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YEXOCJHOBAIIKUN MATEMATUYECKUN KYPHAIJ

Mamemamuneckuill uHcmumym Yexocaoeayroti Axalemuu Hayr
T. 9 (84) IPATA 17. IX. 1959 r., No 3

BIORTHOGONAL SYSTEMS AND REFLEXIVITY
OF BANACH SPACES

VLASTIMIL PTAK, Praha
(Received July 7, 1958)

The author gives characterizations of reflexivity by means of
properties of biorthogonal systems and by means of the geometrical
structure of the space considered.

In the present paper we intend to examine some simple geometrical proper-
ties of biorthogonal systems in a Banach space £ and their connection with
the reflexivity of E. It turns out that the behaviour of biorthogonal systems
is different in reflexive and nonreflexive spaces and may be used as a simple
criterion of reflexivity. At the same time the results obtained yield a de-
scription of the geometrical structure of a nonreflexive Banach space, so that
we are able to complete some earlier results of R. C. JAmES [1]. The proofs are
based on a method developed in an earlier paper of the authors [4].

Let E be a Banach space. A system consisting of a sequence ey, e,, ... of
points of £ and a sequence f, f,, ... of points of E’ is said to constitute
a biorthogonal system in E if {e;, f;> = 1 for i = 1,2, ... and (e, f;> = 0 for
7 =% 4. A biorthogonal system is said to be bounded if there exists a number u
such that |e;| < u, |f;] < u for every ¢ and j. If § = (e,, f;) is a biorthogonal
system in E, we shall denote by A(S) the closed subspace of £ spanned by
the sequence ey, ¢, ... . Further, let B;(S) be the norm-closed subspace of E’
spanned by the sequence fi, f,, ... We shall denote by B(S) the o(Z’, E) clo-
sure of B,(S) in £'.

We intend to prove the following three theorems:

Theorem 1. A Banach space B is reflexive if and only if, for every bounded
biorthogonal system (e, [;), the sequence e; + ... 4 e, is unbounded.

Theorem 2. A Banach space E is reflexive if and only if, for every bounded
biorthogonal system (e;, f,), the sequence f, -+ ... -+ f, is unbounded.

Theorem 3. Let E be a Banach space. Then the following three conditions are
equivalent:
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1° the space E is non-reflexive;
2° there exists a bounded biorthogonal system (e, f,) and a number w > 0

[e o]
such that, for every monotonic sequence xq, x,, ... tending to zero, the sum x = Z Xi€;
1

exists and fulfills (x| < o|xy|;
3° there exists a bounded biorthogonal system S = (e, f;) with the following
property: if S is considered as a biorthogonal system in the space E/B(S (with

norm {z||), there exists a mumber n > 0 such that ||Z Aedl =1 Z A; for every

sequence Ay, Ay, ... of nonnegative numbers such that z Ay < o0.
1

The main idea of the proof being nearly the same for all three theorems, we
intend to prove them simultaneously.

Proof. Let E be a non-reflexive Banach space..

1. Choose first an element r ¢ ", |r| = 1 such that » non ¢ E. Let ¢ be an
arbitrary positive number. We are going to show that, for every finite sequence
fir - fn€ B, there exists a b e K, |b] <1 + o such that <b, ;> = {(r, f;> for
j=1,2,...,n To see that, consider, in the n-dimensional Euclidean space,
the set W consisting of all vectors of the form ({z, f,>, ..., {z, f,>), where |x| <1.
Clearly we may restrict ourselves to the case where the f; are linearly indepen-
dent. It follows that W is a neighbourhood of zero in E,. Consider now the
vector z = ({y, ..., {,), where {; = {r, f;> and suppose that z does not belong
to the closure of W. Then there exist real numbers 4, ..., 4, such that

Mli 4 oo AL > 1 while A& & ... Mg, =1

for every (&, ..., &,) € W. It follows that the norm of the functional f = 4,f, +
+ o+ A.fn is at most one; at the same time {r, > = 4,{; + ... + 4,0, > 1,
which is a contradiction. The inclusion z e W is thus established. The set W
being a neighbourhood of zero in E,, we have W c (1 + o) W. Hence
z e (1 4+ o) W which proves our assertion.

