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Abstract

In this paper, we investigate the a priori and the a posteriori error analysis for the
finite element approximation to a regularization version of the variational inequality
of the second kind. We prove the abstract optimal error estimates in the H'- and
Lo-norms, respectively, and also derive the optimal order error estimate in the L.-
norm under the strongly regular triangulation condition. Moreover, some residual—-
based a posteriori error estimators are established, which can provide the global upper
bounds on the errors. These a posteriori error results can be applied to develop the
adaptive finite element methods. Finally, we supply some numerical experiments to
validate the theoretical results.

1. Introduction

Many important physics and engineering problems, such as contact with friction,

obstacle problems, problems in plasticity and viscoplasticity, etc.( see, for example,
[4, 8, 10-13]) can be formulated as variational inequalities. The aim of this article is
to present some a priori and a posteriori error estimates based on the finite element

approximation for the following variational inequality: Find u € V' such that

alu,v —u) + jy(v) = jy(u) = (f,v—u) Yo eV,

where

a(u,v):/Q(Vu-Vv—i-uuv)dx, (f,v):/gfvdx,
jw(v):/F w(v)ds, V:{UGHI(Q)Z v =0, on F\FN},
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and 0 C R? is a convex polygonal domain, yz > 0 is a constant, I' = 0Q, 'y C T,
meas(I'y) > 0, and

gv—121g*, v =g,
Y(v) =4 35v% o] < 79, (1.4)
—gv— 1%, v < =g,

with the constant g > 0 and the small parameter v > 0. Problem (1.1)-(1.4) is
a regularization version of the variational inequality of the second kind:

v =)+ ) = j0) 2 (foo—w) Ve Vi jo) = [ gl (15)

I'n

and when v — 0, its solution u = w, converges to the solution u of problem (1.5).
See, for example, [8,10]. Since

vg*meas(I'y) Vv € HY(Q),

N | —

77 (v) = j(v)] <

it is easy to see that )
Juy = ulls < /7 g(meas(I'y))z.

Finite element methods for the variational inequalities of the second kinds (includ-
ing their regularization versions) have been studied for many years simply because of
their practical importance, but the bound on the discretization error in the literature
is suboptimal [1, 8-10]. In existing work, the finite element discretizations are di-
rectly applied to the variational inequalities, which makes the finite element analysis
very difficult because of the inequality constraint. In this paper, we establish the
finite element discretization by a different way. We first transform the variational in-
equality problem (1.1) into an equivalent variational problem, and then construct the
finite element approximation and give the unique existence and stability of the finite
element solution. By this approach, we establish the abstract error estimates in the
H'- and Ly-norms, respectively, which imply the optimal convergence on both the
approximation order of the finite element space and the regularity required for the
exact solution. In addition, when the solution is smooth enough, we further derive
the optimal order error estimate in the L,,-norm under the strongly regular triangu-
lation condition [17]. Moreover, we study the a posteriori error estimate of the finite
element solution. We know that an a posteriori error estimate is set as a theoretical
basis for the adaptive computations based on h, p, and hp finite element methods,
and in this article, we give some residual-based a posteriori estimators which yield
global upper bounds on the discretization errors in the H'- and Le-norms. It should
be pointed out that for the finite element approximations to variational inequalities
of the second kind (including their regularization forms), it is very difficult to obtain
the optimal order error estimates in the Lo- and L..-norms. Hence, our method and
result here provide some theoretical significance into the literature.
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This paper is organized as follows. In Section 2, we transform the variational
inequality problem (1.1) into an equivalent variational problem, and then construct
the finite element discretization and discuss the unique existence and the stability of
the finite element solution. In Section 3, some abstract error estimates are established
and the optimal order error estimates are derived in the H'-, Ly- and L.-norms,
respectively. Section 4 is devoted to the a posteriori error analysis of the finite
element solution. Finally, in Section 5, we present some numerical examples to
illustrate our theoretical analysis.

