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Časopis pro testováni matematiky a fysiky, roC. 75 (1950) 

O N NEARLY DISCRETE SPACES 
MIROSLAV KATfiTOV, Praha 

(Received October 21, 1949) 

Nearly discrete and nearly (R) discrete spaces investigated in this 
note are, roughly speaking, Hausdorff (respectively, regular) spaces the 
topology of which cannot be modified without either some open set 
becoming non-open or some non-isolated point becoming isolated. It is 
immediately seen that discrete (i. e. Buch that every subset is open) 
spaces as well as spaces investigated by E. HEWITT [1] *) and by the 
present author [2] and called maximal (maximal completely regular) 
in [1], minimal (JK-minimal) in [2] are nearly [respectively, nearly (R)] 
discrete. In this note some properties of nearly discrete and nearly (R) 
discrete spaces are examined and a close relation is established between 
nearly (R) discrete spaces and the Cech (bi)compactification of discrete 
spaces (for instance, every countable nearly (R) discrete space may 
be imbedded into the Cech compactification of natural numbers). 

We begin with some preliminary definitions and lemmas. All spaces 
considered are Hausdorff topological spaces. The letters P, S always 
denote spaces. Sapping means a continuous transformation; function 
means a real*valued function. 

; Definitions. A space P is called dense-in-itself if it contains no 
isolated point, dispersed Hit contains no non-void dense-in-itself subspace. 
A set Q C P is called relatively dense-in-itself (in P), abbreviated r. d., if it 
contains no isolated (in Q) points except those isolated already in P, 
relatively almost dense-in-iiselft abbreviated almost r. d., if the set of all 
re € ©which ire isolated in Q without being isolated in P is countable 
(== finite or" countable infinite). A one-to-one mapping \p of a space Px 

into P2 is called an i-mapping if tp(x) is an isolated point in P2 whenever x 
is isolated in Pv If 9? is an t-mapping of Px onto Pa, theii P , is said to be 
m i-image of Pv ;-^srn i*k;.. f /....-• 

Lemma 1. In any space P, the sum of an arbitrary coltectidn of!--r. d. 
sets is r.d.y every open set is r.d.t the intersection of an open set and a r.d. 

*) Numbers in brackets refer to tha list at the end of the paper. V : » 



set is r. d. A set QcP is r. d. if and only if Q is r. d. If Q C F is r. d. in P, 
M C Q ̂  ?- d. in P, then M is r. d. in P . 

Proof is easy and may be omitted. 
The following lemma is obvious. 
Lemma 2. Let cp be an i-mapping of Pl onto P2. If Q c Pi is r. d., 

then (p(Q) C P% is r. d. 
Lemma 3. 1/ A C P is r. d., B C A, and no non-void M CB is r. d. 

in P, then A — B3A,A — Bisr.d.inP. 

Proof. Denote by C the set of all isolated (in B) points xeB. 
It is easy to see that B — C is r. d., hence void. If x e C, then x is not 
isolated in A (for otherwise x would be isolated in P, (x) C B would 
be r. d.), and therefore x e A — B. Thus C C A — B whence B C C C 
CA — B, AZ) A — B which proves (cf. Lemma 1) the lemma. 

Lemma 4. Let Ai C P, £\Ai = P . Then there exist r. d. sets Bt C A% 

suchthatZiWi=P. 
Proof. Let Bi be the sum of all r. d. sets BcA{, by Lemma 1, 

Bi is r. d. Suppose G— P — S\Bi 4= 0. Then G is open, hence r. d., 
G = £i(GAi — Bi), GAi — Bi contains no non-void r. d. set. This 
is easily seen to contradict Lemma 3. 

Def in i t ions . A space P is called nearly discrete if every e-mapping 
of a Hausdorff space onto P is a homeomorphism. A semiregular1) 
[regular, completely regular] space P is called nearly (SR) [nearly (R), 
nearly (SR)] discrete if every ^-mapping of a semiregular [regular, comple
tely regular] space onto P is a homeomorphism. 

