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Let (Q, Z, 1) be a measure space such that H(Q) < 1. We give some general conditions for a bijection
¢:[0, 00) > [0, ), such that

¢! (j polx + Y|d#) <o (j‘ ¢ OIXIdu> + ¢! (j polyl du)

for all p-integrable simple functions x, y: Q +— R. This generalizes result from [1].

1. Introduction

For a measure space (Q, Z, p) such that y(Q) < oo, denote by S(Q, =, p) the
linear space of all p-integrable step functions x:Q— Ry(:=[0, o0)). Let
¢ : R4+ — R be an arbitrary bijection. Then the functional P, :S(Q, Z, u)— Ry
given by

P(x):= ¢! (j(p o ledu>, xeS(Q, 2, p),
Q

is well defined. For ¢(t) = @(1)¢" (¢ > 0) with p > 1, the functional P, coincides
with the #P-norm. In this note we prove the following generalization of Minkow-
ski’s inequality:

Theorem. Let (Q, X, p) be a measure space such that p(Q) < 1. Suppose
¢ : R, — R, satisfies the following conditions:

This paper has been written during the 23" Winter School on Abstract Analysis, Lhota nad
Rohanovem, Czech Republic, 22 —29 January 1295.
The first author is supported by Research Grant GAUK 363 and GACR 201/94/0474.

*) Department of Math. Anal., Charles University, Sokolovsk4 83, 186 00 Prague 8, Czech Republic
Department of Mathematics, Technical University, Willowa 2, 43-309 Bielsko-Biala, Poland

27



1°. ¢ is bijective, increasing, and differentiable;
2°. @' is strictly increasing, and locally absolutely continuous;
3°. there exists a superadditive function g: R, +— R, such that

!

g=% ae. in R,.

Then for all x,yeS(Q, Z, u),
Pix +0) < B3) + PAY).

This generalizes a result from paper [1] of the second named author where ¢ is
assumed to be of the class % and such that ¢” > 0 and ¢ is superadditive in
(0, ). At the end of this paper we explain the assumption that p(Q) < 1.

2. Auxiliary lemma and the proof of Theorem

The proof of the theorem is based on the following.

Lemma. If ¢:R, — R, satisfies the conditions 1°, 2°, 3° of the theorem, then
there exists a sequence of functions ¢, : R, +— R, such that:

a) for every neN, ¢, is bijective and of the class €*; '

b) for every neN, ¢, >0, ¢, >0 in ((), oo), and the function % is super-
additive in (0, oo);

c) forevery a> 0,

lim ¢, = ¢, lim ¢, = ¢', uniformly on [0, a;

h— 20 n—x

d) !

lim 22 = g ae. in R, (andin Zj,)

"
n—x (P"

where g is defined in the theorem; this convergence is uniform on every compact
interval of the continuity of g contained in (0, oo).

Proof. By 1° and 2° the function log O ¢’ is locally absolutely continuous.
Consequently it is equal to a primitive of its derivative

AY4 (p” 1
1 logo ¢) =—=-.
( ) % 9
Take a sequence @,:R— R, of ¥*-smooth even functions such that
2) 1 1:| +x i
S <l == 1> n = 1
( upp o, e 5_30 @

and define g¢,:R, — R, by the formula
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X

a.t) = f g(ts) ol — s)ds, t=0, neN.
0

Note that g, is increasing, bijective, superadditive, of the class ¥*, and

limg,=¢g ae. in R,.

n—

Since g is increasing, we have

3) gt} = j

forall ¢t > 0.

Now we are going to define ¢,, n € N. First we define its derivative ¢, in such
a way that log O ¢, is the primitive of ;- for which ¢(1) = ¢’(1). The value ¢,(0)
is well-defined if j(‘,% < o0; otherwise we put (p{,(O) = 0. By (1), (3) and the
Lebesgue majorization theorem, we have

0 X

g(ts) o1 — ) ds > j’ of)al — )ds = g(zt_)

1 1

(4) lim ¢, = ¢

pointwise on (0, o). As all functions here are continuous and increasing, it follows
that the convergence (4) is uniform on every compact interval contained in (0, c0).
For proving that (4) holds uniformly on [0, 1] too, we will distinguish two cases
depending on ¢'(0) > 0 or ¢'(0) = 0.

If ¢'(0) > 0, then by (1) the function  is integrable on [0, 1], and using the
Lebesgue majorization theorem, as above, we obtain that (4) holds pointwise, and,
therefore, uniformly on [0, 1].

