = |X] and for every F € & there is some A € & such that A & F
(see [1]). A filter is called ofilter if it is closed under countable intersections.
A c-ideal is an ideal which is closed under countable unions. Let R be the real line.

A version of the following theorem was proved in [1] in order to obtain a
negative answer to a problem of Ulam (problem 34 in [4] and modified versions
of it in [3] p. 15 and [5] p. 314).

Theorem A. (Grzegorek and Weglorz [1] p. 286 and p. 289). There exists a
proper o-field 57 of subsets of R such that:

(a) all Lebesgue measurable subsets of R are in 5.

(b) for every partition @ S [R]*° of R there is a selector of € in .

(c) [R]** € «.
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The above Theorem A was formulated in “Added in proof” in [1]. In fact the
o-field constructed in [1] has all required in Theorem A properties (see our
theorem 1.1 in [6]). The aim of the present note is the following generalisation of
Theorem A.

Theorem B. (i) Let # be a uniform o-filter on R and let # be a o-field of
subsets of R such that |#| S 2°. Then there exists a proper o-field ¥ on R such
that:

(a) the o-field generated by # and & is contained in ¢,

(b) for every partition @ S [R]*® of R there is a selector of ¢ in ¥,

(c) [R]** € &.

(ii) If2* < 2° for all A < 2° then in (i) instead of “|#| < 2°” we can assume
only that “| | < 2*.

Remark 1. Assuming additionally that the o-filter ¥ has a pseudobasis The-
orem B can be easily obtained from [1] (compare our remarks after Theorem A).
To see how Theorem A follows from Theorem B put # = Borel o-field on R and
& = the filter dual to the ideal of the sets of the Lebesgue measure zero.

Proof of Theorem B. Let ¥ and & satisfy the assumptions of Theorem
B. Since & is uniform there exists, by a result of Weglorz [6], a uniform o-filter
4 on R such that F S 9, [R]<*" S ., where # is the ideal dual to the filter ¥,
and for every partition ¢ S [R]*“ of R there is a selector of ¢ in ¥. Lets/ be
the o-field generated by & and 9. It is evident that & satisfies (a), (b) and (c).
It remains to prove that & is proper. Suppose not. Then # A £ = Z(R), where

# ASF={B\X)V (X\B): Be #.and X € £}.

Consider the Boolean algebra #(R)/.# the set of all equivalence classes of subsets
of R with the induced ordering from &, where we identify two such subsets ¥ and
Z if their symmetric difference Y A Z is in .#. By a result of Taylor [2] we have
|Z(R)/#| > 2° because £ is uniform o-ideal. On the other hand

|Z(R)/ S| = |B A SF/F| S |B| <2°.

Hence a contradiction.

The above reasoning works also for Theorem B (ii) because Taylor [2] proved
that 2* < 2¢ for all A < 2¢ implies |#(R)/F| = 27,

Observe that we can not assume in Theorem B that & is only proper instead
of that # is uniform. Indeed. Assume 2** = 2“ (here w, is the first uncountable
cardinal). Let R = X, V X,, X; N X, = 0 and | X;| = w,. Let # be the o-ideal
on R generated by £(X;) and [X,]*“. Let # be the o-field on R generated by
P(X,) v {X,}and let F be the filter dual to .#. We have |#| = 2“and the o-field
generated by # and & is equal to #(R).
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Remark 2. If there is a uniform o-ideal # on R such that |Z(R)/f| < 2*
then there is a o-field # on R such that |#| = |#(R)/f| < 2¥and & A S =
= Z(R). |

Indeed. Let A = |#(R)/#|. Let (X,:t < A) be a selector from the family
Z(R)/#. By a result of Comfort-Hager and Monk-Sparks (compare [2] and
references there) we have A“ = 1 because #(R)/# is an infinite o-complete
Boolean algebra. Hence the o-field & generated by the family (X,: ¢t < 1) has
cardinality A - w; = A. It is evident that & A £ = Z(R).
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