Theorem 1. Each of the following three conditions is necessary and 
sufficient in order that a Hausdorff space P be nearly discrete: (a) every 
relatively dense4n-itself set Q C P is open-, (b) for any bounded function f 
in P, lim/(z) exists, for any non-isolated x e P; (c) if M C P> # * M — M, 

then M -f- (x) is a neighborhood of x. 
Remark . This theorem is equivalent, for a dense-in-itself P, to 

Theorem 2 and 3 of [2]. The proof does not differ from the proof given 
in [2] and is given here for the sake of completeness only. 

Proof. I. Let P be nearly discrete and let Q Q P be t. d. Let Px 

, be obtained from P by declaring every set GQ -f- H,G,H open in P, for 
open in Pt. Clearly, Px is a Hausdorff space. I t is easy to see (cf. Lemma 1) 
that the identical mapping of Pt onto P is an i-mapping, hence a homeo
morphism, and therefore Q is open in P . II . Let (a) hold and let M C P> 

-) A space P is called semiregular if, for any open O C P and a; c G, there exist 
an open M such that x c H C IntH Q G. 



xe M — M. By Lemma 4, there exist r. d. sets A C M, BQP — M 
such that A -f- B = P . Clearly, a: e A. (for otherwise we would have 
#ejB, P -f- (x) r. d., hence open, and therefore xnone if) , ^4+ (#) 
is r. d. and therefore open, M -\- (x) D A -\- (x) is a neighborhood of a?. 
III . Let (c) hold and let op be an e-mapping of a space Px onto P . Let 
MQP, xeM — M. Then M -f- (x) is a neighborhood of x in P and 
therefore <p~1(M) -\- cp~1(x) is a neighborhood of (p~x(x) in P . Since 
9P_1(x) is not isolated (cp being an ^-mapping) we obtain (p~x(x) e (p~*(M). 
Thus 99 is a homeomorphism which proves that P is nearly discrete. 
IV. Let (c) hold and let / be a bounded function in P . Let x e P be non
isolated and denote liminf/(z) by ot. Clearly, for any e > 0, #eM , M 

being the set of all z e P,z 4= #, such that|/(z)—oc\ < £.Therefore (#) -f- M 
is a neighborhood of x which implies oc — \imf(x). V. If (b) holds and 

M C -P, a e i(f — M, then putting f(x) = 1 if z e if, /(#) = 0 i f . r e P — i f 
we obtain lim/(x) = 1 which implies |/(#) — 1| < | , hence f(x)= 1, 

xe M, for evdry a; 4= « in an appropriate neighborhood G of the point a. 
Thus (b) implies (c) which completes the proof. 

Theorem 2. The Jollowing properties of a semiregular space P are 
equivalent: (a) P is nearly (SB) discrete; (b) P is nearly (B) discrete;' 
(c) P is nearly (CB) discrete; (d) /̂ Qx -f Q2 = P , ( ^ 2 = 0, Gi &wd Q2 

are relatively dense-in-itself, then Qx and Q2 are open; (e) if Q1C.P,Q2QP 
are relatively dense-in-itself, then QXQ2 is so as well. 

Proof. I. Let (a) [or (b), or (c)] hold/Let Qx C P, Q2 = P — Qt 

be r. d. sets. Let Px be defined by declaring every set Q1G1 -f- $2^> 
6rx, Cr2 open in P, for an open subset of Pv Then Px is semiregular 
[respectively, regular or completely regular] and it is easy to see that 
the identical mapping of Px onto P is an t-mapping, hence a homeo
morphism. Consequently, Qx and Q2 are open in P (being so in Px). 
Thus (a), as well as (b) or (c), implies (d). Since, for any open G, Int 
6? and its complement are r. d. (cf. Lemma 1), (d) implies, for a semi-
regular P , complete regularity of P . Therefore, (a) implies (b)and (c). 

