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lactorizatioa ot aappinge (p ro411ote ot proxillallJ 

tine ■paoea) 

Yuoelav H11ielc, Praha 

By a apaoe I alwaya mean a uitom apaoe (ne aepara

tion axiom). 

A space ia oalled prosimally tine it it ia the tineat 

••ber ot a set ot all spaoea having the s•• proximity (er

equivalentlJ, 1t any proximallJ contin11011a mapping on it 111 

miitormly continuoua)., It •a ebown 1a (B) an4 tff) that 

any proximally oontinuo11a mapping detined on a metrizable 

apaoe ia unitormly oontinuoua1 oonaeq11ently, metrizable apa

oee are proximally tine (thia waa explioitly at■ted in [RŠl 

and [Sl). More generally, [RŠJ, any epaoe with a linearly 

ordered base is proximally tine. Tbe t11ll eabcategory ot 

proximally tine apacea is ooretlective in l.JftlU ([P1l,(P21

by tranatinite induotion, [B) by a oategorial method) an4 

tbe ooretlection doee not presene prozimity, [Kl (moreo

ver, there is no nontrivial ooretlection in l1m..iť preser

ving prozimity - ae• Rem arlc 2 at tbe end ot thia paper). 

Tbe problem wben a product ot proximally tine spacee 

1a proximally tine waa treated 1a [P1J ,(P21,CP31 and (I).

In a talk in Spring 197) 411ring hia atay 1n Prag11e A.W. 

Hager showed •• a nice proot of the reault that any p»odaot 

•t eeparable metl'isable apaoea i• proximally tine. The

proot went •• followaa lf f 1• a proximally oontinuoue 

mapping detined on a pro4uot of eeparable. metrizable 11pa-
, 

oe11 and ranging in a aetrizable epaoe, then by lla1uir a 
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taotorization tbeorem lila), r taotorizea via a projeotion 

onto a oountable subproduotJ but the oountable subprodRct 

ia aetrizable, hence proximally tine, hence the factorised 

mapping ia wiitormly continuoua and T , as tbe oompoaition 

with the projeotion, is also unif�raaly continuoua. 

Tbe tactorization tbeorem uaed in the preceding proot 

•• topologioal in it■ nat11re aJJd it waa neceasary to aap

poae the tactora to be separable Cit metrizable). Tbe par

pose of this paper is to show that there is another tacto-

1'1zat1on theorem with proximally-wiito:m cbaracter (p11rely 

uitorm result is known, [V]) by means ot wbioh I can pro

ve that any p.roduot ot metrizable spaoea is proximally ti

ne. Then I sball prove two more tactorization tbeorema ot 

the same cbaraoter and make 11ae ot them to prove that any 

produot ot apaoea witb linearly ordered baees is proximal

ly fine and that any product of a pronmally fine space 

with a produot ot pro.ximally coarae (1.e. preoompaot) and 

proximally tine apaoea ia proximally fine. At tbe end I 

ahall show tbat there is a countable topological spaoe X 

witb a unique aooumulation point such tbat tbe prodnot ot 

the fine uitormity ot X with the oowitable uniformlJ 

diaorete epace ia not proximally tine. 

By a uniform obaracter (or pseudocharaoter) ot a epa

oe ( Y, 1f ) we mean tbe least cardinal oe, a11oh thet 

there ie a 'li' c 1f with COJt..d,, 11'. ae, and auoh tbat 11' 

la• basetor V' (011 (ťlť1 = 1y , resp.). It la clear that

tbe concept ot the 11nitorm pae11dooharaot•• haa a aenae on

ly tor Haa•dortt apaoea; tbe detinition can be state4 to• 
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all apaoea ( íl 11'' = (l'lt' ) b11t we need tbe Hausdortt proper-

ty to be inol11ded in it. 

