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Abstract

The existence of spherically symmetric solutions is proved for a new phase-field
model that describes the motion of an interface in an elastically deformable solid,
here the motion is driven by configurational forces. The model is an elliptic-parabolic
coupled system which consists of a linear elasticity system and a non-linear evolution
equation of the order parameter. The non-linear equation is non-uniformly parabolic
and is of fourth order. One typical application is sintering.

1. Introduction

A central tenet in materials science is that many properties of materials are de-
termined by microstructure. Microstructure can be defined as the totality of all ther-
modynamic non-equilibrium lattice defects on a space scale ranging from Angstroms
to meters. By their dimension, defects can be arranged in the following hierarchy:
i) zero-, ii) one-, iii) two-, iv) three-dimensional defects. Their typical examples are,
respectively, point defects, dislocations, grain boundaries and voids. The driving
forces for the evolution of defects are of the Eshelby type that is radically different
to the Newton type.

We shall study, in this paper, the evolution of two-dimensional defects, taking
grain boundary as an example, by employing a phase-field approach that is still
young but has been shown powerful and important for both theoretical and numer-
ical investigations, especially for multi-dimensional problems, see, e.g. [8, 10, 13].
Starting from a sharp interface model based on a formula of configurational forces in
terms of the Eshelby tensor, Alber and Zhu [1, 2] have formulated a new phase-field
model which differs from the famous Cahn-Hilliard model (see [7]) by a non-smooth
gradient term. An application of our model is to describe sintering, a technique for
making a material from powders.

To state the new model we now introduce some notations. Let €2 be an open
subset in R3. It stands for the set of material points of a solid body. The different
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phases of a solid are indicated by an order parameter S(t,x) € R: That S takes
values near to zero or one means the solid is in phase v or 4/. Other unknowns are
the displacement u(t, 7) € R3 of the material point x at time ¢ and the Cauchy stress
tensor T'(t,z) € §*. Here 8* denotes the set of symmetric 3 X 3-matrices. We shall
investigate the quasi-static process, the unknowns thus must satisfy the following
equations

—div, T(t,x) = b(t, x), (1)
T(t,x) = D(e(Vyu)—eS)(t,z), (2)

Sit,z) = ecdivy (vz(zps(g(vxu),S)—yAzs)wa\)(t,x), (3)

for (t,z) € (0,00) x €, and the boundary and initial conditions

u(t,z) =~(t,x), (t,x) € [0,00) x 0L, (4)

%S(t, z)=0, (t,z)€[0,00) x 00, (5)

%(1/}5(6, S) —vAS) |V.S|(t,z) =0, (t,x) € [0,00) x O, (6)
S(0,z) = So(z), =x€q. (7)

Here n is the unit outward normal vector, V,u denotes the 3 x 3-matrix of first order
derivatives of u, the deformation gradient, and

e(Vou) = = (Vou + (Vou)")

1
2
is the strain tensor, where (V,u)T denotes the transposed matrix. Further, £ € &3
is a given matrix, the transformation strain. The elasticity tensor D : 8 — &3 is
a linear, symmetric, positive definite mapping, and g is the derivative with respect
to S of the free energy

U(6,5, VaS) = (e, $)+ 5 IVaS | = 5 (D(e=28)) - (e —28) +40(S) + 5| VS, (8)

N —

where for Qﬂ : R — [0,00) we choose a double well potential with minima at points
S <0and S > 1. The scalar product of two matrices is A- B = Z?j:l a;jb;j. Thus,

vs(e,S) = =T & +/(9). (9)

Given are the positive constant ¢, the small positive constant v, the volume force
b:[0,00) x Q@ — R? and the boundary and initial data v : [0,00) X 9Q — R3,
S() Q= R

We thus complete the formulation of an initial-boundary value problem. The
equations (1) and (2) differ from the system of linear elasticity only by the term &S,
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which couples this system to equation (3). The evolution equation (3) for the order
parameter S is non-uniformly parabolic because of the term div, (|V,S|V,A.S).

Statement of the main result. Since we shall look for spherically symmetric
solutions to problem (1)—(7), we can make suitable assumptions to reduce the prob-
lem to its one space dimensional form. To this end we now assume that the body
force boundary and initial data and the unknowns, which are defined in the domain
2 x (0,T,), have the following form

N

bit,2) = b(t, 1)~ (t,2) = AL 1), Sol) = So(r)

and

ult, z) = alt, m%, S(t,z) = S(t,r),

respectively, where T, is a positive constant which denotes the life-span of weak
solutions, 7 = |z, @ = {z € R® | a < r < d} for two positive constant a, d
satisfying a < d, and b, 4, Sy are given functions and @, S are scalar functions to
be determined, which depend only on ¢, r. We write

z=(;), u=(w), T=(Ty), D= (D),

hereafter, 7,7, k, 1 = 1,2,3, and we assume that D satisfies the properties of sym-
metry: D;jl Dkl Dfi — D}'. Moreover we assume that the material is isotropic,
namely we have