2. Consider now an arbitrary finite-dimensional subspace H c E. We
assert now that the number

e = sup <y
veU°NH

is positive. Indeed, if this were not the case, we should have {r, y> = 0 for ever
y for which (H, y> = 0. A simple algebraic argument shows, however, that this
would imply the inclusion r ¢ H which is impossible.

3. Let us turn now to the construction of our biorthogonal systems. Since
|r| = 1, there exists a point y, € B', |y,| = 1 such that 8, = {r, y;> > ; there
exists a point b, ¢ E such that [b,| <1 4 ¢ and <{b;, ¥,> = - Let us denote
by E, the subspace of K generated by b,.
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According to the preceding remark, the number o, = sup <(r, y) is positive.
yeU' N E,°

It follows that there exists a point y, € K. |y,| = 1 such that g, = {r, y,> >
> lo,; further, a point b, e £ may be found such that |b) <1 4 ¢ and
{by, Y1> = Bu, (bs, Ys> = Bo. We shall denote by E, the subspace of E generated

by b, and b,. The number g, = sup {r, y) is positive.
yveUo N E,°

The construction proceeds by a simple induction. Suppose we have already
defined points by, ..., b, € E and functionals ¥, ..., y, € B’ with the following
properties:

b)) =140, |y;;=1 for 1=4,j=n,
biy;y=4; for 1=j=i1=mn,
by y;y=0 for 1=i<j=mn,
Bi=<r,y;>>%e; for 1=j=mn,
where p; = sup <, %> and E, is the subspace of E spanned by by, ..., b,.

yeUo N E%_y

The number g,+; = sup <{r, > being positive, there exists a point ¥,+, € £},
yeUo N Eo,

[¢n+1] = 1 such that B,y = <7, Yo+;> > 30p+,. Further a point b,4; € £ may
be found such that [b,+1| = 1 + o and b4y, y;> = B forj=1,2,...,n + 1.
The induction is thus complete.

In this manner, we have defined a sequence b, ¢ B and a sequence y; ¢ E’
with the following properties:

bl =140, lyl=1;

2° the matrix {b;, ¥,;> has the subdiagonal form

B, 0, 0, O, ...,

By, Bs 0, O, ...,

Bi, B B 0, -,

B Bo Bs Ba -
3° By =Aryy >0, =14 sup (Y

yeUon E%,y

where E, is the subspace of £ spanned by by, ..., b,.

Clearly we have g; = g, = ¢, = ... We intend to show now that inf g; > 0.
Suppose not. Since p; > 0 for every j, we have then lim g, = 0. At the same
time, we have 0 < {p; < §; = o, for every j.

Let ¢ be an arbitrary positive number. Let n be a natural number such that
on < %e. Let ye Uand let 7= max [<bs, .

sisn

Let

z = Z% (s y> — <bi—1, ¥) Y5
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where b, = 0. We have, clearly, the estimate |z| = 52— .27.n. It is easy to
see that (b;,y — 2> = Ofori = 1,2, .., nsothat [{r,y —2)| = [y — 2|0, =
< (1 + tﬁ”) 0n = 0n + 4nv. Further,

<T) ?/> = <”', Z> + <7‘, Yy — Z> = <b'm ?/> + <7’, Yy — Z>

whence
[<r g St 4 0, + 4T < 3+ (4n + 1) 7.

€
8n -+ 2°
shown that » is weakly continuous on U°. This is a contradiction since r does
not belong to K. There exists consequently a positive number g such that
o; = 2p for every j: hencé ; = f > 0 for every ;.