If X c 1f X-i, , f': X.� Y , we shall say tbat f' de-

pend• 011 J c 1 (or, it co.xd.. J c: oe. , on lesa tban oe:,

ooordinatea) or tbat f tactorisea Ti& .-,VC.,
;, 

I X , 1t f.>t. • 

= f'U-- whenever ,fVC,J -X = �J � • Tbat meana, there exiata

a � : "fVC,
:, 
r X l ___., Y auoh that f' • 4i- • � J/ x , no oon-

tinui ty ia reqnil'e4 tor 9-- • It �
3

/J< ia a quotient 

(1mitorm quotient, proxi.mal q11otient), which is the case 

e.g. whe• X = Tr X ;. • then 9- is oontinuous (u.nitomly

oontinnoua, proxuaally continuoua) provided f is. G. Vi-

dossich proYed in [Vl that if f ia unitormly continuoa.a

tben alwaya there exista a tactorization f' = 9- 0 -fU', :, / x

with c,- unito:.mly oontinuo11s and J witb oardinality ot

at most the unitol'Dl obaracter ot Y (but not any such

taotorization is rmitormly oontin110ua), 1.e. the tactori

sation doea not depend on properties ot the prod11ot, whioh

is a big oontradistinotion with topological spaoes. We

want to show bere that the proximal oase lies in betweena

it X = Tf X-t 
1

propertiee ot Y 

, tben the tactorization depends only on

bu.t 1t )( � TT X -i, it may depend aleo
l

on propertiea ot X • !rhe main ditterence is the taot. that

in the tiret oase there is the least set J c I on whioh

f depends and tbia set can be easily desoribed - this ••

probably tiret atated by A. Miiěenko [Mi)s thia taot 4oea

not bold generally it X is a proper a11bset of 'the pJ'o

d11ot (bat it holde ••I• 1f X has a clenae set open in the

prod11ot).
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The next lemma ia tbe main aaaertion in tactoring 

prox1mally continuoaa mappings detined on the whole pro

duot. 

LEMMA 1. Let X.;. (,i, • I ) and Y be apaoes, X a su.bapa-

oe ot 1T X• 
1 .., 

anct 'f : X --+ Y be proximally continuoua. 

Then tor any &Jmllletrio uitom neighborhood U ot the 

diagonal �y tbe aet Ju. = ,{ .i, c I l tbere ue ,)(i, 11-'-i. s X 

such thet < -t.x4, ��-i.) • LL, 'P-"i-<-t> -".;, = -f21',l-C-i-),V-,-i- 1 is finite. 
Proot. S11ppose there ia a U. such thet Ju is in-

tinite. Pbcl a &Jlllletrio anitorm neighborhood W ot 4y 

aaob that W 4 c U • Then there ia an infinite J c Ju,

a11oh that < f�-i. , T"l'i) ♦ W tor all -i,, ,a. E J , [ EJ ,(VY]. 

It we pa.t A :s .( �-1. \ 1. «E J ¼ , B = .( 1--i- I -i, s J J , then f [Al , 

f [ B) are 41etant in Y bu.t A , 8 are proximal in X ,

whioh ia impoaaible. Indeed, it sllftioea to prove that for 

any tinite K 1n I and any eitol'lll neighborhooda VAt, ot 

� X , At. e: K , there are .X -a A , � e 8 such that

< 1"'.tr, 
'°", 1V'

..ta.1f )e � tor all At, c I\ - this ta olear sinoe 

there ia -t. • J - K and we maJ pat JC = .)(-t, 'V-= Ilf.;. • 

PR0P0SITI0B 1. Let X.,i, Ci & I) , Y be epaces and i' : 

, V X-t,--. Y be a pl'oximallJ contina.ous mapping. It the ani

tol'Dl pae11dooharaoter ot Y is lesa than an infinite oarcli-

nal oe, , then T dependa on lese than cc. ooordinataa. 

Proot. Let 1" be a set ot aymmetrio a.niform neigh

borhoo4a of �y with ·� V' c: Cl(.. , (l'lf = lf
y an4 pat

J = U { Jv I V • 11 j , whel'e Jv al'e the aeta trom Lemma

1. Then, •• one oan •••ily prove (ae• (Mi]), f' dependa on
J an4 CA'Cd, J '- oe, •
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As a direct conaequ.ence we get the tollowing result 

which will be illlproved in Tbeorem 2. 

