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YexocmoBanknii MaTeMaTHUeCKMii KypHAU, T. 5 (80) 1955

OB OBPAIIEHUN TEOPEMbI YETAEBA

NBO BPKOY (Ivo Vrkod), Ilpara.
(ITocrynuio B pegaxuuio 7/1 1955 r.)

B Hacrosimeii crarbe gokasspiBaerTcs, uro Teopema Yeraesa m Jlamy-
HOBA O HEYCTOWYMBOCTH HYJIEBOI'O MHTErpasia CUCTeMbl AuddepeHnuas-
HBIX ypaBHeHMi JomyckaeT ofpaljeHue M JKaeTcs XapakTepusanus 06-
JIACTH HEYCTOWYMBOCTH .

O puddepeHna IbHEIX ypaBHEHUAX

dz, .
’Et":Xi(t’xlv”wxn) t=1,..,n (1)
OymeM Ha TPOTAMEHMU BCelf CTaThU IpefmoJarath, 9TO UX IIpaBble YacTH,
X, .
PaBHO KaK M YacTHBIE ITPOMBBOJHEIE ax’ (¢, 9 =1, ..., ) HeIpPepHBHHI IJsA
i
|z £ @ (@ — mnomomurenvuas mocrosmnas), ¢ = 0. Hpome roro Gymem
HpejInoaraTh, 4ro '
X¢,0,..,0) =0, 1=1,...,n
TaKk 4ro ypasHeHus (1) MMeIOT pemieHue x;, = ¥, = ... = &, = 0.
Onpepeaenne 1. Pewenue x, = 2, = ... = x, = 0 cucmemvr dugpepenyu-

arvnblx ypasrenuti (1) mvt Ha306eMm Yycmolivueblm, ecau 048 4106020 € > 0 M0oXHCHO
Hajitn 0 > 0 mak, wmo 0as ecex pewenuii x,(t) cucmemvt (1), das EOMOpHT Gbi-
ROAHAIOMCS, HEPABEHCMEA

max |z;(0)] < ¢

o t=1l...n

Oyoym GLINOAHAMBCS HEPABEHCMEA

i=1 n

max |z,(t)] <e Ousecex t=0.

oo

MioskecTBo TOUEK [t, Xy, ..., Z,], AJI KOTOPHIX MMeeT MecTo ¢ = 0

max |z;| < h,
Mbl 0003HaunM 4yepes P(h).

[Tpusenem mpessie Bcero HECKOJIBKO BUOM3MEHEHHYI0 TeopeMy Yeraesa.

Teopema 1. Ilycms Oas dugpepenyuanvnuz ypaswenwii (1) cywecmsyem
Pynryus V(I, 2y, ..., x,), onpedesennas na muoncecmee P(h) (ede 0 < h < a),
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HQ KOMOpPOM OHG HenpepvieHa, HeOMPUYAMeAbHA U 02PAHUYeHE, U NYCMb IMQ
Pyrryus obaadaem eue credyOUUML CEOTICMEAMUL:

1. Ecau Q(h) obosnauaem mmomcecmeo mouek [t, z, ..., z,], 8 Komopux
V(t, 2y, oy Zp) > 0, mo V(8 2y, ..., z,) Useem Henpepvisrble 4acMHbBLE NPOU3-
eoonwvie ¢ Q(h). das awbozo x > 0 cywecmsyem f > 0 mar, wmo 041 6cex
mouek [t, Ty, ..., X,], 048 xomopwx V(t, xy, ..., Z,) = &« > 0, umeem mecmo

av v &V
— = —X; > 0.
T AP T R

2. B kaxncdoii okpecmruocmu mouru [0, ..., 0] cywyecmeyem mouka [Zy, ..., Z,]

makas, ¥mo
Vo, 2y, ..., x,) > 0.
Toeda pewenue x, - Ty = ... = X, = 0 Heycmolivugo.

