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FOURIER L,-TRANSFORM OF DISTRIBUTIONS

JAN KUCERA, Praha
(Received October 9, 1967)

LAURENT SCHWARTZ [1] has defined Fourier transform & of elements of the space
&' dual to &, the Fréchet space of “infinitely differentiable and rapidly decreasing
functions”. He has proved that & is an automorphism of &’. Instead of & we define
a sequence of Hilbert spaces L, > [}, o I} o ... o & and their duals L, = L;' <

[ee]
c L;* c... € &' Then it turns out that J L;* = &’ and Fourier transform &
k=1
is a unitary automorphism on every L;*, k = 0,1, 2, ... This procedure enables us
also to define more rich spaces of operators of multiplication and convolution.

We make use of the following notation. Symbols R", C, L,, L,, are, respectively,
the n-dimensional Euclidean space, the set of all complex numbers, the space of
absolutely, and of square integrable functions f: R” - C. In R" we use the inner
product (x, y) = Y x;;, x, y € R". By a we consistently denote a multiindex, i.e. an
element (o, oy, ..., ®,) € R" whose components are non-negative integers. Given

a multiindex o« = (;, a0, ..., o), then we write for brevity || = Y a;, x* = [] x¥,
where x € R", D* = 9!*l/(dx)~ =t =t

By 2 we denote the set of all infinitely differentiable functions f: R" — C with
compact support. We say that a function f : R® — C has a generalized derivative g
of order «, if for all ¢ € 2 we have [g. f D% dx = (—1)"*! [;. gp dx. We denote
such function g by D’f. If a function f continuous on R” has a continuous (classical)
derivative df[0x, on R" and a function g has a generalized derivative dg[0x,, then fg
has the generalized derivative d(fg)/dx; = (9f|0x,) g + f(0g/ox,).

We start with Fourier transform defined for functions from L, as follows

(#1) (&) = j () exp (~2ix. ) dx, fely.

From Plancherel’s theory it is well-known that if we take a sequence of functions
freLinL,, k=1,2,..., converging to fe L, in the topology of L,, then there
exists a unique limit F € L, (in the topology of L,) of the sequence Zf, k = 1,2, ...,
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and this limit is independent of the choice of functions fi, k = 1, 2, ... If we denote
F = Zf,then & : L, - L, is a unitary automorphism. Let us recall the formulae:

(1) f, D*f e L, = #(D%) = (2znix)*. #f,
fix*fe L, = F((—2nix)*f) = D*Zf.
The mapping & and its inverse & ! are related by the identity
) F I =Ff, fel,.

As Fourier image of a real even, resp. real odd function is a real even, resp. pure
imaginary odd function, the identity (2) implies that

(©) (#%) (x) = f(=x), xeR", feL,;
hence, the identities
4 Frt=5, F =93,

where £ is the identity operator, are valid on L,.

Definition 1. For every integer k = 0 we define the linear space L, as follows
It = {f:R” e f (D[ dx < +co0, |o] + |B] < k}.
Rn

For brevity we introduce the operator D, = (1 + Y. (2mix; + 0/0x,))*, where
j=1

k = 0is an integer. (Performing the indicated k-th power we must be careful because
the operators 2zix; and 6/6x,-, j=1,2,...,n, are not commutative.) Evidently, for
given f e I¥, we have D,fe L,.

Let us denote, in any but fixed manner, the addends of the operator D, by
2n

Ao, Ay, ..., Ay ie. Dy = ‘ZOAJ.' For every f, g € I¥, we define

J

[D.f, Dyl = ¥, (A AN By Rr).

J1seees Jk=

Then from Holder’s inequality it follows that
frgel,=[Dyf,DigleL,.

This enables us to define an inner product in every I%,, k = 1,2, ..., by

(f:g)k__‘J‘ [Dkf’Dkg]dx’ f,gEH{Z, &
Rn
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which converts L, k = 1,2, ..., into Hilbert spaces. We denote |. | the norm in L,
generated by inner product (., .).. It is evident that L, = L3 > L; > L3 o ... and
that the identity operator . : L% —» L%, k = lis continuous.

Let us demonstrate the completeness of L%. Take a fundamental sequence f,, € L%,
m = 1,2,.... Then for each pair of multiindices «, f3, Iocl + |ﬁ] < k, the sequence
x* D*f,,, m = 1,2, ... has a limit f,5 in L,. Take 4 > 0 then, using Holder’s inequali-
ty, we get

f 90 — fugl dx < f 19,0 — xP D, dx + J | DY, — fugl dx <
|x|<4 x| <4

|x| <4

1/2 1/2
< U x2k dx) ( -[ |feo — Dol dx) +
Ix|<4 |x|<4

+ (2A)”/2J |x* Df,, — fop|? dx > 0
|x]<4
as m — oo. Hence f,3 = x’f,, a.e. in R".