PROPOSITIOB 2. A produ.ct ot proximally tine spaoes 1s pro

ximally tine itt sny countable subprodu.ct is proximally 

tine. 

Proot ot the au.tticiency. Let X.,t (-i, •I) be proxiDa

ally tine spacea and f be a proximally continu.oaa mapP

ing d etined on V X ..:, and ranging 1n a meti-izable spaoe

Y • Then Tr X-i. is prozimally tine itt •111 such f 1• 
1 

tu1itormly oontinuoua. By Propoeition 1 tbere 1• a oountab-

le J c: I and a mapping i-' 1T X.;, __. Y au.ob that f = 
l 

= 9" o � • Sinoe ,trlr,J is a unito.na, llanoe alao prozimal,

qu.otient. the mapping 9-- is proximally continuoua1 bat 

by tbe aaeu.mpt ion TT X .., 1• proximally tine, theretore 

� is unitormly oontinuou.e. Oonaequentl7, -f is unitonlJ 

oontinu.011s. 

W9REM 1. Any product o! paeudometrisable apace• ia pro

ximally tine. 

The tollowing Oorollariee are oonneoted with J. Vi

límovský; tbe tiret one answera one ot bia problems posed 

1n tbe seminar and the second one wae au.ggeated by bia at

tel' lmowing Tbeorem l. 

QOROLLARY l. Any spaoe oan be •bedded into a proxilllallJ 

tine spaoe. 

COROLLARY �. Any 1n3eotive apaoe ia proxiaally tine. 

Proot. Bmbeddinga ot injeotiTe epao•• are ooretl'ao

tiona. 

!o prooee4 tuthel' l need anotbe1' taotos-isation
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lemma which will be usetul tor mappings detined on subspa-

oea ot products. 

LEMMA 2. Let X be a subspaoe ot a product f JToe: X f , oe.

be an infinite cardinal and ť be a proximally continuoua 

mapping on X into a space Y • Then tor any eymmetric 11-

nitorm neighborhood U ot 1 y there ie an "l .c:: oe, s11oh 

tbat < fx , f''!} > e ll provided "'-, � e X 

tor all f < 12, 

Proof'. S11ppoee not. For sny 12, � o<, there are .><'! , 

"V'1, C! X w1 th ;fi'Cij .x,. = 1'1"'j 11-"'l, 
for all f .-:. '12- and

(-f�
11

, -f1r
,_ 

> Et= U • It V is. a symmetric unitorm neighbor

hood ot 1y and V 4 c: U , then there is a cotinal set C 

in oe, such that < f� j , -f',v,--,z) 4; V whenever f, 12, e C , ( RŠ 1.

Thus it we pu t A • .( .,< f Je , B = .( � i J c , then A , B . are

proximal in X , let v,1 , ••• , i.,,_ < ce, , pick out f s C , 

f > �-i,, i= -1, .... , m,.; then .xf e A, 'V-f e 6 ,,tzJC,f1,,,,,f,n.
Xf=

• ,#t/tt,c c; 1f,-c: • But f CA J , f C S J are diatant in Y - a 
r,-- J1' ,.,. " J"lt r 

contradiction. 

PR0P0SITI0N 3. Let X be a subspace ot a produot f'!J
"' 

Xy ,

oe. be an inf'1nite oardinal and f be a proximally oonti

nuoua mapping on X into a spaoe. Y .  It the unitorm pseu-

4oobaraoter of Y 1s lese than � o(, , then f' dependa 

on lesa than oc. ooordinates. 

The next example shows thet Proposition) cannot be 

generalisea to the torm that the tactorized mapping ia 

proximally oontin11011s or t•hat -f' depende on �o cool'dina
tea even if Y 1s unitormly discrete. 
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WJIPLE 11 Let Y be a uifol'Dlly disorete spaoe ot ca1'41• 

c.>o nality g.reatel' 11han 2. , X ita pl'oximally ooal'se (pl'e-

oompact) moditicaticm an4 ,f : X__. Y the identit7 map

ping -f'1< = � • Embed X into a powel' ot [ O , /4 l • The 

mapping f' is pro:i:imally continu.ouss it f' depended on 

a 0011.ntably many oool'dinatea ot the power ot CO, '1 l , then
'6>o (i)o the image Y sho11ld have at most ( 2. ) pointa. sa,-

