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Abstract

The finite element method is applied to a convection-diffusion problem posed on the
unite square using a tensor product mesh and bilinear elements. The usual proofs that
establish superconvergence for this setting involve a rather high regularity of the exact
solution - typically u € H3(Q2), which in many cases cannot be taken for granted. In this
paper we derive superconvergence results where the right hand side of our a priori esti-
mate no longer depends on the H® norm but merely requires finiteness of some weaker
functional measuring the regularity. Moreover, we consider the streamline diffusion sta-
bilization method and how superconvergence is affected by the regularity of the solution.
Finally, numerical experiments for both discretizations support and illustrate the theoreti-
cal results.

1. Introduction

We consider the scalar convection-diffusion boundary value problem

Lu:=—cAu+b-Vu+cu=f inQ=(0,1)7 (1)
u=0 on 0.

Here, 0 < ¢ < 1 is a small parameter. We assume f € Ly(f2), ¢ € Loo(Q2),b € (WL (Q))?
and

1
c—idivb2w>0. (2)

As a discretization for (1) we use the finite element method. Introducing the Hilbert
space

Hy(Q) := {v € H(Q) | vjpn = 0}

the variational formulation of the given boundary value problem reads:
Find u € H}(Q) such that

a(u,v) ::»3/Vu-Vvdx+/b-Vuvdx+/cuvdx:/fvdx, for all v € Hy ().
Q Q Q Q
(3)
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The natural norm in which one shows coercivity of the bilinear form is the e-weighted
H' norm

lullf = lul . + llullg,  with  [ult, = elul3.

Moreover, on subdomains D C ) we will work with fractional order Sobolev spaces
H*(D) (s € R;), the elements of which are finite in the corresponding norm

||u||3n+0,D = ||u||72nD + |u|§,D with
|u@ (x) — ul)(y)[?
|a)l=m

Furthermore, for D = € we drop the set index €2 in the notation of (semi-)norms.

In this paper we will discretize (3) with bilinear finite elements on tensor product
meshes 7;, with respective mesh size h, and h,. The parameter h is going to denote the
maximal element diameter of the current mesh.

From standard finite element analysis it is well known that the error can be bounded
by

lu = unl[1,e < Chlulz0.

Also, it is a known phenomenon that superconvergence is achieved for the difference of
the interpolant u! and the FE-solution u;, measured in the same norm. For example, an
analysis as in [9] using Lin-identities yields

lu’ = unlle < CR?|Julls.0.

However, in many cases the regularity requirements for superconvergence are not realistic,
not even for the simple model problem

—Au=1, wupq =0,
where due to corner singularities one may assume that at best

u € H¥°(Q), V8 > 0.

If the coefficients of (1) themselves have low regularity the situation is even worse. For
instance, if the right hand side has some singularity which forces f to lie in some low
order Sobolev space then by the lifting property of the solution operator this carries over
to the solution w:

f e H(Q) = ue H*(Q),

i.e. it is clear that in the general case we cannot expect u € H?((Q).

Remark 1. Also note that for domains with obtuse angles, for instance the case of convex
polygons, the effect of corner singularities can be even stronger. If we consider Dirichlet
boundary conditions near some vertex P corresponding to the maximal interior angle «,
the solution u locally behaves as ra, with r being the distance from P, and hence forces
u to lie at best in the Sobolev space H'*a=(Q) for all § > 0.
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Now naturally the question arises: How does lower regularity of u affect the phe-
nomenon of supercloseness? Moreover, does the rate of convergence depend on the regu-
larity in some “continuous” way? In this paper we address those issues both theoretically
and numerically and derive superconvergence results where the right hand side of our
a priori estimate no longer depends on the H? norm but merely requires finiteness of
some weaker functional, e.g. the fractional Sobolev seminorm | . |o1,, 0 € (0, 1), or equiv-
alent norms in interpolation spaces.

The paper is structured as follows. In Section 2 we derive bounds for the standard
Galerkin method, followed by corresponding numerical experiments in Section 3. Sub-
sequently, we discuss the extension of the estimates to the streamline diffusion FEM in
Section 4 and present numerical results for the SDFEM in Section 5.

