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I. Center-projective bundles. Let M be a differentiable manifold of the dimension
n = 2. Let # denote the module of differentiable scalar functions on M and & the
set of densities on M. We notice that every density s of the weight ¢ may be
represented locally by s = |det f{°|? where (f'*), ..., f™) are elements of # and f{”
is the j-th partial derivative with respect to the local map in question. We denote by R”
the n-dimensional Cartesian space, i.e. the space of n-tuples of real numbers
provided with the usual topology based on cubes.

Let p be a fixed point of M and (0, x) some local map which covers p, O being an
open set and x : O — R" a parametrisation. Then we define differential operators
x,(p), ..., x,(p) by putting for any fe F

1) x(p)f = (S - x7") (x(p)) 1) -

The sequence (x{(p)); <, is just a natural linear frame at p defined by the parametrisa-

tion x. Instead of x,(—) we shall write simply x,. If (U, y) is another map covering p,
then it defines the parameters

2 Aip. x[y) = yip) x*5 Ai(p, y[x) = x(p) "

(x* or y* is the k-th component of the corresponding parametrisation.) The following
relations follow from the theorem on differentiation of composed mappings: x; =
= A(—, y/x) y;. The two parametrisations x and y define the same linear frame at p
if and only if we have A)(p, x/y) = &} (of Kronecker). In other words: if and only
if x and y define the same jet of the first order at p. [1]. Then we define the frames of
the second order by putting

©) xi(p)f = (0f o x71) (x(p)) » AP, x[3) = yulp) x* -
Then the sequence (x,(p), ..., X,(p), ..., Xu(p), ...) is a frame of the second order

1) These symbols for partial derivatives were proposed by W. WALISZEWSKIL.
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at p, defined by x. Just as above, the two maps x and y, both covering p, define the
same frame of the second order if and only if A{(p, x[/y) = 6} and A} (p, x[y) = 0,
i.e. if and only if they define the same jet of the second order.

Two functions f and g € # define the same jet of the first order at p if it is f(p) =
= ¢g(p) and if for any local map, say (0, x), we have x(p) (f — g) = Ofori =1,...
..., h. We denote by &' the module of fields of the first order jets of scalars.

If a frame (x,(p)); <, is given then each vector v tangent to M at p may be represented
in the form v = v’ x(p). If we have two representations of the same vector, say
v =0’ x{p) = u' y(p), then the following relations hold: v* = A(p, x[y) u’ and
u' = Ai(p, y[x) v'.

Then we compute the first prolongation of the vector field v which is to be repre-
sented in any coordinate neighbourhood of p. We put vi(p) = x,(p) v* and v, =
= (v'x;; + vjx;);=; ., Thus the pair (v,v,) is the representations of the first
prolongation of v. The following transformation rules may be easily obtained from
(1), (2), (3) by computation: if v, = (v'x;; + vix,)); = (u'y;; + uly;); <, then we have

(4) X;; = A’fj(—: J’/x) Yi + Alfj -, y/x) A:f»(", x/)’) Yies
©) vj = wiAj(—, y[x) A=, x[y) + u*AL(—. x[y) A=, y[x) .
(6) Proposition. A vector field may be viewed as the Lie derivative of the elements

of &. The first prolongation of the vector field v may be viewed as the Lie derivative
of the elements of F'.

It follows from the well known expressions in local coordinates that

(2.5) () = v' x{(p) f »
(2xif) () = (v x;(p) + vix(p)) ] -

Let us write the formula for the Lie derivative of a density s of the weight q. We
have

(@) _ (2,5) (p) = v x{p) s + (Xv)) as -
J
We introduce the new operator xo(p) which corresponds to any local map (0, x)
by putting
(8) xo(p) z = (weight of z) z(p)
for every = € #. Thus formula (7) may be presented in a.compact form

©) (€ () = 7 x,(0)s

=0
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where by definition v° = Zv: From now on capital indices vary from 0 to n. We
i

have to examine yet what is the rule of transformation of the Lie derivatives of the
form v’x; when changing the local parametrisation.