"':z "'" 
pose now that CQJC,d., Y = "-'2. , 2. = (4)3 , 2. = "'1 „ By Propo-

ai tion 3 the map ping -f dependa on cu2 coordinatea ( we 

may suppose that X ia embedded into [O, 1 J ' ). It 

the tactorization 1s pro:i:imally continuous, then again by 

Proposition 3 the mapping f depends on ec,_., ooordinatea, 

bu.t now certainly not proximally continuously becau.se ot

herwise .P would depend on <.J0 coordinatee. 

Now, we are prepared to generalize Propoait ion 21 

THEOREM 2. A product ot prox1mally tine spacea 1s proxim

ally fine itt any tinite subproduot ia pro:i:imally tine. 

Proot • By Proposit ion 2 we have to prove that a 

001111table product 1f X ,n, ot prad.mally tine spaoes ia

pro:i:imally tine it ni.I
...., 

X fl'll ia proximally tine tor all 

At, & N • Su.ppose that there is a proximally contin1aoua 

mapping f' on lT X m. = X into a metrie space < Y, d. ') 
. .. 
whioh is not 11.nitormly continuo11a. Henoe there enata an 

e > O auoh that for any aymmetrio unitol'lll neighborhoocl 

U ot .-f X there 1s <�
U. 

, fit U. ) e U with d, < f-x u., f11-
u. 
> & e.

By Lemma 2 there ia a Jle.. e N aach thet d. < f.)(, 1'11f > .c:. t./3 

whenever -fVC'm.. x • ,tvc,�"" for all m.. s At. Let a.,"" e Xm. to� 

m, > lil. , Z • IT X,.,,, >< C .( �""' l 1t1, .> .k J) ., i• -f / Z • Sinoe
,.._�,., 
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1;be apace Z 1a proximally tine there is a symmetrio uni-

torm neigbborbood V ot 1z such that ct<<;-x,g,.AJ,)< e/3 

pl'OYided < �, 11, > E V • P11t U= -C <�,'V-) � X>< X I <,fll(,z.x ,.fU.z'!l,>E 

e V J , �� =- 111'-z .,cu. , �Ú. = ,ftlt,z '1tu. .. !hen 

d < f�u, f'Jltu > � cL < f� u., f\x ú. > + d < f'"' ú., +',v. ú.) + oL<-f'�u, f,y.u> .c

< e/3 + e /3 + e 13 • & - a contl'a41ct1on. 

In the next results on products ot proximally tine 

spaces I shall a.se the tollowing idea, to proYe that tbe 

p:roduot X x Y ot pl'oximally tine spaces is .proximally 

tine, we embed Y into a prod11ct ot metJPizable spacee •n4 

show that any given pl'oximally continuous mapping f': X>< y-,,.. 

-+ Z , Z met1'1zable, taotol'izes via '1x x -tzJt, by means ot 
a mapping g,, • It we know thet g-- is p1'ox1mally continu.011s 

and X >< -'f1J', [ Y] is proximally tine, then f' is u.niton

ly continuou.s. In the oase when ,tix. C YJ ia llliitormly d18-

o1'ete, the mapping <y is pl'oximally oontin11011s sinoe 

� X x fVC., is a pl'oximal quot ient in thia oase ( it A , B 

are pl'oximal 1n X x ,tvt., [ YJ then ( "x >< ,f1JC, >-1 CA J 1

<1x >< ,f'V')--1 [ Bl a:re pl'oximal in X'"' Y ). Reoall that

a space having a 11nea1'ly ordel'ed base ia eithel' metl'isab

le 01' tmitoi-mly O -dimenaion-.1. 

QBOREM .3. A.Dy pro411ot of apaoee having line•zilJ ordel'ecl 

bas•• 18 P1'0X1mallJ tine. 