Indeed, it is our aim to extend the analysis to stabilized methods on layer-adapted
meshes, similarly as in [9]. That analysis is based on a solution decomposition and uses,
for instance for the smooth part of the solution S, bounds of the type

18" = Shllie < CON " NY2(IS]s + 180

In the present paper where we mostly consider isotropic meshes we therefore tried to
avoid the application of the theory of interpolation spaces to obtain results in fractional
order Sobolev spaces. While we succeeded in the error analysis of the Galerkin part (see
Section 2) we had some trouble with the convective term and some stabilization term
of the SDFEM (see Section 4). For these terms we, so far, have no alternatives as to
apply interpolation spaces. The main ingredients and results of this theory needed in this
article are presented in the Appendix.

2. Galerkin error analysis

Let
Vi i={v € Hy(Q) : vr € Q1(T), for all T € Ty}

be the bilinear finite element space. Then the Galerkin approximation u; of u solves
a(up,v) = / fvdx, forallve V.
Q

In the sequel we suppose that u € H?(Q) and denote by u! € V}, the nodal interpolant
of the exact solution. To get an estimation of the error ||u! — uyll;. we make use of
coercivity of the bilinear form a(.,.) of (3) and apply Galerkin orthogonality:

I

Qeoere|lt” — uh||i€ < a(u’ — up, v’ —up) = alu’ —u,u’ —uy). (5)

Consequently, for an arbitrary function v € V}, we will estimate the following three terms:

a(u—ul,v):6/V(u—u1)-Vvdx—l—/b-V(u—uI)vdX—i—/c(u—ul)vdx.
Q Q Q

2.1. The diffusion term
Let us first bound the diffusion term of the Galerkin part given by

€/V(u—u1)~Vvdx:6/(u—ul)xvxdx+€/(u—u1)yvydx.
Q Q

Q
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Clearly, it is enough to estimate integrals on an arbitrary element that only involve
derivatives with respect to the first argument. In combination with the triangle inequality,
summing up all contributions will give an upper bound.

The key observation for this type of integrals is the fact that on every element a similar
expression vanishes for quadratic polynomials:

/(p - pl)xvz dx = O, for all pE PQ. (6)
T

Hence, we insert additional degrees of freedom by just subtracting zero on every element
and subsequently bound the interpolation error of u — p :

5|/ u—u' vmdx|—5|/ u—p) — (u—p))v, dx|
< C¢ (hal(u = plaallor + hyll(u = payllox) llvelloz, — (7)

Note that we are still in the position to choose some particular polynomial p € Py. The
following lemma motivates this choice.

Lemma 1. Let D C R? be a bounded domain. Then for all o € (0,1) and w € H°(D)

diam (D)t
T fo o SOy, )
| DIz
where 1w := ﬁ wa dx denotes the average of w over D.

Proof. By the Cauchy-Schwarz inequality we obtain

o ) s - v

Since the diameter of D is the supremum of all distances of points in D, we have for all
x,x € D: |x — x| < diam(D) and hence,

1 , ? diam(D)?*27 [ |w(x) — w(x’)|?
- dx' ) dx < dx’ dx.
/D(w(X) |D| Dw(X) X) X > ‘D‘ / |X_X/‘2+20 X dx

DxD

O

We now continue to estimate (7). If we denote by Uz | and u—xy|T the averages of the
two partial derivatives of u on some element T" and insert the quadratic polynomial

1

P, Y) = SWazir @ + Ty 2y

into (7), Lemma 1 yields the fractional estimate

el [ (= ) dx) < Co (ltalor + iy filor) oo
T
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on every element T € T, and hence globally
€| / V(u—u') Vodx| < Ces%h1+"\u\2+g,g|]vﬂl,57g. (9)
Q

After some closer look on the constant in (9) coming from Lemma 1, one easily checks that
it unfavourably depends on the element aspect ratio h,/h,. However, by working with
interpolation spaces, it is possible to improve this bound to obtain anisotropic estimates
of the difference of a function and its mean in the L, norm. To derive this estimate let us
consider rectangular domains in the sequel. We start with the following one dimensional
consideration.