Dig = mduds + % 0ij Okt (10)

where ;5 is the Kronecker delta, and p; > 0, o > 0 are constants. For &, we assume
that

Eij = A0jj. (11)
Then it follows that
De = e + % Trace(e)l, D& = Al + % Trace(Al), I = (1 +u2)l, (12)
here for a matrix A, Trace(A) denotes the trace of A. Hence,

De-e=pe-c+ % (Trace(e))* >0 Ve #0. (13)

Under these assumptions, equations (1)—(3) are reduced to

. 2, 2,

uTT—I—;ur— ﬁu = g, (14)
0 0 A A 2c
55t ((VSTTT+]:2)|ST|> = —Z WS+ RIS, (15)
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with Fi, F2, G being nonlinear functions defined by

. A~ b
G = G(S:,b)=—-5+—, 16
(Sr,b) . p (16)

Fio= A, 5.8,

R 2. 2V 4 _ A ~ oA
_ A<UT+;U>+7ST—D5-€S—@/)(S), (17)
-FQ - FQ <aaaT7ﬂrrag7 ST7STT> = ‘Fl,T' (18)

Since eq. (14) is linear, the inhomogeneous Dirichlet boundary condition for @
can be reduced to the homogeneous one. So we may assume for simplicity that 4 = 0.
Hence, simple computations show that (14) can be rewritten as

2 A o1
ﬁr—k—'&:—S—k—/bt,ydy—kCt, 19
ci=2 84 [y oo (19)

here, C(t) is a constant depending on ¢ and (¢, r) which is zero by assumption. It
thus follows from formula (19) and the boundary conditions for @ that

1 /X [ ,a 1 /" T,
U = —2(—/ yzS(t,y)dy—l——/ 1'2/ b(t,y)dydm)
r K Ja HJa a
1rd—a® (X [, 1 [¢ ¢
- —=— | - S(t,y)dy + — 2 b(t,y)dydz ) . 20
r2d3_a3(u/ay (ay)y+u/afﬂ/a (,y)yx) (20)

Therefore, (14)-(15) can be reduced to the following single equation

0, 5 0 (4, & A\
= (728) + o= (7" WSy + J:)\Sr|) — 0, (21)
with
A s e 2v 4 A aa
F==AS,+b)+|—095,—De-5—-4'(5)) . (22)
H r r
The boundary and initial conditions become
(VS + F)|S| =0, (t,7) €[0,T.] x 09, (23)
S(0,7) = So(r), r e Q. (24)

Consequently, the existence of spherically symmetric solutions to problem (1)—(7)
is equivalent to solvability of problem (21)-(24), since @ can be obtained from for-
mula (20) once S is known.

The domain € is reduced to an interval: 2 = (a,d) is a bounded open interval
with constants a < d. We write Qr, := (0,7}) x €, where T, is a positive constant.

To state the existence result for this problem we need two definitions. For
ACQr,9: A=V CRandtel0,T,] let

A(t) ={z | (t,z) € A} and g(t) : A(t) =V, g(t)(z) = g(t, z).
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Definition 1.1 Let A C Qr, such that A(t) is open for almost all t € [0,T.], and
let « € Ng. We call g : A — R the a-th local weak derivative of S € L*(Qr,) with
respect to x in A, if for almost all t € [0,T,] the function g(t) belongs to L*"°°(A(t))
and is the local weak derivative of S in the usual sense:

9(t) = 075()| aw, (25)

and if moreover there exists a sequence {A,}, of measurable sets A, C A with
gla, € L*(A,) for alln € N, such that

meas (A\ D An> = 0.

n=1

Remark 1. The uniqueness of local weak derivatives in the sense of this definition
is obvious because of (25), and it is clear that if A4 is open and if S has the local
weak derivative ¢S in the usual sense in A, then 025 is also a local weak derivative
in the sense of our definition. So Definition 1.1 generalizes the ordinary definition;
this allows us to use the same name and the same notation 935 as for ordinary local
weak derivatives.

For a function S € L*(0,T.; H%(1)), where H3(Q) = {f € H*(Q) | Zf =0,
on 00}, let
A% ={(t,r) € Qr. | |S.(t,r)] > 0}.
By the Sobolev embedding theorem we see that S.(t) is continuous for almost all
t € (0,7.). This implies that .A°(¢) is open for almost all .

Definition 1.2 Let b € L>(0,T.; L*(Q)) and Sy € L*(Q). A function S with
S € L*0,T.; H*(Q)) N L=(Qr.), S.(t) € Hy () a.e. in (0,T,), (26)

is a weak solution of the problem (21) - (24), if and only if S, with local weak
derivative Sy, in AS and |§r|3rrr € L'(A%), satisfies that

24 24 _ 2 a 24 _
(5, @ar, + e (v?SmlSil.or) e (PFISL @)+ (7S p(0)a=0 (27)

Te
holds for all ¢ € C3°((—00,T:.) x R).