B reopeme Yeraena o6br4HO Tpebyercs cyliecTBoBaHUE QYHKINK
V(t7 Ly oe ey xn)’

KOTOpad oOIpejelieHa HA OTKPHITOM IIOfMHO:kectBe P(h), rme oHa Mosker
NPUHUMATH U OTPUIATE/IbHEE BHAYEHNS; OJJHAKO HA MHoykecrBe (k) oHa orpa-
HUYeHa, HEeI[pepPLIBHA BMECTe ¢ YACTHRIMIU ITPOM3BOIHBIMY U BELIIOJIHAET YCIOBUS
1. u 2. reopemst 1. Ilpurom eme mpejmosaraercs, 4To MHOMKCETBO TOYEK, JJIA
koropux V(t, xy, ...,x,) > 0, 1. e. Q(h), orpannyeno moBepxHoCcTBIO V = 0
BHyTpH MHO:ecTBa P(h).

Econ momnomxurs

V*(t, @y, ..., 2,) = max (0, V(i, z,, ..., 2,))

V*i, xy, ..., 2,) =0

B rouxkax P(h), rue V(t, zy, ..., ,) He onpenesaeno, To pyuxuusa V*(L, zy, ..., z,)
VI[OBIETBOPACT BCEM YCJIOBHAM TeopeMsl 1. ‘

HoxazarenbcTBo Teopemsl UeraeBa cTaHeT SCHBIM, eCJIM JOKA3aTh CJIe-
NYIOIIYIO JIEMMY.

Jdemma 1. [Jas kancdoezo pewenus x;(t) cucmemsl dugpepenyuasbnulz ypasHe-
nui (1), 018 Hawasbrol mouku xomopoeo [0, x,(0), ..., z,(0)] umeem mecmo

V(0, z,(0), ..., ,(0)) > 0

cywecmeyem T > 0 mak, yumo max |z, (z)| = h.
i=1,...n

JoxasaTenbcTBO 3TOM JeMMBI TpoBefeM ot nporuBHoro. Ilpennosomum,
uro [ Jgwboro ¢ = 0 mMeer Mecto max |2,(¢)| << k. Torma 6ymer umers MecTo

i=1,...,n

V(tv xl(t)7 AEAS] xn(t)) > V(07 xl(O)v AR ] .’L'"(O)) - VO (2)

a8 Beex t > 0.
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Hepasencrso (2) crpaBesinBo 7 JOCTATOYHO MAJIBIX ¢, TAK KaK II0 IIEPBOMY
ycaoBuio reopeMs YeraeBa 6yper %—I{ (0, 2,(0), ..., 2,(0)) > 0. Ecou 65 cyme-
crBoBasio 7' > 0 Tak, 9yro GHI

VT, x(T), ...,z (T)) =V,

TO BBUAY TOro, 4ro V(¢ x(f), ..., x,(t)) ABIAercsa HenpepsiBHON QyHKI(HEH ¢,
cyugectBoBaJio Obl HamMeHnsliee 7'y Takoe, 4ro

V(Ty, x(T), ..., 2,(Ty)) =V, .

Nmeem
0= V(Tl, xl(Tl): EERN) xn(Tl)) - V(07 xl(o), ceey xn(o)) =
Ty
dv
= dz (t7 xl(t)v ERRY) xn(t)) de. (3)
0
Tax rax g t €0, 7> numeer mecro V(¢, z,(¢), ..., ,(t)) = Vo > 0, 10 10 1IEP-

BOMY YCJOBHIO Oyjer I % (t, 2,(2), ..., ,(t)) = p > 0, 9TO LPOTMBOPEUUT

paBeHCTBY (3). OTUM JOKa3aHO HEPABEHCTBO (2).

V(t, 2y(8), -y 2a(8) = Vo > 0.
CreroBaresIbHO, 0 IEPBOMY yCJIOBMIO TeopeMsl YeraeBa MorkHO Haiitu f > 0
TaKoe, 4TO A Beex ¢ > 0 Gynmer

v
d_t (tv xl(t)7 LRRS] xn(t)) g /3, > 0.