Lemma 2. Let h > 0, I := (0,h) and u € H*(I). Define Il : H'(I) — R to be the
averaging operator: Ilu := %fohudx. Then

V3
||u — HUHO,I S ?h |U|1’].

Proof. The estimate is an immediate consequence of the Bramble-Hilbert Lemma. After
assuming that u lies in the dense subset C!(I) a direct calculation yields the same estimate
plus the constant involved. O

Next we will apply this lemma in two dimensions to obtain an anisotropic estimate
for rectangular domains.

Lemma 3. Let hy, hy >0, R:=(0,h;) x (0,h,), u € HY(R). Define llp: HY(R) — R
u dx. Then

to be the averaging operator over R, i.e. llgu :=
hyhy Jr

V3

|lu — Hpullor < ?(hz [2zllo,r + Py l|lwyllo,r)-

Proof. The idea is to apply Lemma 2 consecutively in the two dimensions. Let us therefor
define two operators II, and II, that act on only one respective dimension:

(Tu)(y) == hiz/o ) u(s,y)ds, (Iyu)(x):= hi/o ' u(zx, t)dt.

Y

Also note that since C*(R) is dense in H'(R) the function u is again assumed to be
continuously differentiable on R. One easily verifies that IIp = II, o II, = II,, o II,. By
the triangle inequality, our quantity of interest will first be split into two parts:

|u — Mgullo < [Ju— ILullo + |Hyu — Igullo. (10)

An application of Lemma 2 on the first term yields

hy R 1 fhe 2
o=t = [ [ (w1 [ atsaas) asfay
0 0 hﬂ? 0

< [ @i as] av ="

0
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Similarly, for the second part an application of Lemma 2 gives

ha hy
M= Ll = [ [ 00000 = (La)? ] ao
0 0
h2 ha hy 1 ha h?
<2 [ [ @ mrasa] e <5 i
0 0 z JO

Finally, collecting both estimates in (10) concludes the proof. U

Our next aim is to get equivalent estimates if we assume u € H?*'(Q) for some
o € (0,1). The essential tool will be Theorem 3 (see Appendix) that allows to “inter-
polate” the known result from Lemma 2 and Lemma 3 to an estimate that is valid in
interpolated spaces.
Thus, using the same notation as in Theorem 3, let us define the respective spaces
and the action of the operator T" as follows
A1 = LQ(Q), A2 = HI(Q),
B :=15(Q), Tu:=u-1TIgu

Indeed, for the rectangle R := (zo, o + hy) X (Yo, Yo + hy) we know from Lemma 3 that

1
HTuHO,Rgg\/ﬁhRmh,R with A= \/h2 + h2 (11)

and therefore ||| i1 (ry—r,(r) < 5V3 R
By Cauchy-Schwarz the projection Ilg is Ly stable, i.e.

/udx
R

[ Tullo,r < |lullo,r + [[TTrullo,r < 2||ullo,r (12)

1
IMgullo, r = Mgul |R|> =

; < [lullo, n-

1
| R

Hence,

which yields ||T||1,(r)—»r.(r) < 2. Eventually, an application of Theorem 3 (Appendix)
yields a bound on the operator norm of T' considered on its domain [Ly(R), H'(R)]s,:

o1 -
1T L), B ()]0 —Lo(r) < 2 (gx/gh) .
Summarizing we derived the following

Lemma 4. Let hma hy > 0; R = ("L‘Oa Zo + hx) X (y07 Yo + hy); u e [LQ(R)a Hl(R)]Q,J fOT
some o € [0,1] and the averaging operator Ilg be defined as above. Then the following
estimate holds

|u — Mgullo,r < Ch? ||ulliLyr), 11 (R)).0

where h := diam(R) and the occuring constant C' is independent of the element aspect
ratio.
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Now let us continue to get an anisotropic estimate of the diffusion term. Resuming (7)
we proceed in the same fashion as before: Define Uz, p := Il7u,, and “—wy|T = Ipug,
to be the averages of the respective functions on element T and insert the particular
polynomial

1 5
p($,y) = aumm\Tx + uwy|T xry
into (7). Eventually, Lemma 4 yields the fractional estimate

| /T(U — "), dx| < Ceh? (holltes || Loy, m (s + Pylltayllpom).m @) ) vz llors

on every element 7' € 7, and hence globally using Lemma 8 of the Appendix:

1 o
e /QV(U — o) Vodx| < Ce2h"™ (JJugs |l (po) 1 @))n.0 + eyl 22,11 @)s0 ) [V]16.0-

Finally, by applying norm equivalence of the fractional Sobolev norm and the norm in
the interpolation space (cf. Theorem 4 in the Appendix) we can summarize the result in
the following

Lemma 5. Let the function u satisfy the reqularity assumption v € H**7(Q) for some
o € 10,1]. Then the following estimate holds with a constant C' independent of the mesh:

g / V(u—u')- Vodx| < O [lullysnallv] oo (13)
Q

2.2. The convection term

Let us now continue with the estimation of the convection term
/ b-V(u—u')vdx
Q

under low regularity assumptions. First note that without loss of generality it is possible
to assume that the vector field b is piecewise constant on every element. This can easily
be seen by inserting an elementwise constant interpolant b of b:

I/(b —b)- V(u—u)vdx| < hl[blliec,0 lu—u'li o [[v]o,0 < CRfuls,0 [[v]lo,o-
Q
Thus, we integrate by parts and obtain

/Qb-V(u—ul)'de:—/Q(u—ul)(v-b)'udx—/(u—ul)b-Vvdx. (14)

Q

The first term can be handled by standard interpolation estimates,
| /(u _ W) (V - b)vdx| < CR [l [0 ],
Q

Hence only the second term still makes trouble. Motivated by what has been done in the
previous subsection we will again add and subtract the second order polynomials
1 1

pr(T,y) = Sy 7 + 5| y?
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on every element. Thus, the second term of (14) can be split into

/Q(u—u )b - VUdX—Z/ u—p)— (u—p))b-Vodx +Z/p »)b - Vudx.
(15)

This decomposition allows us to treat the first part similar to the steps applied to the
diffusion term. Additionally, an inverse inequality gives

Z/T«u—m—(u—p)f)bwax

<CR*Y " u—plar|b- Vollor
T

< Ch'"™ |ulaio0 ||v]0,0-

We continue with the second term in (15). Since p € Py and b - Vv € Py one can show
directly that

1
Z/ p—pb- Vvdx-—ﬁ (hi/pmb-Vvdx—th/pyyb-Vvdx),
T T

and hence estimate

Z/T(p—pl)b~Vvdx

After expanding (16) every single contributions of these four summands can be estimated
in the same way. As an example we demonstrate the steps for one occuring term. Hereby,
the set 75, is obtained by discarding from 7;, all elements which share an edge with the
east boundary, {x € 90 : x = 1}, of Q. Moreover, for every element T € T,, T shall
denote the “east” neighboring element of T. The sets er and wr refer to the “east” or
the “west” boundary of T', respectively:

) hiu—mw/bwmdx—h S i b (/ —/ )vdy
TETh TETh er wr
=12 (Uaayr byr — Taair+ bir+) / vdy

TeT, er

<C (16)

> (W2 + b Uyyr) /T(blvz + byv,) dx
T

= hZ Z (Tgz|r (byr — b+ ) + byjrt (Uzz 7 — U7+ ) / vdy.
TET, er

(17)

Before we can continue to estimate the differences of the means on neighboring elements
we need the following two lemmas.

Lemma 6. Let u € H'(I) be defined on the interval I := (0,2h) for some h > 0 and let

Mapu = 57— fab u(z) dx be the mean value operator on the interval (a,b) C I. Then the
difference of the two neighboring means g pyu and I opyu can be bounded by

W3
3

|H(O,h)u - H(h,zh)u
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Proof. Let us first assume that the function u € C'(I). Essentially, we insert a zero
such that we can introduce the derivative of u by means of the fundamental theorem of
calculus. The general statement follows from the density of C'(I) in H*(I):

1

h 2h
M~ Tl = 1| [ (o) = ayae + [ ) = ut)s

h| o 1 (2 h
/ / u'(s)ds|dx + —/ / u/'(s)ds
0 h hJn Y

1
he (luh, on) + luly, (hom) -

dy

O
Lemma 7. Let D C R? be open such that D := Ty U T, with the neighboring rectangles
Ty := (0, hy) x (0, hy) and Ty := (hy, 2h,) x (0, hy).