II . Suppose that (d) holds and P is semiregular. Let q? be an i-map-
ping of a semiregular Px onto P and let Gx C Pi be open. Choose xeGv 

Since Px is semiregular, there exists a regularly open2) set Hx such that 
x € Hx C Gv By Lemma 1, Ht and Px — Hx are r. d. in Px and therefore* 
by Lemma 2, <p(Hx) and <p(Pt — Hx) are r. d. in P , hence open. This 
proves that 9? is a homeomorphism. Hence P is nearly (SB) discrete, 
(d) implies (a). III . From I and II we obtain the equivalence of the 
conditions (a), (b), (c), (d). We are now going to prove the equivalence 

2) A set U C P is said to be regularly open (in P) if U ** IntU. 
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of (d) and (e). Let (d) hold and let Qi be r. d. Suppose that a <• Q = QXQ2 

is isolated in Q. There exists an open G C P such that GQ = (a). Let 
«i = OiG, S, = <22G - (a), Tx = ^ + ( ^ - S2),T2 =_£2 +- (S, - JP^ 
It is easy to see that TXT2 = 0, 3 I

1 + T2 = # ! + /S2, £< C TiCS{. 
Lemma 1 impUes that Tv T2, P — T1 — T2 are r. d., hence, by (d), open. 
Frpm this we obtain a non e S2; hence a is isolated in Q2G and therefore 
in P (for Q2G is r, d.). Consequently, Q == QXQ2 is r. d., (d) implies (e). — 
Nowjet (e) hold and let Qi be r. d., Qx + Q2 =. P, 0iQ2 = 0. Choose 
x € & and put ^ = Qx + (x). Then flfj is r. d. and therefore Q2SX is so as 
well. We have either Q2SX = 0 or Q2S± = (x). Suppose x c Q2\ then 
(x) = Q ^ is r. d., x is isolated which contradicts xeQx — Qv Therefore 
x € Qu Qi is closed which proves the implication (e) => (d). 

Remark. Theorem 2 asserts that nearly (SR), nearly (R) and 
nearly (OR) discrete spaces coincide. Henceforth we shall speak, therefore, 
of nearly (R) discrete spaces only. 

Theorem 3. Every Hausdorff space is'an i-image of a nearly discrete 
space. 

__ Theorem 4. Every regular space is an i-image of a nearly (R) discrete 
space. 

Proof of Theorems 3 and 4 is obtained by a slight modification 
of corresponding proofs in [l].and [2] (Theorem 1 and 9) and may be 

' omitted here. 
', Remarks. 1. It is possible to give examples showing that it is not 

sufficient to suppose, in Theorem 4, semiregularity instead of regularity 
2. I do not know whether* there exist regular dense-in-itself nearly dis
crete spaces. _ -

Theorem 5. Every subspace of a nearly discrete space is nearly 
discrete. 

Proof. Let P be nearly discrete, Q C P. Let M C Q be r. d. in Q. 
Denote M + (P — Q) by S. If x e 8 is isolated in S, then either x c P—Q 
and evidently x is isolated in P, or z c M, x is isolated in Q9 hence in. Q, 
hence in P-±= <J+ (P — ~Q). Thus M + (P—'Q) is r. d. in P, hence, 
b$ theorem 1, open, and therefore M -= SQ is open in Q. This proves, 
bv Theorem 1, ttat Q is nearly discrete. 

-. ' „ l * . . ' . • - ' • ' 

Definition. Let PCS, let 8. be //-closed8) and let P be open 
in 8, P W S. Let (7 + (a?) be open in S whenever G C P is Open and 

. i cO-—P* Then 5 ' (which is essentially uniquely determined by the 
above properties) iJ^aid to be a (ff-closed) %-extension of P.and is deno
ted by xP (of. [S] where a formally different definition is given). 

••;•) A Hausdorff space P is called H-closed if it is closed in any Hausdorff 

lUrfi* 



It is known (e. g. [3], 3,1) that there exists, for any Hausdorff spaqe 
P,aTP. 

Theorem 6. Let 8 be a Hausdorff space, P C S, P = S and let P 
be nearly discrete. Then S is nearly discrete if and only if S C TP. 

Remark. SCtP means, of course, that there exists a space 
T 3 S, denoted by TP, which is a #-closed T-extension of P. 

Proof. „If": by Theorem 5, we have only to show that T P is nearly 
discrete. Let M C rP be r. d. Then MP is r. d., hence open; clearly, for 
any xe M — P, we have x e MP (for otherwise x would be isolated in M), 
(x) -f- MP is open, and therefore M is open. Hence, by Theorem 1, 
T P is nearly discrete. — „Only if": let T = rS. It is easy to show that 
T is a T-extension of P. 