For a multiindex o, |a| £ k, ¢ € 2, we have (using the inner product in L,):
(faor @) = hm (D"ffm, @) = (=1 Lim (f,,, D*p) = (—1)!*! (fo0, D*p). This means

according to the definition of generalized derivatives that f,o, = D*fyo. Thus fo, € L%
and ”fm - fOO”k —-0asm— 0.

Theorem 1. Fourier transform % : Lk - LE, k = 0, integer, is a unitary auto-
morphism.

Proof. The linearity of & is trivial, the one-to-one property of & is well known.
From (1) it follows immediately that 9"L’§ = L" Thus, it remains to prove only,
Parseval’s equality

(5) (f,g)k=(9'~f,9’~g)k, f,gGL,;.
By definition,

(D7 D] = 3 (A A0 (B B 50).

Let us distinguish 3 cases:

a) A, =1 ' FA,f
b) A =2nmix;; then A, Ff={ F ;—f
Xj
0
) A,=— —F(2nix;f) .
0x;

145



In the case c) the commuting of operators A;, and & in the term A, ... A, Fg
produces also the factor (—1) so that we need not take this change of signs into
consideration. Having commuted & with all operators A;, A;, _,..., A;, we see
that the operators 2mix; and a/ax,., j=1,2,...,n, only have commuted in the

summation (1 + ) (2mix; + 0[0x;)) which does not change the operator D.
j=1
We have proved the identity
(6) [DkyfaDkyg]z[kafakag]a f,gGL,;.

Further, using Parseval’s equality for L,-functions, we get
(979 ﬁ-g)k = J [Dk'g'—fs Dkgg] dx =
Rﬂ
= J [kaf, -g'kag] dx = j [Dkf: Dkg] dx = (f, g)k'
R"» R"»

Definition 2. We denote L; * the dual space of L’;, k=1, 2, ... The norm of elements

of L;* we denote by |. | ;. The elements of J L;* will be called distributions.
k=1
Proposition. Assume fe L5*", where r = 1 + [4n]. Then f has classical deriva-

tives D*f for all a, oc] < k, which are uniformly continuous on R". Moreover, if
]Bl <k- |oz| then

sup (1 + 4n°[x[2)"V2 IDF(x)] < [ £ ] -
xeR™

Proof. Let us take multiindices a, , |a| <k, |y] < r. Then according to (1) we
- have #(D**'f) = (2ni¢)’ #(D%) € L,. Using Holder’s inequality we get

j |97 D“fl dé =J lgo- Dafl (1 + |€|2)(r—r)/2 de <
Rn R
1/2 12
= q |7 D7 (1 + [ey df) (I (1 + ]5]2)"d§) <+ .
R® -

Hence #(D?%) € L,. According to Parseval’s equality we have

fodx = j FfF ¢ d¢ =f f(é)f o(x) "9 dx dE =
R" Rn Rn

for each ¢ € &. It is possible only when f(x) = [z F£(£) ¢2%t:9 d¢ for almost all
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x € R". As foralla, |o] £ k, #(D) = (2ni¢)* Ff e L, wecan differentiate f up to the
k-th order. The uniform continuity is then evident.

Take now a multindex B, || < k — |of, and put g = (1 + 472|x|?) 12 D*f(x).
Then we can write

o091 = 71 (1 = 17k, = [ 1716 011+ a2 ax =
s ([ zorab o amipras)” ([ o spas)” < 1o,

= [gll. = |71+«
Corollary. N Lt = &, U L;* = &'. In fact from Proposition it follows that every
k>0 k>0
feN L has continuous derivatives of all orders and s,5(f) = sup |x* D*(x)| < o
k>0 xeRn

holds for all multiindices a, f. The system of seminorms s,z defines the topology of &.
Hence the inequalities 5o(f) < [f|]ja1+191+r- f € &, imply the second assertion of our
Corollary.

The relations L) > L; > L3 = ... and the evident inequality |f]|, = ||f], for
felk k>=12=0,imply that L = L;* = L;? . Moreover, for (not necessary
positxve) integers p, q, p = ¢, and f € L5 we have ”f[[,J z | fla

Let us show that the space 2 is dense in each L%, k integer. Evidently we can assume
k < 0. Be given a functional F € (L3)". As L5 > LJ an inclusion (L}) < (LJ) = L3
holds. The prime denotes the dual space. It means that F is a function. Assume that
for every ¢ € 2 we have Fp = 0. It would imply 0 = Fp = [. F(x) ¢(x) dx = 0
for every ¢ € 2. Hence F = 0. Thus, according to Hahn-Banach theorem the
proposition is proved. As a corollary we see that for each pair of integers k, I, k = I,
L% is dense in L}.