Then the neighboring means of some function u € H*(D) can be bounded by

1
22 h2

v — Hpu| < 5 1 |tzlo, -
)

Proof. We want to apply Lemma 6. Thus, write

1 hy 1 ha 2h s
Tpu — Mpul = — / — (/ u(z,y)dx —/ u(:p,y)dx) dy'
hy|Jo  ha \Jo .
1 1
2V2h2 | [T ([P :
<220 ([T @arerar) ay
3 hy |Jo 0
1
2V/2 h2
< T_l ‘uz”O,D-
hy
O
The fractional version of Lemma 7 is again derived in interpolation spaces.
Corollary 1. Let the assumptions be as in Lemma 7 and o € [0,1]. Then
o1
- 2
gy u — pul < C— [[ulliryn),51 (D)0 -
y
Proof. Since
2
Hru — Hpyu| < —— [Jullo,p
hz hg
the statement follows from Lemma 7 using interpolation spaces. O
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Eventually, from (17) we move on by estimating

1
hy
Zhi u—m|T/ biv.dx| < Chi Z <hz |u—m|T| + — ||Um||[LQ(TUT+),H1(TUT+)}2,C,> /vdy
TET,, T TeT, hy er

< Chy ([lusello,o + he ™ uaalliza@),m @20 ) [10llo,0
< Ch;+a||u||2+a,ﬂ||v||0,ﬂ'

Altogether, we continue from (16) and obtain

Z/T(p—pl)b~Vvdx

Summarizing, the convection term admits the following bound:

< Ch™7 |Jull240, 0l ]lo, o-

/ b-V(u-— ul)'u dx < Chlte w240, 0l|v]|0, - (18)
Q

Remark 2. Note that by using standard interpolation estimates, one obtains a bound of
order O(h?) for the reaction term.

Finally, the collection of every single contribution together with (5) allows to summa-
rize the results in the following

Theorem 1. Let 0 € [0,1] and assume uw € H*'(Q) for the exact solution of (3).
Furthermore, let u! be the nodal interpolant of u and uy, its bilinear finite element approxi-
mation. Then the following bound holds:

lu! = unllre < C2RM + 17 + h)ull2o- (19)

3. Numerical experiment for the Galerkin method

Let us now have a look on how numerical experiments reflect the order of convergence
suggested by the theoretical estimates. Because the Galerkin method is not the adequate
method for e < 1 we only present results for e = 1 and consider the following convection-
diffusion-reaction boundary value problem

—Au — 0.5u; —uy +u =1, upg =0

in domains €2, that are parallelograms spanned by the two vectors ((1)) , (—i’c 0), xo > 0.

It is well known that the solution exhibits corner singularities in dependence of the obtuse
angle at the origin. Hence, the parameter xy controls the strength of the singularity at the
origin and thereby the regularity of the solution. A closer investigation using regularity
theory in non-smooth domains (cf. [8], [3] and [6]) reveals that the solution has the
following regularity in dependence of the parameter xg:

1

€ H°(Q), V6>0, with s =1 :
" (1), ) WIS * 0.5 + arctan(xo) /7
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T 075 05 0.25
TOC 14188 15442 1.7302
EOC(I—2) 14308 15627 1.7555
EOC(I —1) 14241 15534 1.74865
EOC(l)  1.4230 1.5504 1.7430

Table 1: Rates of convergence for ||ul — wup]|1 ..

For three different values of o we compare in Table 1 the theoretical and experimental
orders of convergence (TOC/EOCQC) for the quantity ||u’ —up||1 .. The EOCs are displayed
for the last three levels of uniform grid refinement. Since for this example we cannot access
the exact solution, a reference solution is computed on level [ + 1 using biquadratic ),
elements that substitutes for the exact solution. One observes that the numerical rates
are astonishingly close to the theoretical orders of supercloseness.