Ho rorpa
V(E, 24(2), .., @a(2) — V(0, 2,(0), ..., 2,(0)) =

:f%ltf (t, 4(2), ...,x,,(t))dtgfﬂf dt — Bt

0
4TO IIPOTUBOPEYNT NPEJII0JIOHEHUI0 00 OrpaHNIeHHOCTH Py HKI[N

V(t’ xl(t)7 RS xn(t))
ITHM oKasaHa Jjemma 1.
Oopamenne Teopemel Ueraesa

Teopema 2. Ecau npu cnpasedausocmu npednosoncenii o cucmeme dugpepen-
yuasbHoix ypasuenuli (1) pewenue x, = ..., = z, = 0 Heycmotiuugo, mo cy-
wecmeyem gynkyus V(¢, z,, ..., x,), obaadaowas ciredyowumu ceolicmeamu:

1. Oua onpedesena na mruomncecmee P(h) (26e 0<h< L_), HeompuyamesbHa,

2Vn
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ozpanutena, HenpepwviéHa U umeem HenpepvieHble “ACMHbLe npouseoanbze =T
14

(:L‘L-’

dav
2. Umeem mecmo €= ct + z —X =7V.

3.B Kancdoii OKPeCmHOCIY MOUKU [0 .. 0] cywpecmeyem mouka [x,, ..., ,]
maxkas, 4¥mo
V0, zy,...52,) > 0.

IIpepcraBiagerca 1emneco00pasHBIM PACHIMPUTE 00GJIACTH OIpPEeJeHUs Ipa-
BRIX uacreil puddepeniuanbubix ypaBHenmii (1) Ha Bce IOJIYIPOCTPAHCTBO
t > 0.

Mer 10 cpesiaeM caeyomnM 06pasoM: oIpejieuM HenpepHBHYI0 HyHKIIIIO
A(r*) ¢ HempepBIBHOII IIPONBBOJHON TaK, YTOGHL OBLIO

Art) =1 gua 02 < (3a)?, ArR)=0 mia 72> (%$a).

B rourax [t, ¥y ..., %,], t = 0, max |v,| > a, pua koropsix X,(¢, 2y, ..., x,) He
i 1~1 ey ‘
OBLJIO OTIPEMIEJIEHO, IMOJIOUM Xi(t, iy oeny ) = 0.

ITpaBrsie wactim HOBoii cucreMsl [uddepeHIMATBHEIX YpaBHeHuit

%:l(zlx%) Xi(tvxh'--yxn) T = 1""’” (4)

HenpepbIBHbI CO CBOUMN YaCTHBIMMY IPOU3BOAHBLIMI IIO Xy, ..., X, BO BCEM IIOJY-

npocrpanerse ¢ > 0. B rourax [f, 2, ...,%,], t =0, max || ara

a
| S =
i=1,..,7 2Vn

cycreMa coBmajaer ¢ cueremoit (1).

Jlokasmem mpesKe Beero

Jlemmy 2. Hyc'mb — nosoxcumenvroe uucao. Ilycmsv na mrodxcecmse mouek

. A
[xy, ..., 2,], max |x & 0ano cuemmuoe Koaudecmeo oxpecmuocmeii N guda
i=1.

lx; — al™] < d<'") ede moura [ai™, ..., a™] ecmv yewmp okpecmmocmu, a
2d() — ee pebpo; nycmv 0aa rancdozo N cywecmeyem t > 0 u p,, > 0
mak, ¥mo 043 Kaxcdoeo pewenus x,(t) cucmemsr Oufepenyuasbinr ypasrernui
(4), das romopoeo [2,(0), ..., 2,(0)] € N™), umeem mecmo

max |z;(t(m)] > e+ Vm (5)
i-1..n
Toz20a cywecmeyem gﬁynnqdﬂ V(t, @y, ...y &), BBNOAHAIOUWAS NEPGUIE D6a 1YCA0-
sus meopemvt 2 ¢ P(é) u Kpome mo2o:
Ecau [z, ..., x,] — mouka kakoeo-aubo N(™, mo