Proof. B1!be01'elll21t sattioee to pziove our theol'elll 

fol' tinite pl'o4u.ots. Let X = .t, 1J0 
X-1, , X 11 have 1:1.neal'ly 

01'4el'e4 basea, X 0 be aetziisable (e.g. a ona-point spaoe) 

an4 X,,., nonmetl'isable 1f m, > O • !he proot goes bJ 
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induction on m. , our resul t 1s trivial for m. = O I s11ppo-

se it 1a true for all .Re,-"' m.., m., > O and let t' be a

proximally contin11ous mapping on X into a metrizable 

apaoe Y • We m11st prove that -f is unitormly contint1011s. 

The uniformity of X m, has a base 1/l wbich is well-or-

dered by inclusion, bas a reg11lar cardinality «, and ia 

oomposed ot equivalences. Therefore X,n,., is projectivelJ 

generated by the canonical mapping into Uf 1.L 
X,,._ / U. , m e-

re X m, /U is the quotient of X ,n, along U. • Clea•-
m.-1 

ly• 'f' factorizes via a eubspace of TT Xi x lf Xna- ILL and 
" 1C, 

by Proposition 3 it dependa on lese tban cG coordina-

tes - we may suppose that it depends on (X0, ••• , X,,,__,f)u'Jl' 

for a 'U,' C 'U, , CCJC..ol. 'U' < U.. • If U E U , LJ.. C íl '2l' , 
na.--1 

then f' tactorizea via the pro�uct V X -i, >< X,n. / U and 

the tactorization 1s proximally oon�inuous (aee the pa

ragraph betore Tbeorem J), hence unitormly continuous by

induotive assumption. 

Till now we have used tactorization lenunas whioh

hold generally and do not take into acoount apecial tea

tures of 01.1r problem. The next two lemmaa make use ot two 

such teatures: the subspace ot the product is ot the torna 

X x Y and the investigated proximally contin11oue mapping 

is separately unitormly continuous. 

LEMMA 3. Let X -i, (i. e I) and Y be spaoes, X be a

eubapaoe of 1T X .i., and f' : X ,c. Y -.. Z be a proxi-

mally contin11011s mapping into a Hausdorff space Z. Sup-

pose that there ia an infinite dense set T in Y suoh 
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that for any t e T the map f' / X x ( t ) is amif ormly 

continuo11s and the uniform character of Z ie «:, • Then 

f depends on oc. � T ooordinates and the faotoriza

tion is proximally continuous provided one ot the apaoee 

X, Y is proximally coarse. 

Proof. By a tbeorem from (Vl, for eacb i:; e T there 

ia a set Jt c I such that .P / X >< C t) dependa 11Difora

ly oont inuously on Jt and C4X.d.. -'t � cG if cG 1a inti

ni te, Jt is finite 1f' 0(, = 1 • Put J = � .Jt I then 

c.oxcl., Já oc. COJUJl T and f depends on J , 1.e., f" = 
=- g. o (,tvt,

.,
/ X >e �y ) for a ca,- : 'fV'

.:, 
[ X Jx Y--. Z (indeed,

if .x, x 1 e: X, ,fl,t,J.X = ,fVt,
.:, 

.x' , t € T , then f'(.)(,t)= 

• f<t>< ', t > since .Jt c J ; if � e Y , tben there is a

net { t
a., 

l in T oonverging to � and clearly < .x, t
a.,

>_..

� <:,c, Ilf>, <-x�ta.. > � <.x��), hence f"<.)(,�)= -f<""
1,11->>.

To prove that T has a proximally continuous factorization

via "11"
:, 

t X] >< Y we mt1at show that the exteneion ot -f · to

Samuel eompactif'ications factorizes via the Samuel compao

tification ot �J C X J >< Y • We know that this is tr11e

for -f / 1V"J r: X J >< ( t), t e T • If one of the spacea X, Y

is proximally coarse, the Samuel compactitication ot X>< Y

or -1'1X'J C X J >< Y is the product ot Samuel compactifioa

tions and we can prove the required tact in the aame waJ 

aa we prove.d that f' factorized 't'ia --ftlť,J C X l >< Y •

LEMMA �- Suppoee that a mapping -f : X x Y--+ Z ot spa

cea is not Wlitomly oont1nuous but that ,f' / X ,..., (,y.) 18 

unitormly oontinuous for each 121- e Y • TheJi there ia 

Y' c Y such that -f / X x Y' ie not 11nitormly oontin11-
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oua an4 ca,u,l, V' s «- ,, {!, , where oc:, ia the demit1 ot 