4. SDFEM error analysis

Let us now turn to the streamline-diffusion finite element method (SDFEM) as a dis-
cretization for the boundary value problem (1). Using the same finite element space V},
as in Section 2, the discrete problem related to the SDFEM reads as follows:

Find v € V}, such that for all v € V},

asp(u,v):=a(u,v)+ Z or(—eAu+b-Vu+cu, b-Vo)r=(f,v)+ Z or(f,b- Vo),
TeTh TeTh

(20)

where (.,.) and (.,.)r denote the standard L, scalar products on Q or 7" respectively. The
parameters 07 have to be chosen for all elements T'. If for an arbitrary element we define
the local Péclet number by

_ Iblloc,rhr

T 2

then the analysis of the SDFEM (cf. [7]) suggests on isotropic meshes to choose the
following values for dr:

PeT

5. — Joohr/|[bllocr, if Per>1
RS if Pep <1,

with appropriate user chosen constants dy and d;. Next we introduce the streamline-
diffusion norm

loll3p == elolf + loll§ + Y drllb- Vollgz, (21)
TeTh

in which one shows coercivity of the bilinear form, cf. [7]. Since the SDFEM still preserves
consistency of the discretization we have, similar to (5),

aspllu’ —unl|%p < asp(u’ — up, u' —up) = asp(u’ —u,u’ —uy). (22)

183



The streamline-diffusion finite element method was proposed by Hughes et al. in [4] and
first analyzed by Johnson and Néavert [5] in order to handle the known instabilities of the
Galerkin method. It was proved in the SD-norm that for linear or bilinear elements

lu —unllsp < C(e2 + h2)hluls, (23)

which carries over to a bound for ||u’ —uy,||sp and also implies convergence in Ly with order
O(h?) (assuming ¢ < Ch, the convection-dominated case). Remark that for problem (1)
the application of the Nitsche-Trick for proving optimal Ly convergence is not possible.
In several papers the optimal accuracy of the SDFEM in L, was discussed depending
on the geometry of the mesh (see [12]). Using Lin identities (cf. [10], [9] and [11]) one
can prove a supercloseness result on tensor product meshes or uniform triangular meshes
of the type
lu! = unllsp < C(e2h? + B)(Juls + [ul,q0) (24)
which implies L, convergence of optimal order O(h?) in the convection-dominated case.

By imitating the techniques for the Galerkin bilinear form in Section 2 on the two
essential additional stabilizing terms in (20) we derive the following bounds

Z&p/ b-V(u—u")b-Vudx < Ch'™||ull2ss.allvllsp.a;
eZéT/ Aub - Vodx < Ceh7|lullaso oflv]lsp.
T

Together with the estimates for the Galerkin bilinear form, inequalitites (22) and (23)
the above bounds yield the result

lu = unllsp < C(2A*7 + hm=d2 1) 4 o3 min{h, £257})|[u]| 10,0

< Ch™ 5149 |yl gy 0.0, for e < Ch.

For o < % these estimates seem to be suboptimal since the regularity does not have
any impact on the rate of convergence in this case. In fact, it is possible to improve
these bounds by pursuing a different strategy. The idea is to take the known bounds
for H?- and H3-regularity and apply Theorem 3 of the Appendix to obtain fractional
estimates. The bounds (24) obtained via Lin identities, however, are not practicable for
the interpolation theorem, since they involve norms in two different spaces to measure
the regularity. However, using the techniques from the Galerkin estimates above, it is
possible to get rid of the | . |2, norm at the right hand side of (24):

Let us first consider the convection term. From the derivation of (18) and the analysis
leading to the standard estimate (23) (cf. [7]) one recalls that

(b V(u—u),0)| < CW|lulls][o]lsp, [(b-V(u—u'),0)| < Ch2lulollv]lspa.  (25)

For every v € V}, let us define the operator T, : H*(Q) - R:u— [,b- V(u—u')vdx.
Since from (25) we know upper bounds for ||, || g2(@)—r and || T, || g3@)—r an application
of Theorem 3 yields the interpolated estimate

[ bV uhodx < ulsalol oo (26)
Q
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lulls flulls full2+o

Jb-V(u—uv hi K2 R3S
S>o0r [b-V(u—u)b- Vo h3 R h3t$
e 0r [A(uw—ulb-Vu | ezh  eh  e2t5h

Table 2: Interpolation results.