Vo, &y ..., @) >0
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OGosravenusa. Tak rar peureHuns cucreMsl qudepenimaibHEIX ypaBHC-
unit (4) cymiecTByor aas BcexX £ > 0, MOMKHO UX 3aIMCATh B 3aBHCHUMOCTH OT
HAYaJILHBIX 3HAYEeHN It

L (1) — 0 0 .
2i(t) = wy(t, @y, ..., 2,), t=1,...,m, rne (6)
0
x; = 2,(0)
Cucremy (6) MOMKHO PpeIINTb OTHOCUTEIbHO HAYAJIBHEIX 3HAUYEHMI a3, o al
rosrydeHHbie Qynxiun o6o3Haunm uepes I
0 "
xy = F(t, @, ..., %,) .

U3 npepnososennii o cucreme juddepennualibHLIX ypaBHEHWI CJaefyer, 4To
F; aBnasiorcss HenpepHIBHBIMU QYHKIMAME BCeX apryMeHTOB M 00JafjalorT He-

oF; ;
IPePHIBHBIMM YaCTHBIMY ITPOMBBOIHBEIMI —ét—’, a—l BO BCEeM IIOJYIIPOCTPAHCTBE
. T
t = 0. ’
JorasareascrBo gemmsr 2. [lna rammgoro N™ maauMm ciejnylongee ompe-
nesnenue Qyurnuit @, (z,, ..., x,): eciau Toura [z, ..., Z,] e N™ 1o nycrs

n

(pm(xlv sy Xy) = e—,-(”‘) 1_[ [ri - a“(iM) - d(m)]2 [.’,Ul - a'(im) + d(m)]Z

i=1
€CJIN JKe TOUKA [Xy, ..., ¥,] He jgexut B N 10 nycrhb
Doy, ..., x,) = 0.
Urar, @,,(xy, ..., 2,) — HelnpepsBHbe (yHKINU, UMEOI[Ne IIOBCIOAY HeIpe-
PBIBHBIE K€ YACTHBEIE IPOMBBOJIHLIC, B YeM HETPYAHO yOeauThesA.
A
Omnpepenum reneps Qyurruio V(¢ z,, ..., x,) #Ha MuHOMmecrBe P(e). Ecoau
A
TouKa [t, @y, ..., x,] € P(e) oGaamaer Tem cBoiictBoM, uto 0 £ <X 7™, To
V’m(t7 xl’ e x’ll) = 0t@m[F1(t7 xl? M xﬂ)’ ttn F’n(t7 xl? tcy xn)] * (7)
A
Ecmn pos rouru [¢, a4, ..., 2,] € P(¢) numeer mecto ¢ > 7(™ 1o
Vault, g,y ..y 2,) = 0. (8)
Uz (7) caenyer, uro ¢pynsuusa V,(¢, @, ..., %,) U ee dacTblHE NpPOUBBOJIHBIE
oV, oV
—f, éx_m HEIPePHIBHEL B TOUKAX [f, &y, ..., &,] € P(), tme 0 < ¢ < 7(m),
7

A
max |z;| < &. Usonpenesnenus @,, ciexyer, 910 V., MOJI0KUTEIBHA TOIBKO BTOY-

=1 n

yeeey

Rax [f, @y, ..., %,], A1a KoropeixX [Fy(¢, &y, ..., %) ... F (¢, 2y, ..., x,)] e N™, 10
eciu [Fy(z™, zy, ..., 2,) ... F(z™ &, ..., x,)] e Nw 1o, xax supno us (5),
oymer
max |2, > & + vm
i=1..n L
A
un rouka [t™), xy, ..., x,] He gesmur B MHOmecTBe P(e + y,,). Torma, koneuno,
MozkHO mnopobpars @, > 0 raxoe, uro V,(t, @, ...,x,) pasHa HymO A
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A
[ty ..., 2], ™ —0,, <t< 7™, max |z,| < &. Tak kax corsacuo (8), Vy, panna

i=1,....n

. A
HYJIIO U B TOUKAX [, Zy, ..., %,], t > 7™ max |v;| < &, TO MOMKHO yTBePHAATE, 4TO
i=1...n

