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YexocaoBaukuii MaTeMaTHIeCkuii :kypHax, T. 3 (78) 1958

ON THE CONVERGENCE IN ¢-ALGEBRAS OF POINT-SETS.

By JOSEF NOVAK,!) Praha and MIROSLAV NOVOTNY, Brno.
(Received Juny 1, 1953.)

. In this article the topological convergence of point-sets in o-algebras is
studied. Necessary and sufficient conditions are given for a topological
convergence to be ametrical one. An example is constructed showing that the
topological convergence possessing Hedrick’s property need not be identical
with the metrical convergence.

In this paper the symbol X is used to denote an abstract space. Let A be
a o-algebra of point-sets, i. e. a class of setsin X which contains X and which is
closed under the formation of countable unions and differences. The elements of
A are called events. Two g-algebras A and A, are said to be isomorphic if there
exists a one-to-one transformation 7" of A onto A, suchthat 7' (U 4,) = U T4,
and T(A — B) = T(A) — T(B). Let {4,} be a seq zerce of events A, ¢ A.

According to F'. Hausdorff?) we define lim sup 4, n U A, and liminf 4,
k=1n=k

U n A ,; the sequer:ce {4,} converges topologically to an event 4 ¢ A — in
k=1n-k

symbols A, ‘>~ 4 orlimA,-L 4 —if A = limsup 4, = liminf 4,. We say
that two convergences 1 and -2 are identical, if A, - A implies and is implied
by A,-2-+A. The topological convergence will be said to possess Hedrick’s
property?) if lim 4,,, L A4, and lim 4,, - 4 implies that there is a sequence

m
{Ampn}i=1, My = my < ..., converging to 4.

The scope of this paper is the study of the relationship between topological
and metrical convergences. Necessary and sufficient conditions are given for
both convergences to be identical.?) One of these conditions concerns the

1) On December 1952 I had the occasion to announce ths idea of the convergence of
random events in a conference held in Wroctaw. Using another method E. Marczewski
succeeded in proving some results contained in this paper (cf. his article: Remarks on the
convergence of measurable sets and measurable functions, whlch will be published in
Colloquium mathematicum).

2) F. Hausdorff: Grundziige der Mengenlehre, 1914, p. 21.

3) M. Fréchet: Les espaces abstraits, 1928, p. 211.

4) Cf. D. Maharam: An algebraic characterisation of measure algebras, Ann. of Math.
48 (1947), Theorem 1.
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notion of probability; by this we understand a non negative and countably
additive set-function P defined on A and such that P(X)= 1. An example
is constructed showing that the topological convergence possessing Hedrick’s
property need not be identical with the metrical convergence.

Let A be a c-algebra. The following relations are easy to be proved:

1.If A,cA B,eA,n=1,2,...and 4,-~ A4, B,2.B, then AcA BecA
and A, -+~ A4, A,UB,—~AUB, A,NB,~4ANB, A, —B,-"> A — B,
A4,~ B, . A= B

2. IfAd,eAn=12 .. thenAd, ‘. Aifandonlyif 4, — 4 -1 0.5)

Here 4’ denotes the complement X — 4 of 4 and — denotes the symmetric
difference: 4 — B = (A—B)U (B— A4).

Let — denote any convergence satisfying both well known Fréchet’s axioms®)
of convergence. We shall say that the sequence {z,} of elements converges
a posteriori’) to the element z, in symbols z, — =, if in every subsequence
{x,,} there is a subsequence {x,,k‘} converging to x. The topological conver-

gence a posteriori will be denoted by .
The following statement can be easily proved:

In the o-algebra A the topological convergence and the topological convergence
a posteriort are identical.

As a matter of fact, 4, % A evidently implies 4, — A.On the other hand,
let A, A.Suppose that, on the contrary, this sequence {4,} fails to con-
verge topologically to the event A. Then, according to 2. lim sup (4, = 4) ==
= 0. Consequently, there is a point x, ¢ X such that z,e¢ 4, — A for infinitely
many n. Let {4,,} be the sequence of all those events A4, ¢ A for which z, ¢
€ A, — A. According to our supposition it is possible to choose a subsequence
{4,,} such that A,,ki_ﬁA, ie d, =+ A -, 0. This is contradictory to the
fact that , ¢ lim sup (4,, - A). Therefore 4, *, A implies 4, -5 A.