(10) Proposition. If £, = v’x; = u’y, then we have the following relations
u® = 0° + A)(p, y[x) o, W' = Ai(p, y[x) *
where 4%(p, y]x) = Ap, x]) A4(p, ¥/%). |
They may be obtained directly from (5) and from the identity A}(—, x/y) 4(—,
y[x) = &.

(11) Proposition. We have the following transformation rule for the components
of (x J) .
Xo =Yoo, Yi= Ai(—, X/Y) X .
This follows from the previous proposition and from the invariancy of the Lie
derivative.

The transformation rules in both propositions above may be written briefly as
follows: u’ = Ajv¥, y, = ~A%x, where both matrices 4 and ~ A are of the form

0
(12) [1’ A’f] .
. 0, A

We notice that it is a matrix of a center-projective transformation which leaves
invariant that point of the projective n-space which has the uniform coordinates
(1,0, ...,0). This provides a reason to propose the following

(13) Definition. A center-projective frame at p e M defined by a local map (0, x)
is the (n + 1)-tuple of operators (xo(p), X,(p), ..., x,(p)) (see (1) and (8)).

(14) Proposition. The two local parametrisations x and y of a neighbourhood of p
define the same center-projective frame if and only if the matrix (12) is the unit
matrix, i.e. if AY(p, x[y) = 0 and Ai(p, x[y) = §;.

It follows directly from Proposition (11).

(15) Proposition. The condition of Proposition (14) may be reformulated as
Sfollows:

Ai(p, x|y) = 6, and y(p)(det A}(p, x[y)) = 0.
Proof. We put A(p, x[y) = det Aj(p, x[y). We compute

ydp) A(—, x[y) = I;q(vk(p) A¥(—, x[y)) . minor (4(p, x[y)) =
= A. 4Yp, y|x) Au(p. x[y) = 4. 4, x]y)

which yields our proposition.
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We introduce the following notions and notation:

The principal fibre bundle of linear frames on M will be denoted by HM; the
bundle of the frames of the second order will be denoted by H,M.

The bundles of vectors tangent to M at p and of their first prolongations will be
denoted by TM and T,M respectively. Their restrictions to the fibre over p (i.e. the
tangent spaces to M at p of the first and of the second order) will be denoted by (TM),
and (T, M), respectively.

(17) Definition. The divergence space tangent to M at p is the linear space of all
derivatives of densities. It will be denoted by (KM), and the corresponding bundle
will be denoted by KM.

(18) The principal bundle associated with KM is the bundle of frames of the form
(xo, Xiyenn x,,). It is called the bundle of centro-projective frames and it will be
denoted by PM. ‘

(19) I, L, and £” denote the structural groups of HM, H,M and of PM respectively.
The are called the linear group, the prolongated linear group and the center-projective
group.

PM and £" may be described in the terms of jets as follows: We consider local
diffeomorphisms of neighbourhoods of 0 € R” into R" which transform 0 to some

point a. We say that two such mappings h and k are pj-equivalent if and only if
A0, h[k) = &} and, moreover, 9; det 4%(0, g[k) = Ofori,j =1, ..., n.

(20) Definition. A class of pj-equivalence of diffeomorphisms will be named a pro-
jective jet of the first order. If h is a representing diffefomorphism then the related
projective jet will be denoted by (pj h)o -

A generalization of the notion of the projective jet onto such jets of local diffeo-
morphisms of R" into the manifold M is obvious.

Now we are able to formulate the main notions in the terms of projective jets:

£" is the set of projective jets of the form (pj —-)0,0 provided with an operation of
group multiplication as follows:

(Pj k)o,o . (Pj h)o,o = (PI ko h)o,o .