Vault, 24, ..., 2,) U ee dacTHBIe NPOM3BOJHLIE HEIPEPHIBHEL BO BCEM P(g). Tt
TOeR [£, 4, - .., @,] € P(£), 0 < 1 < vim) nponssonnasa Gyuxuuu V,, 10 Bpemenn
Oyner BBuay auddepeHUaNbIEX ypasuenuii (4), cobcTBeHHO rOBOPSA, 0GBIKHO-
BenHoil mpousBouoit gyurmuu V(¢ @, (£), ..., @,(f)) 1o ¢, ecau @,(t) ABIsgCTCA
pelIeHneM dToil CHCTEeMBI, TPOXOAIINM Yepes JaHHYI0 TOUKY. Tark KaKk QyHKmu
F(t, x,, ..., x,) npegcraBasior co6oii nepssie uuTerpasst cucteMst (4), dyurimmn
Fi(t, oi(t), ..., @a(f)) (¢ =1,...,n) SABAAIOTCA MOCTOSHHBIMU, IIPAYEM IMeeT
MeCTo

av,,

S =V At [, .,2]ePR), 0 i<,

A
Ecan BeinmosHenst HepaBeHcTBa ¢ = ™ max |x;| < &, To B TOuKe [{, X4, ..., X,]
i=1,..n

av,,
@ 0= Vm

rak Kak Qynruua V,(f, x,, ..., «,) paBHA TOMIECTBEHHO HYJIIO A

A
> — 0 max |z, < e.

i=1..n

m
A
Wrax, mua xampoii rouxu u3 P(g) uMeer Mecto paBeHCTBO
av,,
a (@t 2y ..y 2,) = Vil 2, ..., 2)

u Qysring V,, BEIOJIHACT yeaoBue 2.

Ins rouer [0, z,, ..., x,] umeer mecro F; = 2, u ecan [z, ..., Tn] € N, 10

Oymer
V0,20, oo, 2,) > 0.
WV WV
Jlokaskem, uto yuxiuu V,, 1 9acTHbIE TPOMBBOJHBIE 0 P, T'paHUYeHbI.
Z
C oroit measio mocrpomM Qyuknuo V) (¢, x, ..., x,) ToyHO TAK 3Ke, KaK
Vult, x4, ..., z,), ¢ TOI pasumieif, 970 B KadecrBe obsactu ee€ ONpeJeseHus
I
BosbMeM P(e + 1v,).
A
ks rouex [¢, x,, ..., ,] € P(e) nMeem
!
Vm(tv Byy ooy T) = Vb, @y ooy @)
ov: v,
Torpa V. (¢ 24, ..., %Z,) M €€ YacCTHBIC IPOU3BOJHEIC —atﬂ’ _ax/’”llonmnm OBITH
Z
A A
HeIpepHBHEL B P(Q 4 1y,). Tar war P(¢) npunapmemur k& P(¢ + 4ym) u co
WV Vo

CBOMM 3aMBIKaHMEM, TO B cuiy (8) AcHO, 4TO V,, OFPanudenHs.

ot ' oz,
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Teneps moskHo U3 Qynruumit V,, ¢ xospdumnuenramu a,, > 0 coCTaBUTH PSB!

=} e} o0
ov. wv,.l .
Z WV s Z Wy, ﬁ’l‘ ;D é*m ,%=1,...,n, pABHOMEDPHO CXOJAIMECS
m=1 ‘ m -1 m--1 X
B P(e).
DOyHKIUA

V(t, Xy ooy IL'") = Z ame(ty LTI xn)
1

m -

B CILTY TOTO, 4TO OBLIO JIOKA3aHO OTHOCUTEILHO V u, 000aa10T BeeMu TpebyeMsbI-
MU B JieMMe 2 ¢BOICTBaMU.