Lemma 1. Let A be a o-algebra. Let o(A, B) be a metric in A such that both
convergences in A, the convergence defined by o and the topological one, are identical.
Then

1° Every subsystem of mutually disjoint events is at most countable.

2° Every strictly monotone sequence {A.,} of events is at most countable.

3° A is isomorphic with the system of all subsets of an abstract point-set which
15 at most countable.

Proof. 1° Let {4,}.., be asequence (possibly transfinite) of mutually disjoint -
events 4, ¢ A which are different from one another. Let A, be the system of

5) Cf. D. Maharam: 1. c. p. 154, 155. )

8) M. Fréchet: Sur quelques points du calcul fonctionnel. Rendiconti del circolo Palermo
22 (1906), p. 6.

7y P. S. Urysohn, Sur les classes (L) de M. Fréchet, L’Enseignement mathématique 25
(1926), 77— 83.
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1
all 4, in the sequence {A4,} for which o(4,, 0) > oy holds true, n being

anatural integer. If the system A, were infinite, it would be possible to choose a
sequence of mutually different events 4, e A, such that 4,, -, 0 and con-
sequently A, -%-0 which would be a contradiction. Therefore A, is a finite

system and the system U A, of all events 4, such that o(4,, 0) > 0 is at most
n=1

countable. Since the sequence {4,} can contain only one element 4, such that
o(4,,, 0) = 0, the ordinal y must be at most countable.

2° follows immediately from 1°.
3° Let 2 ¢ X and let # denote the common part of all events A ¢ A containing

2. Then — by 2° — there is a sequence {4,} such that £ = f} 4,. Therefore
: n=1

0 4z ¢ A and, for z,ye X, either =y or z [} ¥ = 0. The sets z are the least

non-empty events and — according to 1° — the system of all  is at most

countable. Every event 4 € Ais a disjoint union of some least events z and the

event 0. Therefore A is isomorphic with the system of all subsets of the set

whose elements are x which is at most countable.

Definition. The probability function P defined on a o-algebra A will be said
to possess property («) if P(4) = 0 tmplies A = 0.

Theorem 1. Let A be a o-algebra of point-sets. The following three conditions
are equivalent:

a) There exists a metric p in A such that the metrical and topological convergen-
ces are identical.

b) There exists a probability function P defined on A with the property ().

c) A is 1somorphic with the system of all subsets of a set which is at most
countable.

Proof. According to 3° the condition a) implies ¢). Now, assume that the
condition c¢) holds true. We can suppose that A is the system of all subsets
of a point-set X = {x,, ,, ..., Ty, ...}, » < 8, where s is a either finite or the
least infinite ordinal w. In the first case we define: P((x,)) = s~1, in the second
case we put: P((z,)) = 2-"-1, (z,) denoting a one-point-set containing z,. In
both cases, let P(4) = 0 if A = 0 and P(4) = > P((x,))if 0 & A € A. Clearly,

Taed
P(A) is a probability function on A possessing the property (x). Therefore c)
implies b). R

Now we are going to suppose that the condition b) holds true. Let us define
for A, B ¢ A the function o(4, B) = P(4 - B). Itis well known that g is a met-
ric function®) in A. Further suppose that 4, - 4. By 2. we have 4, —~ 4 0.

8) Cf. 0. Nikodym: Sur une généralisation des intégrales de M. J. Radon. Fund.
Math. 15 (1930) p. 137.
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From the continuity of the prokability function it follows that P(4, =~ 4) —
— P(0) = 0 so that o(4,, A)—0, i. e. 4,-%. 4. Conversely, let 4,-% 4
and suppose that, on the contrary, the sequence {4,} does not con-
verge topologically to A; then lim sup (4, — A) = 0. Consequently, there is
a point yeX belonging to infinitely many events A4, — 4. Put C =
= N (4, + A). Then 0 = C Climsup (4, — A). Therefore o(4,, 4) =

ed,—4

:yP(A,, +— A) = P(C) > 0. Thus we can conclude that the sequence {4,}
does not converge to 4 in the metric p; this is a contradiction. We have proved
that 4,-% A if and only if 4,-2- A. Consequently b) implies a) and Theorem
1 is proved.