In this paper, we adopt the standard notation W for the Sobolev space on the
domain € with the corresponding norm ||-||,,,., and when p = 2, Wi* = H™, ||-||m2 =
| - ||m- Denote by (-,-) and |[|-,-|| the inner product and the norm, respectively, in
the Lo-space. We will also use the letter C' to denote a generic positive constant
independent of the mesh size h.

2. Equivalent problem and its finite element approximation

First we derive the equivalent variational form of problem (1.1). In (1.1) taking
v=uzxtw,t>0, weV, weobtain

+a(u,w) +/ Ylu i—tu;) — w(u)ds > +(f,w) YwelV.

Setting ¢ — 0, and noting that
4 _
b ) — ()

t—04 t

= £ (ww = tp(u)w,

we see that the solution u of problem (1.1) satisfies

a(u,v) +/ e(uvds = (f,v) YveV, (2.1)
I'n
where
g, t=19,
p(t) =¢'(t) = t/v, [t <9,
-9, 1< —7g.

Formula (2.1) gives the equivalent variational form of problem (1.1)—(1.4).

Lemma 2.1. The function p(t) € H'(—o00,00) and it satisfies the following Lips-
chitz’s condition and the monotonicity condition:

]gp(u)—gp(v)]§%|u—v| Yu, v € R, (2.2)
(p(u) — () (u—v) >0 Yu, v € R. (2.3)
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Proof. It follows from a straightforward calculation that

1
-, t S
S =1 5 1l <y
0, [t| >~9,
and
gp(u)—gp(v):/ / "+ 7(u—v))dr (u—v),
which, together with ¢'(t) > 0, leads to (2.2)—(2.3). O

Corollary 2.1. The solution of problem (2.1) is unique and satisfies the inequality
1 .
Jull < =1l where o = min{ 1.4}
0
Proof. Assume that u; and wus are the solutions of problem (2.1). Then, we have

a(u; — uz,v) +/F (p(ur) —p(ug))vds =0, v e V.

Taking v = u; —us, the uniqueness is obtained by using Lemma 2.1 and the coercivity
of a(u,v). Now setting v = w in (2.1), from Lemma 2.1 we know that ¢(u)u > 0
(noting that ¢(0) = 0), which yields

alu,u) < (f ).
Thus, the stability estimate is derived. O

From book [8], we have known that there exists a solution u € V' to problem (1.1).
Then according to Corollary 2.1 and the equivalence of problems (1.1) and (2.1), we
can conclude that problem (2.1) has a unique solution which is also the unique
solution of problem (1.1).

Let J, = U{e} be a regular finite element triangulation of domain Q para-
meterized by the mesh size h = max h, so that Q = U.cy, {€}, where h, is the
diameter of the element e. We assume that the triangulation is made such that the
vertices of ['y are also the mesh points of the triangulation Jj,. Introduce the finite
element space V;, C V as follows:

Vh = {Uh - C(ﬁ) . Uh|e € Pk<€), Uh|F\FN = 0 ‘v’e & Jh},

where Py(e) is the set of polynomials of degree at most k on e. The finite element
approximation of problem (2.1) is defined to seek u;, € V}, such that

a(up, vp) —1—/1‘ o(up)vpds = (f,vn) Yo, € V. (2.4)
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Theorem 2.1. Problem (2.4) admits a unique solution, which satisfies the stability
estimate

1
Junlle < —II £l
Mo

Proof. It follows from taking v, = wu, in (2.4), using Lemma 2.1 and the coercivity
of a(u,v) that we can immediately obtain the stability. Below we discuss the unique
existence.