ITorkasareabcTBo TeopeMsl 2. Tak Kak pelieHue &, = &, = ... = &, = 0

- - a
HEeYCTOIYIBO, TO cymecTBYeT ¢ > 0,0 <z < BT TaKoe, 4TO IJIA KaKI0M OKpecT-
n

noern touxu [0 ... 0] MOKHO IIOABICKATH pemlreHue x;(f) Tak, 4TOOBI TOUYKA
[2,(0);...,2,(0)] mpuHaIeRATA JAHHOI OKPECTHOCTI I 4T00 GBIT0 MaX |2,(7)| =&

i=1...,n

JUIsL HEKOTOpOTro T > 0 (7 3aBHCHT OT BEIGopa pentenus). Teneps BosbMeM (urc-
posaunoe 0 << b << & ¥ BBIIEIMM U3 HTHX PeIIeHUIl HEKOTOPYIO HOCIeI0BATeb-
HOCTb.
1
Has o, = ~, BOSBMeM pemerue xyW(t) Takoe, 4TO .Iriaxnlx,-(O)l < O
i=1...

Torja cymecrayer 7™ > 0 rakoe, 9ro max |x{™(t(™)| =z > h.

i=1...,n
Hax BujHO 13 HempeprIBHON 3aBUCHMOCTH peIleHUil 0T HAYAJIBHBIX 3HAYe-
HUIA, MOIKHO BOKPYT Touru [2{™(0), ..., xﬁ,”"(O)] ONNCATh OKPECTHOCTH TUIIA

|, — 2™(0)] < ™,
KoTopyio HazoBeM N, urofbl it peurenus Z,(t), A/ KOTOPOTO NMeET MECTo
[2,(0), ..., 2,(0)] e Nem, 6prm0 |2 (t) — 2{"™(t)| < & mus & €0, ™,
Ecan BeiGpars

To Oymer
h+ ¢
2

max [z;(z™)] > =h+e, tHe ¢>0.
i=1,...n

Teneps MOMKHO BOCIIOIB30BATHCS JIEMMON 2.

Tperbe cBoiicTBo, TpeGyeMoe B TeopeMe 2, ClAeNyeT U3 TOXO, 4T0 J,, — 0, TaK
KaK B TAKOM cJjIyYae HA4aslo0 KOOPIUHAT ABJIAETCA TOYKOIl KOHIEHCAIMH MHO-

0
JRecTBa N,

Oupepnexenne 2. [Tycms 0 < & < a. Ecau z,(t) — pewenue cucmemv dugpe-
penyuassrnx ypasnenuii (1) u ecau max |7;(0)| < &, max |r,(r)| > & das He-

i=1..,n i=1..mn
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womopozo v > 0, mo mHoucecmso mouek [2,(0), ..., z,(0)] nazoeem obaacmvio
neycmoiiuusocmu Q(e).

Jlemma 3. O6aacmy Heycmolivusocmu ecms OMEPHLINOE MHONCECMBO .

Jra JieMMa JIEIKO BBITEKAeT M3 HEHpephIBHON 3aBUCHMGCTH WHTErpajbHBIX
KPUBBIX OoT HadaJbHBIX 3Hadenuit. Ilocrpoum remeps Qyurnumio V(i, 2, ..., x,)
B P(¢) Tak, uro V(0, x,, ..., ,).0yaer mojomuTespbHa Ha 00JACTU HEyCTOHYN-
BocTH (QQ(g) 1 TOJBKO HA HEI.