Corollary. A dispersed space P is nearly discrete if and only if 
PCtJ where J C P consists of all isolated xe P. 

This follows from the well known fact that, in a dispersed space, 
the set of isolated points is dense. 

Lemma 5. Let P be nearly or nearly (B) discrete. Then every M C P 
may be represented (uniquely) as a disjoint sum M === Mx + M2,M{being 
open in M, Mx dense-in-itself, M2 dispersed. 

Proof. Let the sum of all dense-in-itself subsets of M be denoted 
by Mx, and put M2 = M — Mx. Clearly, MXM C Mx, Mx and P — Mx 

are r. d., hence, by Theorem 2 or 1, open in P. Therefore, Mx == MXM, 
. M2 5=5 (P —- MX)M are open in P. The uniqueness is obvious. 

Definit ion. Let P be completely regular. A compact space J? D P 
such that P= B and every bounded continuous function in P may 
be extended to a continuous function in B will be denoted by j(3P and 
called a f}-compactification of P. 

It is well known (cf. e. g. [4]) that every completely regular space 
possesses a jS-compactification which is essentially unique. 

The following lemma is almost obvious. ' . 

Lemma 6. Let 8 be completely regular, P C S, P = S. Then S CPP 
if "and only if every bounded continuous function in P may be extended 
to a continuous function in S. 

Lemma 7. / / Pis nearly (B) discrete, Q C P, Q = P, then P C ^ 
Remark. This is, essentially, Theorem 13 of [2]. , .... 
Proof.Let/beaboundedcontinuousf\mctioninQ.PutJF(a;) =-'•/(»), 

for.x.€ Q, F(x) = limsup/(z), for x*P — Q. Choose a c P , e > 0 and 

denote,by A the set of all a; cQ such that \f(x) — P(a)| < e. Clearly, 
A is open in Q, hence, by Lemma 1, r. d. in P. By Lemma 1 and Theorem 
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2, A and P — A are open. Evidently, a e A aiid,'for any xe A, \F(x) — 
— P(a)| ^ 6. Thus F is continuous. Now apply Lemma 6. 

Theorem 7. Let P QS9 P = 8 and let P be nearly (jB) discrete, 
8 completely regular. Then 8 is nearly (R) discrete if and only if S C jSP 
and8 — Pis adispersed^space. 

Proof-. I. „If": let Ql9 Q2 be disjoint r. d. subsets of S, Qx + Q2\ 
we have to show (see Theorem 2) that Ql9 Q2 are open. The sets Qk — P 
contain no isolated point of S9 are dispersed and therefore contain no r. d. 
(in 8) set. Therefore, by Lemma 3, PQk 3 (?*, the sets PQk are r. d. in S9 

hence in P, and consequently, by Theorem 2, are open in P. Putting 
f(x) = U, for x € PQk* we obtain a continuous function / in P. Let / 
be extended (cf. Lemma 6) to a continuous function F in S. Then Q^ C 
C PQjc implies F(x) = k, for x e Q^. Hence Qk are open. II. „Only if": 
suppose S nearly (R) discrete; then, by Lemma 7, S C jSP and no non-
void M C,S — P is dense-in-itself, for otherwise M and S*—M would 
be r. d., hence, by Theorem 2, open which is impossible. 

Definition. Subsets A, B of a space P are Said to be separated 
(mP)kAB+AB=0. 

Lemma 8. If countable sets A9 B are separated in a'regular space P , 
then there exist disjoint open sets GZ> A9H ^ B. 

This lemma is well known (URYSOHN [5], S. 265). 

Lemma 9. If P is nearly (R) discrete, then, for any separated coun
table A, B9 there exist disjoint optn G~D A, HZ)B such that G + H = P. 

Proof. By Lemma 8, there exist open GxDA, HXZ)B, GXH± = 0. 
Put G =- Gl9 H' = P — Gx and apply Lemma 1 and Theorem 2. 