Let B be a o-algebra which is isomorphic with the system of all subsets of
an at most countable abstract set. Let ¢ be any metric in B. We say that ¢
has property (p) if the following conditions are satisfied?)

- I p(0,X)=1,

II o(4, B) = o(4 = B, 0),

IIT o(4, 0) + o(B, 0) = o(4 U B, 0) + o(4 N B, 0),

IV The metrical and the topological convergences in B are identical.

We denote by U the system of all probability functions P defined on B and
possessing the property (x). By B will be denoted the system of all metrics p
defined on B and having the property (f).

Theorem 2. The correspondence P = f(p), o € B, where f(0) is a set-function
defined by P(A) = o(A4,0), A ¢B, is a one-to-one mapping of B onto W. The
inverse mapping -1 satisfies the condition o(A, B) = P(4 = B).

Proof. The additivity of the function P(4) = o(4, 0) follows immediately
from IIT and the o-additivity from IIT and IV. The function (4, B) is a metric
such that the metrical convergence and the topolegical one in B are identical (cf.
the proof of Theorem 1). The proof of the remaining assertions makes no
difficulties.

Remark. Let us denote by V the following condition:

V The metric p defined on B is strongly monotone, i.e. 4 CB, 4 + B, im-
tlies that (4, 0) < o(B, 0).

Evidently, from ITI it follows V. On the other hand, if the o-algebra B con-
tains more than two elements, then the systems of conditions I-—IV and I,
II, IV, V are not equivalent. Indeed, if oe P and po(4, B) = P(4 = B)

2
where P e U, then g, = I—;Q—é is a metric fulfilling the conditions I, II, IV

and V; if IIT holds true for p,, an easy calculation shows that, for any A4,
B eB we have A CB or BCA.

9) According to III the function (4, 0), 4 € B is a valuation. Cf. G. Birkhoff: Lattice
theory, 1948, p. 74.
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Let us call H-convergence any convergence fulfilling the Hedrick’s property.
It is well known that every metrical convergence is an H-convergence. On the
other hand, the example of the o-algebra of all linear Borel sets shows that the
topological convergence need not possess the Hedrick’s property. There is a
question whether in A the topological H-convergence and the metrical one are

identical. The answer to this question is negative. As a matter of fact, let A
be the o-algebra of all at most countable subsets and their complements in
an uncountable abstract space X. Let lim A4,,-~ A4, and lim 4,, L 4;

n m
Aopnys A, A € A. Without any restriction of generality we can assume that all
the sets A, or all their complements 4,,, are at most countable. Under this
assumption the abstract subspace Y = U A, (or Z = U A;,m) is at most

m, n m, n

countable. According to Theorem 1 the topological convergence in the system
of all subsets of ¥ (or of Z) is a metrical convergence. Therefore it is pos-
sible to choose a sequence {4, J5-1 (or {Ap i), my < my < ..., topo-
lcgically converging to 4 (or to A'). By 1. we conclude that 4,,,,, A

Since the o-algebra A is not isomorphic with any system of all subsets of
an at most countable abstract set, the topological H-convergence in A is not —
according to Theorem 1 — a metrical convergence.

Pesowme.

O TOIIOJIOTMYECKONI CXOJMMOCTU B ¢-AJITEBPAX MHOKECTB

1. HOBAK (J. Novék), Ilpara u M. HOBOTHBII (M. Novotny), Bpro.

(ITocrymumto B pegakmmio 1. 6. 1953 r.)