A center-projective frame at pe M is a projective jet of the form (pj x™ ).,
where x is some parametrisation of a neighbourhood of p. (By using a suitable
translation on R” we may always assume that x(p) = O.) The right action by g £
on a center-projective frame x = (pj x~'), , may be performed as follows: If g =
= (pj 9)o.0 then we have - )

x.g=(pix""cg)oo-
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One may examine easily that the two parametrisations x and y of a neighbourhood
of p define the same center-projective frame if and only if we have (pj x o y“) =
= (pj ¢) where ¢ is the identity mapping of R".

We denote by 1 (by ) the natural projections of the second order jets (of the
projective jets) to the jets of the first order. Then we introduce the following equi-
valence relations £ in the set of jets of the second order:

G2 Navs@ = €% Darywy ifand only it (pjfo g™ ) pwr@ = (P V)@ s -

Using the same notation ¢ for the mapping of L, (and of H,M respectively) onto
the classes of the £-equivalence we have

(21) Theorem. The mapping & preserves the group operations.

Proof. We have to show that if x and y are the frames of the second order such
that &(x) = &(y) then for each ge L, we have &(xg) = &(yg). In fact, let g =

= (j27)oso- Thus we have (pj(xg)o(yg9)™ ) =(pixoy™ ') =(pj¢), ie. &(xg) =
= &(yg). We have to examine the same for the group elements. Let ay, af, a,, a3
* —

be elements of L, such that a, = (j* @,)o.0, a5 = (j* ®3)0,0 for & = 1, 2. We have
to show that if &(a,) = &(ay) then we have &(a, . a,) = &(af . a3). In fact we have

(0 @10020(@T003)7") = (D @ro(P2005 ool ') =
=) (pi 920037 ") - (pi0i™") =
=) (9. (piei™") = (piv).

This means that the relation & holds between a, . a, and a} . a3, q.e.d.

It follows from the above theorem that the following diagrams of homomorphisms
are commutative:

¢
) N\ / N4

Now we have to compute the mapping ¢ of I, in the coordinates. Notice that the
parameters Ay(p, y/x), Ai,(p, y/x) are natural coordinates of an element a e I,
namely of that one which transforms the frame (y;, y;;); <. onto the frame
(x5 x; j) i,j<n- 1t follows from proposition (14) that a does riot change the corresponding
center-projective frame (y,);-,, ., if and only if A{(p, x/y) = 5, and A47(p, x|y) =
= A'(p, y[x) Au(p, x[y) = 0. Thus we have the formula

é((AI:7 A;;h)i,k,h§n = (Ai)'zi(;"” where Al(c) = (A_I)'l‘ AiIAk -
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(23) Definition. If v and w are two fields of divergences (i.e. the local cross sections
of KM) both being defined in some open set U = M, then we define their generalized
Poisson bracket by
Lo = (8,08, —8,08)s
for every density s.
We shall compute v, w in the local coordinates. If we have v = v'x; and w = w'x;
then for any s € & of the weight g we have

082, = 2(qw’s + wix;s) =
= v2%(q WO + wix;s) + vFx, (g wos + wix;s) =
= g%’ + g v®wix;s + q v(xw°) s + g *wOxs + oF(xw?) (xi5) + o' (xys) .
Interchanging v and w we obtain
Lrons = () — wix)) gs + (" 0xw’) = wHix))) x;s..
Thus we have [v, w] = [v. w]’ x; where

[o, W] = v*xw’ — whx' .

(24) Definition. A proportionality class of divergences is named a punctor. (Cf.
[31)

A geometrical sense of a punctor is simple. We map the linear space (KM), onto
a center-projective space denoted by (ITM),. Then every divergence v’x, is
mapped onto a punctor whose homogeneous coordinates are (v°, v*, ..., v"). If ° % 0
then this punctor may be provided with local coordinates (z¥),_,,. ., where z' =
= v'[v°. The transformation rule of a punctor written in these coordinates is

i k
Zi s Ak(_a x/J’)Z )
1+ AY(—, x[y) Z*

(25) Definition. The center-projective space (IIM), whose elements are punctors at
a fixed point p € M will be named the center-projective space.