4. For every natural number i, let e; = b, — b,—,. Clearly |e;| < 2(1 + o)

It follows that |{r, y)| < & whenever y ¢ U° and v < We have thus

. . 1 .
for every 1. For every natural j, let f; = 7 y;. According to what has been
j

. 1
shown above, there is a common bound 3 for the norms [f,]. It is easy to see
that § = (e,, f;) is a biorthogonal system.

5. Let o; = «, = ... be a sequence tending to 0. Then the sum s(x) = «,¢; +
+ 4e, + ... exists and we have [s(x)] =< 2(1 + 0) |&,]. Indeed, we may write

X1y + oo e, =
= oyby + ap(by — by) 4 xy(by — by) 4. A o1 (Bpy — byp) - Xp(by — bpy) =
- ’(0‘1 - 0‘2) bl + (“2 - 0‘3) b2 + + (‘Xn—-l - (xn) bn—l + (xnbn .

The last expression has a limit for » tending to infinity; in fact, the term «,0,
converges to zero on account of the equiboundedness of b,, the numbers
o; — o4, are nonnegative and the series of general term «; — «;,, converges
with sum «;. We may remark here that there is also an estimate of |s(x)| from
below; indeed, we have

[s()| = <{8(«x), Y1) = {vs€1, Y1) = &; -

6. On the other hand, there exists a monotonic sequence such that the
partidgl sums of the series oe; -+ oy, + ... are bounded and the series itself is
not even weakly convergent.

To see that, consider the series e; + e, + e; + ... We have

e+ ... +en:b1+(b2_bl) + ... +(bn_'bn—1):bn
Suppose that there exists a point v, such that b, converges weakly to .
Clearly v, € A(S). Take a fixed f,. Since (b,, f;> = 1 for n = j, we must have

{(vy, f;> = 1. Hence (v, f;»> =1 for every j which is impossible since
lim <z, ;> = 0 for every x e A(S).
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. 1 1
7. For every natural number 3, put g, = b;, h; = =y, — —— ¥;y1 -

B: Bi+s

— . It is easy to see that (g;, #,) is a biortho-

We have |g.| < 1 + 0, [h] < 5

gonal system.
8. Consider the sum %, + k, + ... 4+ h,. We have

1 1 1 1 1
by 4 i b by =y — Yy + oYy — — by, —
P R ﬂlyl ﬂ2y2 !"ﬁg?/z ﬂ3ys+ +ﬂny

L1, 1
Bum " T g T g, Y

It follows that there is a common bound % for the sums &, + ... + &, .

9. Let Ay, Ay, ... be a sequence of nonnegative numbers such that > 1, < co.
1

Let z belong to the annihilator B(S)° of the sequence %;. We have then

Jzi:}'igi—’—z z’§<nzligi, hy + ... +hn>=g”§}‘i'

Consider the space E/B(S)°, the norm of which will be denoted by |x|. If
the g, are considered as elements of E/B(S)° we have clearly

iligi Zgili .
1 1

10. We have seen in section 6 that every nonreflexive Banach space posses-
ses a bounded biorthogonal system (e,, f;) such that the sums e, 4 ... + ¢, are
bounded. Consider now an arbitrary Banach space E and a bounded biortho-
gonal system S = (e;, f,) in E. We intend to show that lim <{z, f;> = 0 for
every € A(S). To see that, take an arbitrary positive . There exists a natural

(1 +U)§:1i§

q
¢ and real numbers «, ..., «, such that |z — z el < e If n>q, we have
i=1

oy fay = € 3 it fa + Oelfl = Oelfl

where |@] < 1.

Since there is a common bound for the |f,|, our assertion is proved.

Suppose further that £ is reflexive and that the sums s, =¢;, + ... 4 ¢,
are bounded. It follows that the sequence s, has a weak limit point s € 4(9).
Let j be a fixed natural number. We have {s,, f;> = 1 for n =4 whence
{s,f;>=1. This is a contradiction with lim {s, f;> = 0. The proof of the
first theorem is thus complete.