Analogously, a similar definition of operators {7}, }.ey;, adapted to the remaining terms
in the stabilized bilinear form agp(.,.) together with Theorem 3 of the Appendix yields
their respective fractional bounds. Table 2 shows the known error bounds for H?2- and
H3-regularity and the interpolated result. A collection of every single contribution and
the representation of the error (22) yields the final estimate that only requires H**°-
regularity:

Theorem 2. Let o € [0,1] and assume uw € H?*T7(Q) for the exact solution of (3).
Furthermore, let u! be the nodal interpolant of u and wy, its bilinear finite element approxi-
mation using streamline diffusion stabilization. Then the following bound holds:

[u! — upllsp < C(e7R7 + B35 + h? + 7 3R) ||ullage. (27)

5. Numerical Experiments for the SDFEM

The folowing numerical experiment shall illustrate the dependency of the rate of
supercloseness on the regularity of the solution in comparison with (27). Thus, consider
the following homogeneous Dirichlet boundary value problem in the domain € = (0, 1)?
with € = 1073

—eAu — Gi;) Vu+ (2+2H)u=f. (28)

We assume the exact solution of (28) to be
Uex(x) = x|y (1 — 2)(1 —y)

and determine the source term f such that wu., satisfies the differential equation (28).
A closer investigation shows that the parameter o« > 0 controls the regularity in the
following way

Uex € H>70(Q), V6> 0.

For the computations we choose several values for a. The corresponding regularity of ey
together with the experimental orders of supercloseness of the last three uniform refine-
ments are displayed in Table 3. Concerning the decay of ||u! — uy||sp one observes that
indeed the order of convergence depends on the regularity of the solution. However, the
observed rates reflect slightly better convergence properties than the theory predicts.
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S Ue € HY(Q) 2.1 2.2 2.3 2.7
EOC(I—2) 1.6251 1.7398 1.8549 2.0416
EOC(I—1) 1.6176 1.7294 1.8442 2.0260

EOC(]) 1.6140 1.7229 1.8366 2.0162

Table 3: EOC for ||u! — uyl|sp-

A. Appendix - Interpolation Spaces

Here we give a short survey of some facts about interpolation spaces as far as their
properties have been used in the article. The interpolation spaces are to be understood
in the sense of the “real interpolation method”. For more information and a proof of the
main theorems the reader is referred to [2] and [1].

First, for two Banach spaces A; and Ay with Ay C A; we give a definition of the
interpolation space [Ay, As]a, (which is also a Banach space).

Definition 1. Let Ay, Ay with Ay C Ay be two Banach spaces and o € (0,1). The Banach
space [A1, Agla, consists of all u € Ay that are finite in the following norm

1
00 2 2
lellfar.as = (/ 2! (iﬂf (lu = vl[a, +tH’UHA2)> dt) : (29)
0 vEAs

Moreover we agree on the convention that [Ay, Aslag := Ay and [Ay, As)aq = As.

Concerning interpolation spaces, the main tool used in this article is the following
Theorem formulated in terms of operators on these very spaces.

Theorem 3. Let A, Ay with Ay C Ay and B be three Banach spaces and let T be
a linear operator that maps Ay to B. Furthermore let Ao denote the interpolation space
[A1, As)a s for some o € (0,1). Then T can be considered as a linear operator from Ajy
to B. Moreover, the corresponding operator norm satisfies

Tu
”THA12~>B = sup H ”B
uear\ o} [lulla

< T2 5 1T 1%, - -

Furthermore, it is possible to characterize the following particular interpolation spaces
as fractional order Sobolev spaces. A proof of the subsequent theorem can be found, e.g.,
in [2].

Theorem 4. Let o € [0,1]. For all domains 2 with Lipschitz boundary one has
H? () = [La(Q), H' ()2
and the norms are equivalent.

Also note that in order to sum up estimates that were derived locally one needs the
following summation property for (29) which follows from a direct calculation.

Lemma 8. Let €2 be a domain and T a partition on 2. Then

D sy ey, < 2l @, .
TeT,
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