Teopema 3. ITycms 0 < & < ‘21-0,: . Toeda das obaacmu neycmoiinugocmu Q(€)
n

cyugecmeyem gynryus V(t, x4, ..., z,), yoossemsopsiowas caedywowum mpebo-
SAHUAM
1. Ona onpedeaena, HEOMPUYAMENLHE, 02DAHUMCHE, -HENPEPLIGHA U U.Meemn

oV v _
HenpepuleHble HACMHble NPOU3CO0HbIE TRl P(e).
ct’cx;
av ¢V = oV
2. Umeem mecmo —— = —— + > — X, = V.
di ot T cxy
3. Ilyems mouka [x,, ..., z,] npunadieocum obaacmu max |z;| < &; mozda
i=1,...,m
V(0, zy, ..., z,) 6ydem noaomcumenssha ¢ mosm U MOABEO 8 MOM CAYUAL, €CAl
[z, ..., z,] aewcum ¢ obaacmu neycmotiuusocmu Q(&).

Hoxasareabcrso. Yepes Kamayo Toury u3 @Q{e) mpoxopuT peuienue
2,(t) cucremsr nddepeHnmanbHEIX ypasuenuit (1) rakoe, 4ro

max |%;(0)] < &, max |x;(r)] > & @A HeroTOpOro T > 0.

i=1..,n i=1,...n

W3 nenpepoiBuoii BaBucUMOCTH peleHnil mpuddepeHnnanbubiX ypaBHEeHUT OT
HAYAJIbHEIX 3HAYEHUIT CJIEYeT, UTO [JIs [IOJIO0RUTETHHOL0 &€ MOKHO BOKPYT TOUKM
[1(0), ..., 2,(0)] onucars OKpecTHOCTH

TaK, 9100 9TA OKPEeCTHOCTh JIemaJsaa B OTKPI)ITOI?I obutacT HEYCTONYUBOCTH

Q(g) 1 9TO0BI UMEJI0 MeCTO: ecau @,(f) — pemenne cucreMs uddepenimanbHbrx
ypasuenuii (1) u ecuau

TO
lp(t) —z, () <e pmua te(0,7y, t=1,...,m

Ecom Beibpars

_ max |z,(7)| — &
R
T0 Gymer
‘max [g,(z)| > 'im_leﬁ(f)i e,
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Tak Kak @(g) — cenapabeabHO, MOYKHO BHIOPATh CUETHOE KOJMYECTBO TAKIIX
oxpectHOCTER (9), KoTOpEle 06pasyior HoKphITHe Q(£); 0603HAYMM HX Uepes
N Temepb MOMKHO BOCIIOIB30BATHCA JIEMMOIl 2, €CiIn IOT0MKUTE A

Hpyroe ycaosue, KoTopoe ofecrednBaeT HEYCTOIMIMBOCTL HEBOBMYIEHHOIO
nBurenus — rteopema Jlamynosa:

Teopema 4. Ecau dugfepenyuasvibie YpasHeHUs 03MYWEHHOZ0 OSUMNCCHUS
MaKossl, Mo MOMCHO Halmu oepanudennyio @yunkyuio V, npoussodnas ko-
Mopoti 6 cuay SMUT Ypasuenul npusoduaacs Ovl  6udy

av
T+ W,

20e A — noaoxcumensvnas nocmoannas, ¢ W uau moxclecmeenno pagna myso,
ual npedcmasasem Hekomopyio 3HAKONOCIOANHYIO PYHEYWIO, U eCAU 8 ROCACOHEM
cayuae naidennas Pynryus V makrosa, wmo npu ecarom t, 6oavuLem HEKOMOpPo2o
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BT, €e MONCHO cOenampb seaudunol odunakozo snara ¢ W, mo megoamyujenioe
deudcenue HeyYcmouuueo.

N3 reopemnr 2 Burreraer, uro fynwiusa V(¢, @, ..., €,), NCIOJbHAION@AS YCIO-
B TeopeMsr JIsmynoBa, cymecTByer B cjaydae HEyCTONYUBOCTI HEBOBMYHIEH-
HOTO ABUKEHUS.
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Let us consider the system of differential equations

dz;

di

Let us denote by P(¢) the set of points (¢, @y, ..., %,) which fulfil the inequalities
t=20, v <e i=1,...,n "

We suppose that the functions X,(t, z,, ..., x,) are defined on the set P(a),

=Xtz ...,2,), t=1...n (1)

. .. 0X,; .
(@ > 0), real, continuous, that the partial derivatives 5p. ATe continuous
k

and that X,(¢,0,...,0) = 0 for ¢ > 0. The following theorem of Cetaev is
well known.