Let {4; }Y, be the basis function system of space V,. Then we can set u; =
SV withi(z) Yuy, € Vi, Now we rewrite equation (2.4) as

—

AT+ @ @) =f or d=Tu=A"f - (W), (2.5)

where A = (a(1;,7j))nxn is a positive definite matrix and
— —
u:(u17u27"'7uN)T7 @:(@1’902’---’90]\7)717

o) = / o(Sutbi(x)yds, =12, N

From Lemma 2.1 we know that 9_0) (17) is Lipschitz continuous, and hence the mapping
T: RN — RV is a compact mapping. Furthermore, from the stability estimate, we
see that any solution U of equation:

u=oT E, o€ [0,1],

lies in a bounded set of RY. Then, by the Brouwer fixed point theory (see Theo-
rem 10.3 in [6]), the mapping T has a fixed point in RY, that is, the solution to the
discrete system of equations (2.5) exists. The proof of uniqueness is similar to that
of Corollary 2.1. O

3. A priori error analysis in various norms

Let ¢y be the positive constant in the trace theorem such that
ull o) < collulls Vu € H. (3.1)

Theorem 3.1. Let u and uy be the solutions of problems (2.1) and (2.4), respec-
tiely, uy = max{ 1, }. Then, we have the following abstract error estimates in the
H'-norm and the Ly-norm:

1 c
u—upl < — + — | inf |ju— w1, 3.2
o=l < o (s + D) inf lu =l 52)
2 1.
u—wll < (i + @) sp Lol ing ool ol 33
v/ qeLa(@ U llgll vnevi

where, for given q € Ly(2), w € V' is the unique solution of the elliptic problem (3.5)
below.
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Proof. From (2.1) and (2.4) we derive the error equation

a(u — up, vp) —I—/ (p(u) — p(up))vpds =0 Yo, € V. (3.4)

I'n

Hence, using Lemma 2.1 and the trace theorem, we have for v, € V}, that

pollu — unllf <a(u —un, u— up)

:wu—uMu—mJ—/'wm»—wwwx%—MMds

I'n

:wu—umu—m»—/ (1) — () (03, — ) ds

I'n

—[:wwwﬂm%»w—uww

1
< gl = wnllllw = enll+ = [ Ju= |~ ol ds
7 Jry
2

&
< pllu = upliflu = onll + ;Ollu = tupl1[lu = onllr-

Then, estimate (3.2) is obtained.
In order to derive the error estimate in the Ls-norm, let us consider the auxiliary
problem: For any given ¢ € Lo(2), find w € V' such that

A(w,v) = (q,v) Yo €V, (3.5)

where

Afw,v) = alw,0) + | pwvds, B(x):%ﬁuh). (3.6)

From Lemma 2.1 we know that 5(z) € L. () and
z € Q.

1

This implies from the coercivity of a(u,v) and (3.1) that

1
pollwl}? < Aww), 140 < (4 2 fuliloll Vee v

Thus, we see that A(w,v) is a coercive, symmetric and bounded bilinear form on
V x V', so that the solution w of problem (3.5) uniquely exists. Now, it follows from
taking v = 0 = u — uy, in (3.5), and utilizing equation (3.4), the definition of g,
Lemma 2.1 and the trace theorem that for v;, € V}, we have

322



(W—tunq) = alb,w)+ [ Bwhds

= a(f,w—uvy) — /F (p(u) — p(up)) vy ds + w0 ds

'y

— a(Bow— ) + / () — p(un)) (w — v3) ds

'y

IN

L,
alle = wnllrlw =onlh + Zeolfu = unlhflw = val

Because both g € Ly(2) and v, € V}, are arbitrary, we arrive at the conclusion
claimed in (3.3). O

Let u; € V}, be the usual interpolation approximation of a continuous function
with the approximation properties [2]:

lu = urllope + hellu — urll1pe < CRI|ull1yspe, 0<s <k, 2<p<oo,ec€ .
(3.7)
Then, from Theorem 3.1, we immediately obtain the following conclusion.