L e m m a 10. Let f be a bounded continuous function in a space P 
such that f(P) contains no interval. Then f may be represented as the sum 
of a uniformly convergent series E\gn of continuous functions each assuming 
two values^at most and such that £imax\gn(x)\ < oo. • 

x Proo£ Let &.= inf/(P), /?=sup/(P), choose (if a +/?) a real 
number y non € f(P) such that 2oc + /? < 3y < a + 2/3, and put gx(x) = 
= J(* + y) if /(*) < y9 gx(x) = \(y + fi) if /(*) > y, and fx(x) = /(*) -
— (fi(x)> *or a n y ^ c P. It is easy to see that starting from ft to obtain 
g2 and /2 and proceding indefinitely in this way we obtain a series Zign(x) 
possessing the properties required in the lemma. 

Lemma 9 and 10 imply: ^ 
Lemma 11. Let P be nearly (R) discrete and let M C P be countable. 

Then every bounded continuous function in M may be extended to a conti* 
nuous function in P. , 

74 . * 



Theorem 8. Let P be nearly (R) discrete and let Q be relatively (in P) 
almost dense-in-it$elf. Then (1) Q is nearly (R) discrete, (2) every bounded 
continuous function in Q may be extended to a continuous function in P. 

Proof. Let H denote the sum of all r. d. (in P) subsets of Q, and let 
A denote the set of all xe P which are isolated in Q without being 
isolated in P; then A is countable, AH = 0. H = HQ is closed and open 
in Q, for H and P —H are r. d., hence open, in P; clearly, Q — H C A. 
By Lemma 11 and 6, we obtain ACQ — H CfiA from which, by Theo
rem 7, follows that Q — H is nearly (R) discrete (for Q — H is dispersed). 
Now, if Mx C H> M2 C H are r. d. in H, then, by Lemma 1, they are both 
r. d. in P a n d therefore, by Theorem 2, MXM2 is r. d. in P , hence in M, 
as well. Thus, by Theorem 2, H is nearly (R) discrete and therefore 
Q = H -f- (Q — H) is nearly (R) discrete (for H and Q — H are open 
and closed in Q). — If / is a bounded continuous function in Q, then / 
may be continuously extended from A over P — H, by Lemma 11, and 
from H over H, by Lemma 7 (for H is clearly nearly (R) discrete). From 
this the assertion of the theorem follows at once. 

Corol lary. Every countably compact*) subspace of a nearly (R) 
discrete space is finite. 

Proof. Suppose that K C P is countably compact infinite, P being 
nearly (R) discrete. There exists a countable infinite discrete A C X. 
B = AK is countably compact and, by Theorem 8, nearly (R) discrete. 
Therefore, by Theorem 7, B — J. is dispersed. Choose a point xe B —-A 
which is isolated in B — A and choose an open G such that GB — A 
contains a single point x. Clearly, GB is countably compact, infinite, 
consists of isolated points except the point x, and is, by Theorem 8, 
nearly (R) discrete. This is a contradiction. 

We are now going to give some examples. 
E x a m p l e 1. (showing that there exist non-normal nearly (R) 

discrete spaces and that the property of being nearly (R) discrete is not 
hereditary). Let / be a countable infinite discrete space. I t is known [6] 
that fil — / contains a discrete subspace X of power exp80. Denote 
I -f- X by Pv By Theorem 7, P x is nearly (R) discrete. Evidently, there 
exist expK0 continuous functions in J, hence in Pv Since there exist 
expexpK0 continuous functions in X, it is clear that P t is not normal 
(for otherwise every continuous function in X would admit of a conti
nuous extension over Px). Choose a point xeX— Xcpl such that 
X + (a) C§X does not hold (it is easy to see that such points exist 
for otherwise we would have jSK C/?-T)« Denote Px + (x) by P 2 . Then, 
by Theorem 7, P 2 is nearly (R) discrete but X + (x) C P2 -s no*> so» 

*) We call a space countably compact if every countable open covering contains 
a finite subcovering, compact if any open Covering contains a finite subcovering. 
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E x a m p l e 2. .Let JP be a countable infinite dense-hi-itself nearly 
(R) discrete space (such a space exists, by Theorem 4). Choose an infinite 
discrete i C - ° and a point x € @ P, x € A, and put S = P + (a). By Theo
rem 7, S is nearly (R) discrete; S — A + (a) is dense but is not open. 
Therefore, by Theorem 1, 8 is not nearly discrete. By Theorem 3, S 
is an e-image of a nearly discrete space Sv Clearly, Sx is not regular. 