Theorem 1. Let us suppose that there is a function V(t, xy, ..., x.). fulfilling
the following conditions: )
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1. The function V (t, &y, - -+ ) in defined on the set P(h), (0 <k < a), continuous
and bounded.

2. Let us denote by Q) the set of such points (, %y, ..., x,) ¢« P(h) that
Vi, 2y, ..., ) > 0.

. . Lo oV orv
The funtion V(t, %y, ... 2,) has continuous partial derivatives a0 % ,
i=1, ..., n on the set Q(h).
3. For every positive number « > 0 there is a positive number f in such a way,
that if the inequality
Vit, ooy ) =

holds for some point (t, x4, -.., x,) €« P(k) then the inequality

- dV oV z
T w A

holds for the same point (¢, zy, ..., z,).

v :
Exi§ﬂ>0

4. For every positive number 0 there is such a pownt (%, ..., x,) that

max |x;] <6
i=1...,n

and
V((): xl; cey xn) > 0 .

Then the integral x,(t) = x,(t) = ... = x,(t) = 0 of the system (1) is unstable.
The Cetaev’s theorem establishes conditions which are sufficient in order
that the trivial solution of the system (1) is unstable. In this paper we show
that these conditions are necessary at the same time. We prove the following.
Theorem 2. Let us suppose that the solution x,(t) = x,(t) = ... = x,(t) = 0
of the system (1) ts unstable. Then there exists a function V(t, xy, ..., x,) which
fulfils the conditions:

1’) The function V(t, x4, ..., ,) ts defined in the set P(h), (h is a suitable positive
a
number, h < —2‘17:) , mom-negative, continuous, bounded and has continuous partial
n |

derivatives
—aK EK 1 =1 n
. ot Jox,0 U
2") The relation

dv oV <~ oV .

= +i;a—xiX,-_~Vholds in P(h).
3') For every positive number d thereis such a point (xy, ..., z,) that max |z, <o

.....

and V(0, z,. ..., 2,) > 0.
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The theorem 2 may be improved in the following way. Let us choose a posit-
ive number ¢ > 0 and let us define the set Q(e):

The point (2{”, ..., 2”) belongs to the set Q(e) if max [¢{”| < & and if there

is such an integral x,(¢), ..., z,(t) of the system (1) and such a number 7 > 0
that

2,(0) = x(l())’ R xn(o) = x(nO)
and

max |2;(7)] > ¢.

It is obvious that the set @(¢) is open.

We state:
Theorem 3. Let us suppose that the set Q(c) is non-empty. Then there exists
a function V(t, x,, ..., x,) which satisfies the conditions 1’, 2" and 3"):
if (X, ..., %,) € Q(e), then V(0,2 ...,2,) >0

if Xy, ..., x,)non e Q(e), then V(0,z,, ..., 2,) = 0.

Other conditions which ensure that the trivial solution is unstable are con-
tained in the following theorem due to A. M. Ljapunoff.

Theorem 4. Let as suppose that there is a bounded function V(t, x,, ..., x,) which
fulfils the following conditions:

1") The function V (¢, @1, ..., x,) ©s defined on the set P(h) 0 < h < a and has
continuous partial derivatives.

2") For every positive number 6 there is such a point [z, ..., x,] that max |;| < 6
i=1.... n
and
V(, 2, ..., x,) >0
3") The relation

dav ov ;1%
=2r Y 2 x. 7
Rl RPN b .
holds in the set P(h).

Then the trivial solution 1s unstable.

It follows from the theorem 2 that the conditions which are contained in the

theorem of Ljapunoff are necessary in order that the trivial solution is unstable.
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