II. Center-projective connections. We consider Lie algebras L”, £, L} of the groups
I £", I, respectively. We interpret them as vector spaces which are tangent to the
corresponding group manifolds at the unit element. Formulas are known for the
commutator in L' and I, [4]. Namely, if (F); ;<, and (K, H); j x<, are natural bases
in L" and L} respectively (in the traditional notation I} = 9/dgj, I}* = 0/dg,) then we
have

[ ] = et — 1%,
(26) (L] = 1ot + 1'oF — 1Ps],
(26bis) [1/, I = 21 Gsh — o gD |
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(27) Theorem. There exist homomorphisms T, II, E such that the following diagram
is commutative:

l..

L L;
(28) N 7

ﬂ\\ //T

Lll

Proof. We recall the first diagram (22) and put T = 7(e), IT = n'(e), & =
= ¢'(e) where denotes a tangential mapping and e is the unit element. The group £”
is a subgroup of I'*! so that we may obtain formulas for [., .] in E" from (25)
taking into account that Ij = 0. We have then [I],I}] = I5F — I¥5]. Hence we
obtain formulas

(29) [, 15] = 13t [#h,15] = 0

which together with (26) yield the Lie structure of L.
Then T is a mapping which maps (K, I); ; 1<, to (F)

D):i.j<n while IT maps (I, 1})
to (M); j<n- In order to compute = we differentiate ¢ at the point e. In view of

E(Ai» Aly) — (*A3AL) we obtain
(30) E(('f:’ '{k)i,j,kén) = (’{’ ’5)

where I}, = I/, In order to prove that Z is a homomorphism with respect to [, -]
we have to perform a contraction of indices in (26). Then we obtain formula (29)
which expresses the Lie algebra E”. After this the commutativity of the diagram is
evident, g.e.d.

Z may be written also in the form Z(I}/) = S}I.

We notice that the following splitting sequence
0S5R LS 1" 50
is exact. 5 denotes a mapping which transforms (a’, ..., a") e R" to Y a’lj e E".
J

Let H,M be a principal bundle of the third order frame over M. Let p, be a multi-
plicative structure of all frames of the second order on R". Thus p obeys a distinguished
element 6, namely a jet of the identical mapping having its source and its target at
0 e R". We denote by T, the space which is tangent to p, at  and by (TH,M), the
vector space tangent to H,M at its arbitrary point u. Let % € Hy;M and let u be its
projection in H,M. Thus there exists an invariant form w(u) which maps any vector
X € (TH,M), to some vector {w(u) | X € T,. We refer to an intrinsic definition of o,
of. [1]. If @ = (jsf)o.. then u = (j*f)o,, X being a vector from (TH,M), there
exists in H,M a curve R> 1 — u, such that u,€ H,M, u, = u and X is tangent to
this curve at u. Thus there exists a one-parameter family of mappings 7 — f, such
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that we have u, = (j*f,)o, ... We may assume that f, = f and u, = u. We take into
consideration the composed mapping f ~! o f, if 7 is near to 0. The mapping 7 —
= (j2f " o f)o, is a curve in R" passing through 6. We set {w(u) | X) to be equal
to the vector which is tangent to this curve. If we write the decomposition
o=+l + ) @I

then we have the following recurrent formulas for computing of w — s (cf. [3])
(31) dy' = ajo’,

da; = ajo* + ajoh,

day; = aj,0* + apol + aho) + ajwy; .
Here )/, a}, a }k, aj,; are the coordinates of the jet i which are computed with respect
to some local map which maps the basic point x to (y*, ..., y"). Let (&}) be reciprocal
to (aj). In view of proposition (10) we have aj = daj,. Thus (al, a?) are local co-
ordinates of a projective jet which is a map of u.

(32) Definition. We define the center-projective frame of the r-th order at x e M to
be a class of the following equivalence ¢ of local difffomorphisms from R" to M

of =09 <=jf=jg and j(detj'f)=j(detj'g) at x

(33) Proposition. The set of center-projective frames of the r-th order at the point
0 € R" obeys the structure of a group.