ITycts A osnavaer o-anre0py MHOKECTB, TO €CTH HEIYCTYIO 0-aIUTUBHYIO
U KOMILIEMEHTAaTUBHYIO CHCTEMY IIOJIMHO:KecTB afCTpaKTHOI'0 MHOecTBa X.
Coraacuo @. Xaycdopgy, mocaenoBaresbHOCTh MHOMECTB {A ,} TomOIOrMIYeCKH
CXOJUTCA K MHOMeCTBY A, eciin

B patore mpessjie Beero joKashBaeTes, YTO TOIOJOTHYECKAs CXOAUMOCTH B A
SKBUBAJIEHTHA CBOEil AIOCTePMOPHON CXOAMMOCTH; APYTUMHI CJIOBAMMU: €CJIH
{4,} He cxomuress TonoJornyecKk K A, To cyliecTByer BHjeJeHHAA II0CTIe10Ba-
TeabHOCTb { A, } TaKas, YTo HU OJlHA BHIJ[eJIEHHAS N3 Hee IOCJe/l0BaTeIbHOCTh
{A"h} He CXOJuTes TONnoJorudeckn K A.

Ilycrs Temeps B o-anrebpe MHOMecTB A oIpefeseHa METPHKA o TaKas, 4To
06a THIIa CXONMOCTH, KaK TOIOJIOTIYeCKas, TaK Il METpHIeCcKasi, DKBHBAJIEHTHEL
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Aapyr gpyry. Torga 1) kasmjaa qusBOHKTHAA MojcucTeMa cuereMbl A Gynmer He
Oostee ueM cueTHOI, 2) Kamas CTPOTO BO3PACTAIOMAA WM YOHBAIONIAA TOCTe-
JloBaTeJIbHOCTD deMeHTOB u3 A Gyjer He Godee yem cueTHoil um 3) cucrema A
usomopdHa cmcreMe BceX IIOAMHOMIECTB He 6oJjiee 9eM CYETHOIO MHOKECTBA.

ITyers P osnHadaer (QYHKIUIO BEPOATHOCTH, OIpefielleHHYIO Ha o-adreGpe
A. Mu1 Gypem rosopurs, uro P o6ragaer coiicrBoM (x), ecimnus 4 e Au P(4) =
= 0 caenyer, uro A = 0. Ciepylomue TpH YCIOBUA BKBUBAJEHTHH JPYT
Apyry:

a) Ha o-anreGpe MuomecTB A cyllecTByeT MeTpUKA @ TAaKas, 4TO TOIIOJIO-
I'MYECKasl CXOMUMOCTD I MeTPUYeCKan CXORNMOCTh DKBHBAJIEHTHEL O{HA [PYTOIi,

6) Ha A cymecrByeT BeposATHOCTh P co cBoiicTBOM (&),

B) cucrema A msomMopdHa cicreMe BceX IIOJMHOKECTB HEKOTOpOTro He 0 oiee
YeM CYETHOI'0 MHOKECTBA.

Msr GygeM roBOpUTH, 9TO TOIOJIOTHYECKAs CXOAUMOCTH 00JIajaeT gUaro-
HAJbHBEIM CBOMCTBOM, eCJIN IMEeT MECTO CJIEYIOLIee: eCiy IMOCIe[0BATEIbHOCTh
{4 jin}y-, TODONOrMYECKN cXOAUTCA K A,,, a {4,}2_; & sxementy 4, 10 cy-
IIECTBYeT IOCIef0BaTeNbHOCTE { Ay }i1, My = My < ..., TOIOJOTHYECKIH
cxoaamanca k A. Hampgaa Merpudeckas cxonuMocts 00/1aaeT IuaroHajibHeM
cBoiictBoM. Tomosormdeckas CXOmMMOCTH MOMKET, OJJHAKO, HE HMETh STOrO
cEolicTBa, KaK BUJHO Ha IIpIMepe o-ajire0pH BceX 0OpPeIEeBCKUX MHOKECTB HA
npAmoit. B pabore pemraercs Bompoc, KaMias JIM TOIOJOTUIECKAS CXOAUMOCTD
C JMaroHAJBHBIM CBOWCTBOM sBIIseTCsI MeTpHYecKoil. OTo He Bcerjga Tak, Kak,
IOKAas3BIBAeT NpUMep o-anireOpsr A, sieMeHTaMI KOTOPO# cayaT Bce He Golee
4eM cueTHble TOIMHOKECTBA M UX JIOIOJHEHUs KAKOro-iubo HecderHoro ab-

CTPAKTHOrO MHOecTBa X.
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