'I,. and (3 1s the unitos oharacter ot V o 

Proot • Let T be d ense 1n X ot card 1nal1 t1 oc, an4 

11 be a base ot the uiformity of Y ot cardinality /!, • 
Denote by 'U · a base ot tbe Wliformity of X • There ex

iats a W11tom neigbborhoo4 W ot �Z such that for any 

l1 & '1J.. , VE 1r tbere are <�uv,.><Úv > c. U, <-v-uv,1#-Úv )E. V 
with <-f'(J<uv,"tuv), -f'(.XÚ,y,'V-ÍJ.v>) ff; W. Since

-F/X >< C"f'uv >, .f"/X x ('f�v) are unitormly continuou we 

may auppose that .x uv , JC � v belong to T • Pick: out 

a pair <"l't t' v, ,v.:'t t' v )e Yx Y for <t,t.')eTxT, 
t ' J ' 

V E 11 such that for a U e '1l we have 'V-t,t� v = 'ft
uy

,
I I 

t' 
I 

'V-t,i� v= 11-uv ancl t • t><u.v , = J< uv 1t auch a pair ex-

iats. Denote by Y' the set ot all 1ft,t', v , ��,t', v i
then � Y I s cc • (J and f' / X >< Y' ia not 11111to.ni-
ly oontinuous; indeed, 1t U a 'lL , V 4i 1f , t = JC u. v , 
t' = .X�v , then < t, t'> c U., < 'V-t,ť, v, ,v..;,t', v> s V an4

< 4' < t, 'V't t' v > , -f < i,, ,,., � ť v > > • w • I I I I 

Bow we are prepared to prove tbe last main theorem1 

it generalizes resulte prove4 1n [t;l (p.roduot ot tinite

ly many proximally tine and coarse spacea 1a proximall7 

tine), [I1l(&DJ produot ot proximally tine and ooarae

epaoea 1a proximally fine) and 1n [Kd] (produot ot a 

proximally fine apaoe with a compaot spaoe 1a proximall7 

tine). 

fflBOREII 4. Let X-t c..i c I) be proxillall7 fine apaoea and 

all •x�ept at moat one of th• be proximally ooarae. !hen 
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is proximally tine. 

Proot. It su.ttices to prove that x� Y ie proxim-

ally tine provided X and Y are pro:ri.mally tine and Y 

is proximally coarse eince that, by ind'.tction, any finite 

produot of proximally fine and coarse apaoee ie proximally 

tine, an�, of course, proximally coarse; consequently by 

Theorem 2, any produot of proximally tine and ooarse spa

cee is proximally fine and coarse and the product ot this 

product with a ?roximally fine space 1s proximally fine. 

Let then X be proximally fine and Y be proximally 

tine and coarse. St.tppose thet -f' ; X x Y � Z ie proxi

mally continuous mapping 1nto a complete metrizable epace 

Z ; then T has a proximelly continuoue exteneion to 
,,..,,, ,"'V 

X x Y into Z , v:here Y ie a completion of Y • Thu.s 

we may and shall snppoae that Y is compact although the 

next proof is almost the aame also for proximally fine 

and coarse Y • By dP we denote the density and by .,u,P 

the unitorm character of the apace P • We shall prove 

by 1nduot1on on cLX that -f is uniformly contin11ous 

provided the following condition (* ) holdsa 

X is a space, Y 1s a compact space, Z is a met-

1'1zable space and f' : 1. >< Y � Z is a proximally conti

nuous map�ing which is u.niformly continuous on •very 

X >< (�) for ,v.. trom a dense set Y' 1n Y with 

C4J<.d., Y' =r cL Y o 

011r assertion cle ar ly hold s it d. X < Q0 ; suppo-

•• 1 t is true tor all X wi th d.. X < eG , where oc, is 

an anoountable oardinal. Let now d. X = «. and Y
) 