Definition 3. Let f : R” - C be measurable. Let an integer kK = 0 and a constant
A > 0 exist such that for each v € L% we have vf € L, and

J' o)1) o

Then we identify the function f with the distribution [ v(x) f(x) dx.

< Alo].-

Definition 4. Given an integer k > 0, a multiindex «, f e L;*. Then we define the
derivative D%f as an element of L;*~!*! by

7) (D)0 = (~1)" f(D%), veL*.

The evident mequahty ||D°‘f || Sl S < ||f]| -« proves the continuity of differentia-
tion- operator D*: L% —» Ly* M
If fe L;* is a function which has a generalized derivative D% € L;* 1%/ then this
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generalized derivative is identical with the distributive derivative introduced by
Definition 4.

To show it denote for an instant by A*f the distributive derivative. Then for each
@ € 2 we have :

() 0 = (=0F1(0%0) = (=) | ) Do) ax = |

R

o(x) Df(x) dx .

Hence 4% — D% = 0 on the linear subspace 2 which is dense in L; *~!*!. According
to Hahn-Banach theorem A% = D% on Ly,

Definition 5. Given integers p, g, p = q = 0. Then we denote by @, , a linear space
of all functions u : R" — C for which the mapping v — uv continuously maps L5 %
into L17*, foreach k = 0, 1, ..., q. The space 0,,is anormed space with the norm

luf,q = max sup  |uv|g—po u€0,,
k=0,1,..,q |[v]lp-k=<1

According to the continuity of identity-operator £ : L% — L}, k > I, integers, we
can easily prove that 0,,<0,, s c...c 0,6, 0,,<0,,, r=Zp=q=0,
Opisgrs < 0,, s =0,1,2,... Moreover, we have ”“”p,q = Hu”p,s, “u”p,q = ”“Hr,q’
rzpzqzsz0,uec0,, and [ul,1nes = [ulpps=0,ue0

Vv

p.q p+s.,gts*

Lemma 1. Let non-negative integers q, s and a function u : R* — C be given. Let
for every multiindex a, locl < g, the continuous (classical) derivative D*u exist and
Sfulfil an inequality

sup [Du(x)[ (1 + ¥ |[x;) ™ < + 0.
xeR" ji=1

Thenue 0y,
L]

. Proof. For ve L1**7* k < g, we have to estimate
[ j [Dy-i(uv), Dyoy(uv)] dx = 3 |Aj, ... Ay, _(uv)]? dx .
Rn J1s0sdqg-k=0 J Rn
Performing the indicated operations we get A, ... A, [uv) = Qg X" .

lal +181+ 7] Sa—k
. D?u D», where the coefficients a,4, do not depend on the functions u, v. According

the assumptions! there is a constant x; > 0 such that |x* Dfu D%| < (1 +
+ ilxj{)”“" |x* D?|. As s + ]ﬂ| + o] + |7 £s+ g — k we can find another
i=t ‘

constant %, > 0 such that
J |x* DPu Do|* dx < saf[oSsqois o] + Bl + 1l S — k.
R
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Then the existence of such constant %5 > 0 that

j 1A, Ay ()2 dx < w02,
.

for all integers j,,, 0 < j,, < 2n,m =1,2,...,q9 — k, follows from Hélder’s inequa-
lity. The proof is complete.

Corollary 1. Every polynomial of degree k is an element of 0, ,_,, p = k.
Corollary 2. L*" = 0, ,, where ¢ = 0,1,2,..., r = 1 + [4n], and the identity-
operator J : LY — 0, , is continuous.

Proof. It follows from the Proposition that the assumptions of Lemma 1 are
fulfilled with s = 0.

From the proof of Lemma 1 it follows immediately the assertion: Let functions u,,
k =1,2,..., have continuous (c]assical) derivatives of all orders o, |oc| < ¢, and let

lim max sup [Du(x))| (1 + Z ) =0.
k—o |a]=q xeR ‘
Then lim [[uy] g4, = 0.
k= o

Remark. Given p = q = 0, fe 0,,. Then for each multiindex «, | <'q, the
generalized derivative D*f exists.