11. Let us turn now to theorem 2. Consider first an arbitrary Banach space
E and a bounded biorthogonal system S = (e;, f,) in E. Let us denote by
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B,(S) the strongly closed subspace of E’ generated by the sequence f;. We

are going to show that lim (e,, f> = 0 for every f < B,(S). Take an arbitrary
iy

& > 0. There exists a linear combination b = Z o,f; such that |f — k| < e.
i-1

If » > p, we have {e,, k) = 0 whence |{e,, [>] < ¢|c,|. Suppose now that E is

reflexive and that the sequence f, + ... + f, is bounded. It follows that the

sequence f, 4 ... 4 f, has a weak limit point s e B(S). The space E being

reflexive, we have B(S) = B,(S), whence s B;(S) so that lim {e,, s> = 0.

This is, however, a contradiction, since {e,,f; 4+ ... - f.> =1 for r = n,

whence {e,, s> = 1 for every n.

On the other hand, if E is non-reflexive, the existence of a biorthogonal
system with the required properties follows from 8. The second theorem is
thus established.

12. Consider now the third theorem. First of all, let £ be a non-reflexive
Banach space. It follows from 5 that there exists a bounded biorthogonal
system (e;, f;) with the properties described in 2°. We may take o = 2(1 + o).
Hence 1° implies 2°. Next, consider a Banach space £ with a bounded biortho-
gonal system (e;, f;) fulfilling 2°. We intend to show that the space A(S) is
nonreflexive. Every functional on £ may be considered also as an element of
A(S)'. Let us denote by ||f|| the norm of an fe A(S). Let 4., ..., 4, be an
arbitrary sequence of nonnegative numbers. Since [e; 4 ... +¢,| = o, we

have
> A
i=1

According to a well-known result [2], [3], the last inequality is sufficient

|

1< 1
;Zla =;<31 + o ey, 21f1 + ... _!_)fn,fn> =

1
for the existence of an element r ¢ 4(S)” such that {r, f,> = o for every 5. We

have seen, however, that lim {x, f,> = 0 for every x ¢ A(S). (See section 10.)
It follows that A(S) is not reflexive so that E cannot be reflexive, either.

Further, we have seen in section 9 that every non reflexive Banach space
possesses a biorthogonal system with the properties described in 3° of theorem 3.
On the other hand, let ¥ be a Banach space with a bounded biorthogonal
system S = (e, f,) fulfilling 3°. It is easy to see that we have |> le; + 2| =
= 7 > 4, for every finite sequence of nonnegative numbers and every z e B(S)°.
This inequality ensures the existence of a functional f ¢ £’ such that (B(S)°,
> =0 and (e, f> = n for every i. Since (B(S)?, f> = 0 we have f e B(S)*
whence f € B(S). We have seen already that lim {e,, 2> = 0 for every & ¢ B(S).
We see thus that f does not belong to B,(S) so that B,(S) is properly contained
in B(S). The space E cannot be reflexive. The proof is now complete.

To complete the picture of the structure of a non-reflexive Banach space gi-
ven by theorem 3 we intend to give an example of a reflexive space E and
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a bounded biorthogonal system (e;, f,) in E with the following property: there
exist two positive numbers o« = > 0 such that

x Z}'i = ]Zlieil =B z/’li
for every finite sequence of nonnegative numbers 2,.
Let K be the real Hilbert spacg corresponding to the interval {(— 1, +1).