Z, f 
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satisty ("' ) e Pirat let ,U, Y ....:; oc. ; sinoe d Y é a Y , bJ 

Lemma ) f' factorizea pl!'oximally oontin11ou.sly "fia X'>< Y, 

where .u- X' á 4 V and the tactoziized mapping f' satiaties 

again (* ). It f' 1• not tmitomly oontinuou.a, then by 

Lema 4 ·Uiere exists X" c:: X' sa.ch that f'' / X" x Y is 

not 11J1itormly contin11011a an1 CQJfÁ X 11 é. ..u Y bu:t; this ia 

a contradiction with tbe ind11ctive assumption. If ,1,1,,Y= oc. 

am cof" o(; + CaJ0 , tben by Lemma 2 f factorizes via 

X x Y'' where .u. Y 1
4' d X , Y' is an image ot Y (1.e. 

X x Y' is a proximal quotient fp] and, hence, 1111iform 

quotient ot X x Y' ) and again tbe tactorized mapping sa

tisties ( *) and we have the preceding case •. If cof'o(..= a.>0

and T is dense 1n X. with C4)(.d., T = «., , T = U Tm, with. . N 

e4Jtd.. T
,,,_ 

< «- , then -f / T
ni, 

-x Y ie unitormly continuou.s fozi 

each m, by the inductive assumption; th11s it Y c 1T Y i, , 
I 

Y
-t, 

pseudomet.rizable oompact, f /' T
,.,, 

,c. Y factorizee "f'ia 

a oou.ntable J
m., 

• Conseq11ently, -f' factorizes via U Jnv
Ill 

(proximally continuo11ely as in the preceding oase) and we 

have again the tiret oase. It, at last, A.LY > °" , then by 

Lemma 3 'f factorizes pi.eoximally continu.ously via X x Y' 

w1 tb At, Y' � «., and we obtain the previou.s cases. The 

proot is !inished. 

The following example shows thet not any pród1tct ot 

prozimally tine (even topologioally tine) spaoes 1s pro

zimally fine. The apaoee can be tou.nd ooantable, one of 

them uitormly diacrete and the other with a uiqu.e aoou.• 

•lati-on point.
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BXAMPLB 2. Let P be a spaoe and D (or E. ) a unitol'lllly 

discrete (or indiacrete, respectively) two-point apaoe 

with pointa c, cL • Put Pu. = �{ E<.P.,ti.> I< "1-, q,) e lL - 1-tt- 3- i" 

+ � { D<,ta., 4.> I <-11-, 2, > E P >< P- Ll l , whe re E.<11-,Cl.> =- E , D<-,a,t, = D

and ll belonga to a base 'lL compoae4 ot symmetric 11111-
-A,,/ • form neighborbooda ot '111- • Pinally put P = ,(M.,f-ť Pu. J and 

JJ.<<,ti,'i,),c> =,ti., ..ti-<<,ta,,q,>,a.>= 2,. then ..k: 1� P 1a 
a quotient mapping UI

2
J ,p. 5� and C Č] ,p. 699 ). Conse

quently, if P 1s not proximally tine then 'p la not pro

ximally tine too and, theretore, there exists a proxilllal-

ly continuoua mapping 4- detined on P which is not uni-

tormly continQous. 

Put now X to be a uniformly discrete space with the 

anderlying set P x P- '1.
ti, 

and Y the set (Px P-'1
-11-

)u (�), 

� + P"' P , endowed wi th the .fine uniformity ot the topo

logy baving the only accumulation point z with the base 

of neighborhood system .( < Ll- '1
-ti-

) u ( �)) U. • 1l l . We shall 

proYe tbat if P is not proximally ti.De then X >< Y ia 

not proximally tine. 