Proof. Choose v e 9 so that p(x) = 1 for |x| < 1. Take o, || < g, and arbitrary
@ € 9. Then for A > 0 such that support ¢ < {x;|x| < A} we have f(x) v(x[4) €
e I, and

LnfDa(p dx = f(x) < >Da o(x) dx = (= 1)l LnDa (f(x)')(_x;{)) o()dx.

Let 0 < A4 < B then for § € 9, support ¥ < {x; |x| < A} we have

L D* (f(x) ( )) U(x) dx —j D* (f(x> ()) U(x) d

Hence D*(f(x) v(x/4)) = D*(f(x) o(x/B)) for almost all x, |x| £ 4, and we can
uniquely define a function g : R" — C putting g(x) = D*(f(x) v(x/A)) for almost all x,
|x| < 4, and all 4 > 0. Then evidently g = D*.

Definition 6. Given integers p =2 g =2 0, u€ 0,4, f€ L% Then we define uf as
a distribution from L;? by formula

® (uf) v = f(uv), velh.
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If f e L3® is a function then the distribution uf, where u € 0, ,, is identical with the
function uf. The mapping (u, f) — uf of 0, , x L;? into L;” is hypocontinuous, i.e.
continuous in each variable locally uniformly with respect to the other one. In fact,
[fl-, = sup (wf)o= sup f(u) < |7 sup Juol, < 1], Julie

fflellp=1 llellp=1 llellp=1

Lemma 2. Given integersp = q = 1,ue @, ,,fe L9 Let there exist a continuous

derivative 0u[ox, € 0, ,_,. Then

p,q°

9 () = 9 KA
©) 0x, (uf) 0x, fou 0x4 '

Moreover, on both sides of (9) there are distributions from L3".

Proof. We have 0f[dx, € L% Hence, the products uf, (0u[ox,) f, u(df[ox,) are
defined and uf € L,™? (0u[0x,) f € L;”, u(0f [0x,) € L;”. Let us take v € L}; then

Ou N, (o N, o (0w N\ DN\
(6x1f+uax1)v f<6x10)+6x1 (uv) f(6x10> f(axl (uv))

Y A L Y LA W (C')
0x4 0x4 0x4 0x, 0x,
Theorem 2. Given f e L3, k = 0, integer. Then for each multiindex «, |oc| <k,
there are a function g, € L, and a polynomial P, of degree <k — Iotl such that
f= 3 P,DYyg.
la| sk

Proof. According to Fréchet-Riesz theorem on the representation of linear
functionals such element g € I%, exists that for every v € I, we have

Rn Jtseees Jjk=0 J gn

2n'
fo=(v, 9k =J‘ [Dw, Dygldx = X . (A, .- A0) (A, .. A;9)dx =

Let us choose a permutation (js, ..., j) and for brevity denote h = Aj, - Ajg.
Evidently, h € L,. We now distinguish 3 cases:

a) A_,-1 =1 h(Aj2 Aj v)

b) A;, =2nmix;p then h(A; ... A;v) =< 2mix;h(A,, ... Aj,‘v)

o A=) . = 2w, aw)-
axi axj

150 .



Hence, according to Lemma 2, )
h(A_il"' Ajkv) = -—':(Ajk"'Ajlh)v = (l 'Z: Qthzh)v,
a| <k

where Q, are polynomials of degree < k — .

Corollary. The space Ly*, k = 0, consists entirely of such elements which we get
by formal differentiation of elements of L, and multiplication by functions
2mix;, j = 1,2, ..., n. At the same time the sum of these operations applied on any
element of L, may not exceed k.

Lemma 3. Given integers p,q, p=q = 0. Then 0,, < Ly P™", where r = 1 +
+ [4n], and the identity-operator J : 0, , — L4P~" is continuous.

Proof. Let us take fe @, , and denote g(x) = (1 + (x, x))"?*"™/2. Then g e L}
and 1/g(x) € Ogypsps s = 0,1,.... Hence fg e Lf and f = (1/g) fge LY P7".

Using the hypocontinuity of multiplication we see that there exists a constant
A >0, which does not depend on f, such that |[f],—,—, = [|(1/9) f9/4-p-r <
< Alfglo = Al flloa- 9]

Lemma 4. Given integer k =0, f,geLL. Then according to Fréchet-Riesz
theorem there are unique elements ¢, € LY such that fo = (v, @), gv = (v, ¥},
ve LS. If we denote (f,g)_, = (¥, @) we get an inner product defined in L3
The norm induced by this inner product is identical with the norm |.| -

Proof. The mapping f, g — (f, g)_k has evidently all properties of an inner
product. We only show the equality of norms. Actually,

£l = sup fo= sup (v, o) = (—“L, w) = ol
llelle=1 llolle=1 ”(P”k k
Since (f, f)-x = (@, @), the proof is completed.
Definition 7. Given integer k > 0, fe L;*. Then we define the Fourier image
Zf as an element of L;* by (#f) v = f(#v), ve LS.