1 . .
Let sy =0, s; = s, + 50 for ¢ = 1,2, ... and let us denote by H; the in-

terval {s;—, 8;>. Let a, be the characteristic function of the interval (-1, 05,
let a; be the characteristic function of H;. For ¢ = 1, 2, ... let h; be defined as
follows: h,(t) = 1 on the first half of H;, h,(t) = — 1 on the second half of
H,; and h,(t) = 0 outside H,;. For 1 = 1, 2, ... put

@
1 )
b= = 5% + vh; —i—z% )
io1
i

fo=ay+ (0 + Db+ Sk
i
where v = |/2.
It is easy to see that |e; < ]/3 and |f;| =< ]/6 for every i = 1,2, .... At the
same time it may be verified that (e, f;) is a biorthogonal system in K. Now
let ¢ & j. We have then

1 1 1 1
fei(t)e:i(t) =smtl-s—g5=7¢-
If Ay, ..., A, are arbitrary nonnegative numbers, we have

[(Ages(t) + .o+ Auen(t))? dt =
=25 4 oo A 2 A fei(t) e(t) At =
i#7

=2 b b AR D A = A . A

iFi
so that |Ae; + ... + A.e,] = 3(4, + ... + 4,). The above inequality is thus
satisfied with « = 1 and g = 1.
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PesowMme

BUOPTOTOHAJIBHBIE CUCTEMBI I PEOJIEKCUBHOCTD
BAHAXOBLIX IMPOCTPAHCTB

BJACTUMUJI HTAK (Vlastimil Pték), IIpara
(ITocrynuio B pepaxnuio 7/VII 1958 r.)

B npepmaraemoil paboTe mCCIIRYIOTCA HPOCThle I'eOMETPUYECKHEe CBOMCTBA
OGMOPTOrOHAJIBLHEIX CUCTeM B ITpocTpaHcTBe Banaxa K u uX ¢BA3b ¢ pedIeKcuB-
HoCTBIO TpoctpaneTBa K. Ilosydennsle pe3yabTaThl O3BOJSIOT TAKIKE OIICATH
reoMeTPUUYECKYIO CTPYKTYPY Hepe(IeKCHBHLIX mnpocrpaHcTs banaxa m mo-
HOJHSIOT TakuM oOpasom npesknue pesysnbrarsl R. C. JAMES’a [1]. B ocHoBy
MCCIe/l0BAHNUE TTOJIOMKEH MeToJ[, pa3paboTaHHEIL B GoJjiee panHell pabGoTe aBTO-
pa [4]. JoxaspiBaloTCsA CIIEyIONINE TPU TEO P eMbL

Teopema 1. Banaxoso npocmpancmso E ssasemcs pegpaekcususim mozda
u moavko mozda, ecau 0as kancdoll ozpanutenHol 6LOPMOOHANLHOL CUCTREMbL
(e;, f;) nocaedosamenvrmocmv e; + e, + ... + e, Heoepanuuena.

Teopema 2. Lanaxoso npocmpancmeo E sgasemcs pegaercusnuim moeda
U Mmoavko moz0a, ecau 0as KaMCIol 02paHUeHHOl OUOPMOLOHAALHOL CUCeMbl
(esy f;) nocaedosamenvrocmo fy + fo -+ ... + [, Heoepanuuena.

Teopema 3. Ilycmv E — npocmpancmeo Banaxa. Toeda caedywowue mpu
YCAOGUS HBASLIOMCS IKEUEANCTHIMHHIMU:

1° npocmpancmeo .E nepednercusno:

2° cywecmeyem oepanuuennas 6Guopmozonasvras cucmema (e;, f;) u wucao
w > 0 mar, umo Oas Kancdoil MOHOMOHHOT NOCACI0BAMEALHOCRU X, Xg, . .

*
<]

crodawjericss K Hyalo, CYMMa & =  &.; CYwecmeyem u EunoIHIem HepaseHcmeo
1

| = olxy;

3° cywecmeyem ozpanuvennas OGuopmozonanvras cucmema S = (e;, f;) co
ceoiicmeom: ecau npunamsv S 3a GUOPMOOHALLHYI CUCIEMY 6 NPOCMPAHCMEE
L|B(8)° (¢ nopmoit ||z|]), mo cywecmsyem wucao n > 0 mak, wmo

ngiein =7 z As

0aa aw0boii nocaedosamesvnocmu Ay, Ag, ... HEOMPUYAMEALHVIT wuced, 041 KO-

mopoi pA; < 0.
1
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