For the function 1/3, we need the following
Assumptions A. The function 1&(5) is a smooth double-well potential, and it has
two local minima at S_ and Sy with S_ < S, one local maximum at S, satisfying
S_ < S, <S.;and/(S) >0 for S_ < S <8, and '(S) <0 for S, < S < S,.
For simplicity, we assume further that

$P(S) =0 for 1<k <2my—1,9™)(5,) >0,
DS ) =0 for 1<k <2my—1,4@m)(S_) > 0.
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and that (S) ~ 521 as S — 0o, P(S) ~ S22 as § — —oo, where my, my, ly,
and Uy are positive integers. Let ¢ = max{ly,ls}. Assume that > 1.

Remark 2. One typical example of Qﬂ which satisfies assumptions A is Qﬂ(S) =
(S(1—29))% with S, =1, S_=0,{=/, =0, =2 and m; = my = 1.

We are now in a position to state the main result of this paper.

Theorem 1.3 AssumeA that the double—wgllpotentialz/} satisfies assumptions A. Then
to all Sy € H' () and b € L*(Q7,) with by € L*(Qr,) there exists a weak solution S
to (21)—(24), which in addition to (26) satisfies (20) and

S e L™0,T.; H'(Q)), S, € L3(0,T,; W b3(Q)), (28)
15,18 € L3(Qr,), (29)

where we defined \Sr\grrr =0 on Qr, \.Ag )

The main difficulties of the proof of this theorem are caused by the term |S,|
which results in that eq. (21) is degenerate and its coefficients are non-smooth. The
coefficient of the principal term in (21) contains |S,|, so this principal term can only

be defined over a domain A% which may be not open. This leads to the difficulty of
definition of weak derivatives gTTT.

Related results are Alber and Zhu [1] — [6], Kawashima and Zhu [12], and
those for the degenerate Cahn-Hilliard equation and for the equation of thin film
S; = —div,(m(S)V,A,S), where m(S) vanishes at zero. We refer to [9, 11] and
the references therein. However, the mathematical properties of (3) containing the
term |V, S| differ essentially from the ones of these equations.

2. Sketch of the proof of the main result

The proof of Theorem 1.3 consists of the following three steps. For simplicity, we
drop the upper-script *, i.e. change S,--- back to S, --.

Step 1. Construction of approximate solutions
To construct approximate solutions to (21)—(24) we prove that there exist weak
solutions to the following initial-boundary value problem

(r29); + ¢ (T2(1/Srrr + -Fn)|sr|n)r =0 in Qr,, (1)
S, =0 on [0,T,] x 09, (2)

(Fu +vSee)Sele = 0 on [0,T] x 09, (3)

Sli=o = So in Q, (4)

where k is a fixed positive constant, |y|. is defined by |y|. = /|y|* + k2, and F, is
the smoothed F in which b is replaced by its smooth approximation b~.
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Eq. (1) is quasi-linear, uniformly parabolic over a domain that S, is bounded.
However it is not easy to prove the existence of classical solution to prob-
lem (1)—(4), whence we consider the weak solutions to this problem. By def-
inition, S € L*(0,T,; H'(Q) with S,,.. € L*(Qr,) is a weak solution of (1)-(4) if and
only if for all ¢ € C§°((—o0,T:) X R)

_(TQSa ‘Pt)QTe = (7230’ QP(O))Q + C(T2(VST’T’T + -Fn)|sr|m ('DT)QTE . (5)

Step 2. Main a-priori estimates

Lemma 2.1 There is a constant C, independent of k, such that for any t € [0,T.]

1552y + /Q (IS5 + R)ISE Pd(ry) < C, (6)
155 < c (7)

’r‘T"r‘”Lg Q1)
Step 3. Limits

To investigate the limits of approximate solutions constructed in Step 1, we need
the Egorov theorem.

Theorem 2.2 (Egorov) Let (I', %, i) be a measure space with u(T') < oo, let f, f1, f?,
I3, be real valued, measurable functions on T, and assume that fi(x) — f(x) as
j — oo for almost every x € T,

Then, for every € > 0 there is a subset M. C I with u(M.) > u(I') — ¢ such that
f2(x) converges to f(x) uniformly on M.. That is, for every & > 0 there is an Nj
such that when j > Ns we have that for every x € M.

| (2) = f(2)| <.

With the help of tAhis theorem we can get the local weak derivative S,... as follows.
Decompose the set A, = {(t,r) € Qr, | [S:(t,r)] > =} into a set A, (on which the
sequence SF converges uniformly to S, and thus satisfies |SFf| > % for sufficiently

small «) and the set A, \ A, (which has small measure). Using the uniform estimate
fQT (|S%|. + #)|SE. |2d(r,r) < C, we can then show that S%  converges in L?(A,)

rrr

to S,... Finally, we apply the fact that A differs from (J)-, A, only by a set of
measure zero. We then have the following key lemma.

Lemma 2.3 The limit function S has the local weak L?—derivative S,,, on A° in
the sense of Definition 1.1. Moreover, there exists a subsequence S® such that
155,55 — X, weakly in L3(Qr,), where the function x = x(t,7) in L3(Qr,) is
given by X =0,if S, =0, and = |S;|Sp, if S # 0.
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