We embed 'p into X )C Y in the tollowing way,

-l(<,p.., q,>,c > = <<,ri,,q>,z>, -é, <<11-,ci>, d}.<<-12-,'l,>, (1Z,,i)) 

and detine f' on X x Y into the range ot <y , 

f((,ti,,q,>, <,tz.1

1 4,1
> = 9-<'<..tz..,q,),c) it <;f1.,q,) + <-fl,',q'> 

,f((,f1,, Q., >, <-ti, q,>) =<;,<<-ti, 9, >., ol >

-f' ( < ,ra,, q,) , % ) • 9, < (-fl,, (l. ) , C ) 

We bave .f' o 1, s 4- od, hence, f ia not uitoiimly conti

naoua and it r•aina to prove tbat f 1s proximally con-
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tin11011s. S11ppose tbat A g B c X >< Y, A, a are proximal 

in X >< Y and -r C AJ, -f' t B J are diet ant in the range of 

; • Tben for each U E 1t. tbere are <-11-u,4u > E: Px P-1-,a.

anct a.,
U.

,,e,
lL 

e Y with <<,t1,u,ciu>,a.u>e:A, <<-ti·u,4u), lru. >E B, 

C4u, ,b'u,) c U u(�) � Clearl:,, (f<<-t1-u,iu.>,a.u.>,f'<<,tiu.,<2u>,iru_))■

• C9-'<<-t1-u.,<2u. >,c>,9--«1'u,<lu>,d>).Put A1--r<<11-u,,2u.>, a.u > fu ,

B1 = �<<11-u. , 'Lu >, bu. > J 'U. ; then A1 , B1 are proximal in

X ,c Y and fr A
1

l, f' C 8
1 

J are dietant. One of the pointa 

<<-f\u,<iu>,Q..
u.
>, <<12-u,qu > ,. bu. ) must belong to the diagonal

'1x , say <<,fl,u, ,qu>, o.,u>e �x and we denotea'.u=a.u. , 

h
u. 

= � and similarly for the other oase; then 

-f'<<.,,,u,!u>,čiu > = f<<,tiu,4u >,a.-u. > ,-f'«,rz.u ,tiu >, Rru. > = -r< <-rz.u ,qu >, lrLL > "

If we put A
2

= -l<<,ri.u ,ťtu >,�u.
> 1u , B2

=-<<<-tiu,2u. >, bu >J'IL , 

then A .2 , 82. are proximal 1n X >e Y , 1n f act in i C P J ,

and f C A
2

], f ( B:2. l are distant in the range ot f , which 

is a contradiction becauae fo i 1s proximally contint1-

ous. 

REMARKS. By modifying the space P we can obtain exam-

ples where X is not 11n1tormly diacrete (any Wliformity 
,...., 

ooarser than P and finer than the u.nitormity projecti-

vely generated by Ji, ia all right for Ji,. to be quoti

ent). 

�p The space need not be proximally fine but at 

any case it ie proximally minimal, 1.e., any etrictly 

finer uniformity indncea a atriotly tiner proximity. In

deed • let W be a anitoa1zable neighborhood ot '1 ~ 
·P



.18&--
wbicb doea not belong to '2L and 1s amallel!' than tbe ba-

eio neighborhood ot �� 1n l:-< E<-fl.,i) \<12-,q,> 1:. Px P-'1-f1- i.

!ben fol!' eaob U e '1l tbere exists <-tiu ,<?u> € ll a11oh

tbat < <<,ti,u. , <tu. ), c. >, < < 1'2-u. , 4u. >, d > > f W • P11t

A • ( < < 11-u, q u. >, c. > l 1L , B = -ť < < -fiu.
, 4u.. >, a- > J cu. • Then A , S

--

are P1'0Ximal in p b11t they 81'8 V -diet ant• This P1'0-

pezttJ ot P was tonnd when I tl!'ied to aolve tbe tollow

ing p1'oblem posed by J. Vilímovský in the eeminara Doea 

tbe1'e exist a nont1'ivial coretlection 1n Um..é.,f presen

ing p1'oximity? Since we have J11st proved thet any space 

ie a q11otient ot a proximally min1mal space, there existe 

no moh ooreflection. 

By the method used to prove Theorema) and 4 one oan 

pl!'ove other res11lts on products of proximally fine spaoea. 

B.g., 1t X has a linea1'1y ordered base and the deneity

ot X 18 oc:. and 1f Y 1s proximally tine and the inter-

••otion ot oe, uniform neighborhoods ot ,fy is again a 

uitom neighborhood of 4 y , then X x Y is proximally 

tine. 
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