Corollary 3.1. Let u and uy, be the solutions of problems (2.1) and (2.4), respec-
tively. Then, u;, converges to u in the H'-norm, and if u € H'**(Q)) we have

lu — uplli < Ch*|ull14s, 0 < s < k. (3.8)

Furthermore, assuming that the solution w of problem (3.5) belongs to H'T*(Q),
0 <a<1and |[wlia < Clgll, we have

lu —up|] < CR*lull1ys, 0 < s <k, 0 <a<1. (3.9)

Obviously, the error estimates (3.8) and (3.9) (with a = 1) are optimal on both
the approximation order of the finite element space and the regularity required for
the exact solution.

Remark 3.1. According to the regularity theory of elliptic problems [6, 7], when
the domain Q and function B(z) satisfy some smooth conditions, we indeed have
that the solution w € H*(Q) and ||w|l2 < C(22)]|q]|-

Below we will discuss the error estimate in the L,,-norm by using the linear finite
element space. We need an additional assumption on the triangulation J;, (see, for
example, [17]).

Definition 31 A quadrilateral $SABCD is called an approzimate parallelogram if
(see Figure 1)

| AB— DC | <CR?, |BC — AD|<Ch.
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Definition 32 A triangulation J, is called strongly reqular, if any two adjacent tri-
angular elements of Jy, form an approximate parallelogram (see Figure 1).

Under the strongly regular triangulation condition, we have the well known inter-
polation elementary estimate for the linear finite element space V}, (see Theorem 4.8
in [17]).

| a(u —ur,va) | < CR*(|lu

2,00 1+ [[ulls) lonllr, v € Vi (3.10)

By means of this estimate, we can prove the following result.

Theorem 3.2. Let u and uy be the solutions of problems (2.1) and (2.4), respec-
tively. Assume that the triangulation Jy, is strongly regular, Vi is the linear finite
element space, and u € W2 N H®. Then we have

1 1
= wnflome < € (1 ; ;) W2 b |3 (allae + llulls ).

Proof. It follows from equation (3.4), Lemma 2.1, the elementary estimate (3.10)
and the trace theorem that

prollur — Uh”% < a(uy — up, usr — up)

= a(ur — u,ur — up) — / (p(u) = @(ur) + @(ur) = (un))(ur — un) ds

'y

< a(ur -y ur — up) — / (p(u1) — (uar))(uig — up) dis

1
< Ch*(Jullz.co + lllls)llur — unlls + Sl = o lfer = unllaws

1
< CP*(Nlullzo0 + llulls)llur — unll + C;hQHUII:’)HW — unll1,
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where we have used the fact that
Ju = sl Lory) < CR2|ullz00 < Ch?|ulls,

which results in a super-approximation estimate,
Ly o
Jur —uplh < C {1+ S h*([ull2,00 + [|uells)- (3.11)

Now, we have by using the weak embedding inequality in the finite element space [17]
that,

[vnllo.c0 < Cln h|%\|vh||1, vp € V. (3.12)

Thus, we obtain from (3.11)—(3.12) that

1
[ = unllo,c0 < [l = urlloo + ClIn A2 [Jur — uplly

1
< llu = uilloco + CH*[In A2 ([Jufl200 + [[ulls),

which, together with ||u — uz|jo.co < h?||t]|2,00, completes the proof. O

4. A posteriori error analysis

In this section, we will derive some residual-based a posteriori error estimators
which provide global upper bounds and local lower bounds on the error v — uy. To
this end, we need to introduce some notions.

Let J;, be a regular finite element triangulation of domain 2. We denote by &, =
U{l C de : e € J,} the union of all the edges of Jy,, and & = U{l C 9e\IN : e € J,}
the union of all the interior edges of J,. Let [ be an edge shared by two adjacent
elements e; and eq of J,, and n; = nlg,, the unit normal vector external to de;. For
a piecewise smooth function v on triangulation .J,, we define the jump [%} of g—z

on [ € &) as follows:

[@} =V -ni+Vua-ny, on leE,
on

where Vv; = V|, is the trace of Vv from the interior of e;.
Below we assume that there exists an interpolation function m,v € V), satisfying
that (e.g., the Clément interpolant (see, for example, [3]))

lv — mpo|se < C’hé’sHvHLwﬁ, s=0,1, ve Hl(we), e e Jp, (4.1)
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where w, = U{e’ € J;, : @ Ne# O}. Define the error estimators as follows:

n@wm=(§jWﬂf+Am—uwma)ﬂ

ecJp
oun|I” \?
S 5— u 2
(e ]!
0,1
leg) '
(s) o hs—1/2 Ouy, 2\ 2 S
ny’ (un) = Z I %‘FS@(W) N 821,
ICI'ny 3

where h; is the length of the edge | € &,. Obviously, all these quantities are com-
putable in terms of the finite element solution wy,.

Let u € H'(2) be the solution of problem (2.1). Following a variational argument,
it is easy to see that u is characterized by the following boundary value problem in
the distribution sense:

—Au+pu=f, in Q, (4.2)
u=0, on '\ Iy, g_u +¢(u) =0, on I'y. (4.3)
n

Theorem 4.1. Let u and uy be the solutions of problems (2.1) and (2.4), respec-
tively, uw € H*(Y). Then, there exists a constant C, independent of u, uy,, v and the
mesh size h, such that

[ — unlly < C(™ (un) +ni" (un) + 0y (un)). (4.4)

Proof. Denote the error function § = u — uy,. Using the error equation (3.4) and
integration by parts, we have that for v, € V,

1oll0llF <a(9,0) = a(0,6 — vy) + a(f, va)
=a(0,0 — vy) — /F (SO(U) - SO(Uh))Uh

= Z(—A@ + ub,0 —vp)e + Z / %(9 — ) — / (SO(U) - Sﬁ(uh))vh

ecJy ecJy e Iy
ZZ(f—l—Auh—,uuh 6 — vy) +Z/ G (0 — vy)
Y e . an
e€Jp legy

+ /FN 2_2(9 — ) = /FN () = plun))n
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= (f + Ay, — g, 0 — vp)e Z/{auh] 0 — uy)

e€Jp legy

+ / (§Z+w< ) - go(uh>) (0 —vn) — /r (o)~ ()
< S + Aup — pun, 0 — ), Z/P“"] 0 — )

ecJy legy

- [ (G o) 6w

where in the last inequality, we have utilized the boundary value condition (4.3) and
property (2.3) of function . By taking v, = 7,0, we obtain

pollOlIF <D I + Auy — punflo. 116 = w0,

ecJp
ou
+Z |: h:| H9—7Th0|\0,l
1680 0,1
ou
+ Z —h +o(up)|| 160 = mblos,
Ic'ny 0

from which and the well known trace inequality (see Lemma 2.3 in [16]), we obtain
[ tuPds <. (i ull, + beValE) Vue o), (45)
Oe

This, together with the approximation property (4.1), completes the proof. 0

In order to derive the a posteriori error estimate in the L;-norm, we need to
introduce the auxiliary problem once again in the distribution sense:

—Aw+pw=u—u, in Q, (4.6)
0
w=0 onl\Ty, 8—:—1—6@)10:0 on Iy, (4.7)

where B(z) = (¢(u) — @(un))/(u — up). We assume that problem (4.6)—(4.7) admits
a solution w € H'T*(Q) satisfying

HwH1+a < CHU - UhH> 0<a<l

Theorem 4.2. Let u and uy, be the solutions of problems (2.1) and (2.4), respec-

tively, u € H'(Q). Then, there exists a constant C, independent of u, uy and the
mesh size h, such that

= wall < € (05 () + 7 wn) 40§ V() 0 <@ <1 (48)

327



Proof. Let w; € Vj, be the interpolation of function w, # = v — u;,. From equa-
tions (4.6)—(4.7) and the error equation (3.4), we have