Def ini t ion. A space P is called hypernormal (cf. [1], Definition 17) 
if, for any two separated sets A C P> B C P, there exist open sets G^> A, 
H3B such that GH = 0. 

Hypernormality is clearly hereditary. 
Theorem 9. A space P is hypernormal if and only if every bounded 

continuous function fin a subspcuce M C P way be extended to a continuous 
function in P. 

Proof. I. „If 'iletAk C P (k = 1, 2) be separated. Putting f(x) = k, 
for x € AJC, we obtain a continuous function / in Ax + Av Let / be 
extended to a continuous function F in P and denote by G or, respectively, 
by H the set of X€ P such that F(x) < f or, respectively, F(x) > $. 
Clearly, G , f l a r e open, GD A, i ?D B, GH= 0. II . „Gnly if": let / 
be a bounded continuous function in M C P- Denote sup^jf|/(a;)| by a; 
denote by A or, respectively, by B the set of x € M such that/(#)<!—%oc 
or, respectively, f(x) ^> %oc, and choose (which is possible, for A, B are 
separated) open GD A, H3B such that GH = 0. Since G, P — G are 
clearly separated, there exist open GtZ)G, Hx D P' —G such that 
WxSl^ 0; evidently, Gx DA, Hx3 B, ^ - f J ^ = = P. Putting Fx(x) = 
= — \oc, for X€Glt Ft(x) = J<%, for X€ Hx, we obtain a continuous 
function Fx in P. Clearly, |Pi(#)| ^ \K, for any X€P, and \Fx(x) — 
— /(#)| ^ |#> f° r a n y x € M. I t is now easy to find, by induction, conti
nuous functions Fn (n = 1, 2,...) in P such that \Fn(x)\ <^ 2n~1i"noc, 
for any x € P, \I%Fk(x) — f(x)\ <£ 2*3~w<%, for any a; c M. We have now 
only to put F(x) = S^Fn(x), for any a; € P, to prove the theorem. 

R e m a r k . A hypernormal compact ( = bicompact) space P is finite. 
For otherwise let IC P be infinite discrete. Then, by Theorem 9 ,1 = fil. 
But / } / is not hereditarily normal (cf. Eiample 1), hence cannot be 
hypernormal. — It is possible to show more, viz. that an infinite count-
ably compact space eannot^be hypernormal. 

Theorem 10. If a spam P satisfies one of the following equivalent 
conditions (I) P is nearly (R) discrete and completely normal, (2) P is 
normal and hereditarily nearly (R) discrete, then P is hypernormal. 

Proof, L If (2) holds, let / be a bounded continuous function in 
Jf CP* Since Jf is nearly (R) discrete, it is possible, by Lemma 7* to 
extend / to a continuous function in M* hence (P being normal) in P . 
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This proves, by Theorem 9, that P is hypernormal and (1) holds. II . 
If (1) holds, let again / be a bounded continuous function in M C P-
Since P is completely, hence hereditarily normal, / may be extended 
to a continuous function in Q = P—(M — Jf), hence, by Lemma 7, 
in P = Q. Therefore, by Theorem 9, P is hypernormal. We have now 
only to prove that every QCP is nearly (R) discrete. By Lemma 5, 
there exist separated Qi such that Q± + Q2 = Q, Qi is dense-in-itself, 
Q2 is dispersed. Evidently, it suffices to prove that Qi are nearly (R) 
discrete. Now, Qt is so by Theorem 8, and hypernormality of P implies, 
by Theorem 9, that Q2CfiI (where 7 denotes the set of all isolated 
points oiQ2) and therefore, by Theorem 7, Q2 is nearly (R) discrete. 

R e m a r k s . 1. A nearly (R) discrete space need not, of course, 
be hypernormal (see Example 1). 2. There exist countable hypernormal 
spaces which are not nearly (R) discrete — see Example 3 below. 

Lemma 12. Let P be regular and let the set of all nonisolated xeP 
be countable. Thep P is completely normal. 