Remark. If a distribution f € L; * is a function from L,, then the Fourier image #f
defined by Definition 7 coincides with the classially defined Fourier image. This
follows from the well-known theorem

j (Fvdx =| f.Fvdx, fivel,.
Rn

Rn

Now we are prepared to drop the assumption k = 0 in Theorem 1. Actually, w
have '
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Theorem 1a. Fourier transform % :L% — Lk, k integer, is a unitary auto-
morphism.

Proof. Let k < 0. The equality #L% = L% is an immediate consequence of
Theorem 1 and Definition 7. Let us prove the invariance of inner product. Take
f, g € L%; then according to Lemma 4 there are elements ¢, € L;* such that fv =
=0, 0)-p gv = (1,¥) 1, vE L, (f, 9) = (¥, @)—r For every ve L;* we have
(Ff) v = f(Fv) = (Fv, @)y = (v, F 1)_;; similarly, (Fg)v = (v, F W¥)_,.
Hence, as a consequence of Theorem 1 we have (#f, #g), = (F W, F '¢)-, =
= (lpa (P)—k = (f: g)k

Theorem 3. Given integer k, f € LY and multiindex o. Then
(1a) F(Df) = (2nix)* Ff

F((—2mix)* f) = D(Ff).
Proof. On both sides of (1a) there are elements of L5™!*l. If k — |a| > 0, then the

statement of Theorem 3 is the well-known result. Thus, let k — ]al <0,ve Ly  We
get

FOH) 0 = (D) (50) = (= ) J(D50) = (~ 1) S (2002 0) =
= (Zf) ((2nix)* v) = ((2nix)* Ff) v,
F((—2rix)* f) v = ((—2nix)" ) (Fv) = f((—2nix)* Fv) =
= (=) F(#D%) = (~ 1) (#) (D) = D).

Definition 8. Given integers p, g, p = g = 0. Then we define (D:,q ={feUL;"*:
k>0

: Ffe0,,}. If we define a norm ||f||%, = | #f|,, for fe 0}, then ¢ turns into
a normed linear space.

Example. x{7%€0,,, p=q =0, has Fourier image #x§ ? = (—2mi)?"?,
.(0¥79|ox%"%) 6, € 0, , which is not a function. Hence for each p,q, p = q = 0,
0%, + 0, ,holds.

Let fe (9;‘1. According to Definition 8 #fe 0, , is a function. For every x € R
(#7Y) (x) = (#f) (—x) holds. Hence # ~'f € 0, ,. Thus, we could also define 0},
by the formula 0}, = 0, ,.

We know that for each pair p,q, p= ¢ =0, LY'" = 0,, = LY ?7", where r =
= 1 + [4n], holds. Then from Theorem la the inclusions L4™" < Oy, = Li™?™"
follow. The identity-operator corresponding to each inclusion is continuous. More-
over, #(R") < 0}, and henceforth for each integer k the space 0, N LY is dense
in L%,

p.q

Definition 9. Given integers p, g, p = q = 0, f € 0;‘,4, g € L3 % Then the distribution
FNFf.Fg)eL;” is called the convolution of distributions .f, g and denoted

by f*g.
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For fe 0 ,, g € L;* we have
If =g - ,,= sup (f*g)v— sup (f*g)fv- sup Fg(v. Ff) <

vl p=1 vllp=1

= |#4l- qusup lo-#fla 2 179l -a 177 o0 = |/ 17 l9]-a-

p=1

Hence the mapping (f, g) — f * g of Cartesian product 05, x L;? into L;” is
hypocontinuous.

Theorem 4. Given integers p,q, p =Zq =0, fe 0P p 9L, hel,, Then
(10) / F(f+9)=Ff.Fg
(11) F(hg) = FhxFyg .

Proof. Formula (10) is an immediate consequence of Definition 9. To prove (11),
let us take v € L5; then

F(hg) v = (hg) Fv = g(hFv) = g(F*(hFv)) = g(ﬁ’z(ﬂ'zhﬁ W) =
= F2g(F*hF " v) = (F*hF?g) F v =

F Y F*hF2g)v = (Fh*Fg)v.

Remark. From the identity (4) it follows immediately that formulae (10), (11)
are also valid if the operator % is replaced by # ~1.
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