Proof is almost obvious. We name that group the center-projective group of the
r-th order.

In particular we shall deal with the second order projective frames. Let g be a diffeo-
morphism of R" into itself such that g(0) = 0. We have

(34) Proposition. If (¢}, g 9jus) are the coordinates of the corresponding element
of Ly, i.e. of (j39)o.0 and (i, G G5s1) are the coordinates of its inverse, then the
coordinates of the center-projective jet of g are (9%, 9%).=0.1....» Where we have

g,(,') = gﬁgﬁj s g?k = g;;g’;jk - g;g:kg:g;k .
Proof. The first formula was given in proposition (10). The second one will be
obtained by some elementary operations with det (8,97), 0,(det 0,9”) and 9,0,(det 8,9”).
If we take d, ... instead of g}, ...; a}, ..., a}, being local coordinates of a frame
at x € M, then the formula of proposition (34) yields the projection of the third order

linear frames to the corresponding center-projective frames of the second order.
Now let us compute daj in complementary to (31). We have

(35) da) = d(@ja;;) = (da}) ap; + dj daj; .
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We use (31) and the following identities

(da?) a? = — & da? = —a(a0' + alw)).
After some simplifications we obtain from (35)
(36) daf = a0’ + o) + ajwf where o} = j;.

In view of the equality aj = 1 we may write (31) and (36) together

(37) da’ = aho* + ajo’
and hence
(38) of = ag(dai — ajo¥)

where (a}) = (a)™".
Now we formulate

(39) Proposition. The contraction (wj,) - (w}) maps the components of the canon-
ical form on H;M to the components of the canonical forms on the center-projective
bundle.

We assume now that an infinitesimal connection on H,M is given. We denote by y
the corresponding form of this connection. Then we write the decomposition

y=7@H+ el

The canonical form  differs from y only by a linear combination of the forms w'.
Thus there exists an object of connection I', HsM 5 u — I'(u). We have the decom-
position I' = w" @ (I}l + 1), cf. [1]. The components of I' are provided
with the following transformation rule: if g € L, then we have (cf. [5])

(40) Fjl:k(u . g) = ~£9;Fik(u) - g;gik s
gyl - 9) + gidpl i - 9) — Ggslidu - 9) =
= §\gnl5e(u) + Gagil(u) — (gplgh)li
where the last term is to be computed from the decomposition

d(g’;lgli) = @’;tgil.)]i wi(“) .
We have then

P i i i
y;=0; + o', vy = o + 1o

If we perform a contraction with respect to the indices k and h in (40), taking into
account the symmetry of I with respect to the first two lower indices, then we obtain

g gp u(u ) (gp [t — ng(“) + gg f;i(u)

where I'y; = Y I'ly;. Hence we have
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Here we have denoted by # (by g) the center-projective frame (the element of the
center-projective group) which is a canonical map of u (of g). Formula (41) may be
written together with (40) in the following unified form

*2) Iy . g) = g I'pl@) 95 — 9535 -

Thus we have obtained the following

(43) Theorem. Given any second order bundle with a connection (H,M, ), then
there exists a projection (H,M,y) — (PM, 7). y is here a connection form on PM

and the corresponding object T of this connection obeys the transformulation
rule (42).

The covariant differentials of the prolongated vector field v, and of the correspond-
ing divergence & (Def. (17)) have the following local expressions

Vo, = (do' + vlyl, dof — viyl + oyl + Vi) jk=1,ms
Vi = (de + Uj?f)L:o,l,...,n .

Then the both above formulas imply easily the following
(44) Theorem. The following diagram of operations is commutative:
Vy ——————> D
D

Vo, \%

Thus the mappings indicated above as ‘““horizontal” are to be performed by contrac-
tion, and those indicated as “vertical” are covariant differentiations with respect to y
and to y, respectively.
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