Proof. Let A C P, B O F be separated. Denote by 7 the set of all 
isolated x € P. There exist, by Lemma 8, disjoint open sets G 3 A — 7^ 
HDB — L Let G1=G — B + AI> H1=H — A + BL Then GltHx 

are open, Gx D A, Hx D B, GXHX = 0. 
Lemma 13. Let I be a discrete space. If P C fil and P — 7 is coun

table y then P is hypernormal. 
Proof. If / is a bounded continuous function in M C P* then, 

by Lemma 12, / may be extended to a continuous function in 7 + Jf 
and, therefore, to a continuous function in P Cf$(I + M) == fll. Hence, 
by Theorem 9, t? is hypernormal. 

Defini t ion. The least power of a dense subset of P is called the 
density "character of P. 

Theorem 11. Any nearly (R) discrete space P may be imbedded into 
j87, 7 being a discrete space'of power equal to the density character of P. 

Proof. I. Suppose that P is dense-in-itself. Let QcP> Q = TV 
Let <p be a one-to-one transformation of Q onto a set 7, 7P = 0. Let 
8 = P + I and let the family consisting of all H +.<p(H) — K, HCQ 
beingr. d. in Q or (whichis the same) in P, Kfinite, and of all (x), xel, 
be an open base of the space S. I t is easy to see that S is completely 
regular, 7 = S, and P (with its original topology) is imbedded in S. 
If x e P , A C 7, x e A, then H<p~ ̂ (A) =f= 0, for any r: 6\. HcQ » u c n t n a * 
x e H. Denote the sum of all r. d. sets M C <P~~r(A) by B. Then x € B, for 
otherwise, for some open GcP, <*>* #* G<p—X(A) would contain no non-
void r. d. set ai^d therefore, by Lemma3, U= G—<p—* (A) would be r. d*, 
x € U, XJ<p—l(A) = 0 which is a contradiction. Hence B + A D B + <p(B) 



is~a neighborhood of the point x, x non c /,— A. Thus A .1 — A =-r0, 
for any A Q I. From this, it is easy to deduce (cř. [4], p. 833) that P C 
(?{}Pz=z filé II. For an arbitrary nearly (R) discrete space P, the assertion 
of the theorem follows from I and Lemmas 5 (with M == P) and 7. 

Theorem 12. Let I denote a countable infinite discrete space and let P 
be a countable špetce. If P is nearly (R) discrete, ťhen P may be imbedded 
infafil; if P C fil, then P & hypernormal. 

. This follows from Theorem 11 and Lemrjaa 13, 
Example 3. Let P be countable dense-in-itself nearly (R) discrete 

(cf, Theorem 4). By Theorem 12, P C PI> I being, countable discrete. 
Let AQP bo an infinite discrete subspace. Clearly (cf. Lemma 13) 
4 -== fiA C fil. Choose a countable dense-in-itself B C A — 4 , BP = 0 
and put S = P + B. Then 8 C P?, # - s hypernormal but is not nearly 
(R) discrete (for P and B are r. d. in S without being open). 

* Problém. I do not know (not even for countable spaces) whether 
it is always possible to imbed a hypernormal space into piy for an appro-
priate discrete 7. 
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O skoro isolovaných prostorech 

(Obsah předešlého článku). 

, Nazýváme -áířj-prostor skoro isolovaným, když jeho topologii 
nelze zeslabiti, aniž by sepěkteřý nejsolovaný bod stal isolovaným (anebo 
prostor přestaj vyhovovat axiomům A,H, F); regulární prostor nazý
váme skoro (R) isolovaným, když jeho topologii nelze zeslabit, aniž by se 
některý' ňeisblovaný bod štaj isolovaným anebo prostor přestal být 
regulárním. V Slánku jsou studovány vlastnosti těchto prostorů; Mimo 
jiné^v článku je dokázána věta: kaídý skoro^(R) isolovaný prostor Pize 
vnořit do prostoru fil9kde fil znaíí Čechův, bikompaktní obal isolovaného 
prostoru Ž, jehoí mohutnost se, rovná nejmenét mohutnosti husté části 
ptpsfaru P. .>\- '-"i. ..."./.; v/;'J . . . . . . :. -\' ' - '•' 

'n"'i * .' . 
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