Now suppose that ¢’(0) = 0. We know that ¢’ is continuous, increasing, (4)
holds uniformly on [g, 1] for every & € (0, 1), and that ¢}, is increasing and positive
on (0, 1]. Thus the convergence must be uniform on [0, 1], too.

The definition of the function ¢,, for which (p,,(O) = 0, is obvious. Evidently,
lim, ., ¢, = ¢ uniformly on [0, a] for every a > 0, and the lemma is proved.

Now we give the

Proof of theorem. Let ¢,, n € N, be the sequence of functions constructed in the
lemma, and let x,y € S(Q, X, p) be arbitrary. Then by Theorem 3 in [1] we have

®r ‘(I ¢, 0 |x + )’|dﬂ> < o, ‘(J' ¢, 0 I-XIdu> + o5 ‘<J§: ©, O |yl dﬂ) .
Q Q

Letting n — oo here and making use of the lemma, we get

¢“(§ <poIX+yIdu)§<p"<j‘ wolxldu>+<p“‘<j wolyldu>,
Q Q Q

which, by the definition of F,, completes the proof.
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3. Additional remarks and proposition about geometrically convex functions

Remark 1. Suppose that (Q, X, p) is a measure space such that there exist
A, B € Z satisfying the condition

0 <pAd) <1< puB)< .
In [1] it is shown that if ¢ :R, — R, is bijective, ¢ ' continuous at 0, and
P(x + y) < P(x) + B(y)  holds for all x, yeS(Q, Z, p),

then ¢(t) = ¢(1)t" (t > 0), for some p > 1. This shows in particular that the
assumption p(Q) < 1 is essential.
In this connection let us also mention the following

Remark 2. Suppose that (Q, X, ) has the following property: for every 4 € =
wA) =0 or p(d)>1.

Under this assumption it is proved in [2] that if ¢: R, — R, is a convex
homeomorphism of R, such that ¢ is geometrically convex in (0, ), i.e. that

(p(\/s_t) <.Jo(s)p(t) forall s t>0,
then

P(x +y) <B(x)+ P(y) forall x,yeS(Q I, u),

In the proof of this result the one-sided derivatives and Zygmund’s lemma are
used. It turns out that the argument can be simplified if we work with smooth
functions ¢. The following result permits us to do it.

Proposition. Suppose that ¢ is a convex and geometrically convex homeo-
morphism of R, onto itself. Then there exists a sequence ¢,, n € N, of €*-smooth
convex and geometrically convex diffeomorphisms of R, onto itself such that

lim ¢, = ¢

uniformly on [0, a] for every a > 0.

Proof. Taking the function g, given by (2) in the previous proof, we define
¢, as follows

@.(t) := exp [ o, (u) log ¢(t e“)du, t >0,

and ¢,(0) = 0 to have ¢, continuous at 0. Since {¢,} converges to ¢ pointwise on
R, , the monotonicity of ¢, and ¢ implies that the convergence is uniform on
[0, a] for every a > 0.
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Now we have for all s,t > 0

@u(</5t) = exp jg,,(u) log ¢ (/st e)du < exp ‘[ 0.(u) log / @(se™*) p(te ) du =

exp jg,,(u) B(log @(se™) + log (p(te‘"))] du = /@,(s) p.(t)

which shows that ¢, is geometrically convex.
Now we shall show that ¢, is convex. As ¢ is convex with ¢(0) = 0, the
function ﬂfﬂ is increasing, too. For 0 < s < t we have

s
@.(s) = exp jg,,(u) log (s e™*)du < exp j' 0.(u) log P p(te™) =

exp jg,,(u) |:log ; + log (p(te““)] du = ; @ilt),

which was to be shown.

For showing that ¢, is convex, we use the following known property of
geometrically convex functions ¢: if the function ﬁ'-u is increasing, then ¢, is
convex. Let us show it briefly. Suppose that ¢, is not convex; then there are points
0 <s < u <t and a linear function / such that

5) @s) — I(s) = ¢,(t) — () =0 and ¢,(u) — l(u) > 0.

The points s, ¢ can be changed without changing I so that (5) holds for all u € (s, t).
Foru = \/3 we get from (5) by a simple calculation

SN NN
o</5t) > ouls \/; 7 + o.t) NN

Thanks to the geometrical convexity of ¢,, it follows

(s + V1) Vouls )(p,, 1) > ¢.(s) /I + o) Vi,
o [T o) o)

o JeD \/w(s)) > Joion (0= [2)
N t § s

We see that the inequality \/@ + \/E\@ = 0 is not possible, so the function "’—';(Q
could not be increasing if ¢, were not convex. the proposition is proved.
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