16112 =a(w, 6) — / 9 — aw,0)+ [ Bwo

N an Ty

(0w — w) / (p(u) — lun))ws + | Buwd

INY

—a(6,w—wy) + / (p(w) — () (w — wy)
—Zf‘i‘Auh—,uuh,w wr)e —l—Z/ (w —wy)

ecJy ecJy

¥ /FNw(u)—w(uh»(w—wf)
_Zf—l—Auh—,uuh,w wr)e —|—Z/[ }w_wl)

e€Jp legy

# [ (G et et ) (w =

—Z |+ Aup, — pup, w — wy), Z/[auh] (w — wy)

e€Jy legy

-/ (5 + o) (= )

Then, it follows from using the trace inequality (4.5), the approximation
property (3.7), and noting ||w]|11a < C||0|| that the proof is completed. O

In practical finite element computations, it is desirable to implement them in an
adaptive fashion. A typical procedure is to start with a coarse mesh first, and then
use some a posteriori error estimators, say, provided in this section, as a guidance to
properly refine the mesh locally or globally to achieve the desired accuracy. Many
articles have discussed such adaptive algorithms, see, e.g., [5, 14] and the references
therein, so we omit the further discussion here.

5. Numerical experiments

In this section we present some numerical examples to validate our theoretical
analysis. The related data in problem (1.1)—(1.4) are Q = (0,1) x (0,1), p = 1,
g=1,Ty={x=1}. We take the exact solution as

vcos 1+ sin 1l

uy(z,y) = (Slna: - T

93) sinmy, v >0, (z,y) € Q,
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and the corresponding source term as

vcos1+sinl

f:((2—|—7r2)sinx—(1+7r2) T

a:) sin 7y.

We first partition €2 into a uniform square of mesh size h, and then divide each
square into two right triangles in the same configuration. The linear finite element
is used in the experiments. Denote by e, the error between the exact solution and
the numerical solution on mesh size h under some suitable norm, and the numerical
convergence order is computed by

_ In(ep/e;)
Inh

In Table 1 and Table 2, we display the error and orders of convergence for numerical
solutions in the Ls- and L..-norms, respectively. We see that the computation
accuracy is very high and the theoretical orders of convergence are achieved, noticing
that v << 1.

mesh size v =0.01 v = 0.001
h error order error order
1 3.5617e-1 - | 3.6272-1 -
1/20 0.95e-4 2.7470 | 0.532e-3 2.1780
1/40 0.59e-4 2.3600 | 0.487e-3 1.7927
1/60 0.52e-4 2.1571 | 0.476e-3 1.6208
1/80 0.50e-4 2.0244 | 0.471e-3 1.5168
1/100 0.42¢-4 1.9642 | 0.368e-3 1.4968

Table 1: Order of convergence in the Ly-norm.

In Table 3 we display the approximate a posteriori error bound in the Lo-norm
with v = 0.01 and the effectivity index (see (4.8)),

(2)

Mol (Un)
= Ol (un) = 1 (un) + 0 () + 12 ().

ey =l

As expected, we see that the error estimator 7 j(us) is effective, that is, o ~ 1.
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mesh size v =0.01 v = 0.001
h error order error order
1 3.8343e-1 - | 3.8851e-1 -
1/20 0.180e-3 2.5582 | 0.167e-2 1.8178
1/40 0.172e-3 2.0899 | 0.168e-2 1.4758
1/60 0.172e-3 1.8829 | 0.168e-2 1.3295
1/80 0.172¢-3 1.7593 | 0.168e-2 1.2422
1/100 0.172e-3 1.6741 | 0.168e-2 1.1820

Table 2: Order of convergence in the L.-norm.

mesh size h | 1 1/20 1/40 1/60 1/80 | 1/100
Mol (un) | 1.9407 | 0.503¢-3 | 0.280e-3 | 0.172¢-3 | 0.157¢-3 | 0.120e-3
o 5.4487 | 5.2050 | 4.7481 | 3.3101 | 3.1397 | 2.8477

Table 3: A posteriori error estimators and the effectivity index.
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