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Introduction. The purpose of this paper is to investigate an integral representability
and boundary behaviour of solutions of the generalized Dirichlet problem for
discontinuous boundary conditions. For a class of open subsets of Euclidean space,
a representation in terms of the generalized double layer potential is given for any
bounded function measurable with respect to the area measure on the boundary. It
is proved that the nontangential limit of the solution of the generalized Dirichlet
problem coincides with the boundary condition at each point of the boundary except
for a set of area measure zero. As a by-product we establish that the area measure

.and the harmonic measure are mutually absolutely continuous. This generalizes the
classical result [15] obtained for domains with the boundary of bounded curvature.
The domains which we consider are all regular domains for the Dirichlet problem.
On the other hand, no smoothness assumptions on their boundaries are imposed.

The concepts used here have their origin in investigations of J. KRAL [8] and there
are connnections of this paper with results obtained in [11]—[13]. Some results of
this paper were announced in [14].

1. Preliminaries. This section serves to recall some facts, mostly in order to explain
terminology and notation, sometimes to point out results on the subject.

In what follows, m > 2 will be a fixed integer and the symbol R™ will stand for the
Euclidean space of dimension m. For M < R™ we shall denote by cl M and fr M
the closure and the boundary of M, respectively; H stands for the (m — 1)-dimension-
al Hausdorff measure defind in usual way (see [11], section 1).

For r > 0 and y € R™, denote by 2,(y) the open ball with center y and radius r and
put I' = fr 2,(0), A = H(T).

If Q = R™is a Borel set and S = R™ is an open segment or a half-line, then ze S
will be termed a hit of S on Q provided both SN @ N Q,(z) and (S — Q) N 2,(z)
have a positive linear measure for every r > 0. Given ye R™, 0 <r < o0 and
0 € I', we shall denote by n2(0, y) the total number of all the hits of {y +00;0<
<g< r} on Q. It turns out that for fixed Q, »r > 0 and y € R™, n?(e, y) is a Baire
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function of the variable 0 on I (see [8], proposition 1.6) and one may define
2() = f n2(0, y) dH(0)
r

Throughout this paper, G = R™ will stand for an open set with compact boundary
B #+ 0 and the following two conditions on G will be imposed:

1) fr G = fr (R" — ¢l G),
)] lim sup v¥(y) < 34.
r=0+ yeB

It follows from Kral’s results that (2) implies

(3) sup vg(y) <

yeR™

(see [9], remark on p. 596 and [8], theorem 2.13). Consequently, G is a set with
finite perimeter and the m-dimensional density dG(z) of G at z is well-defined for each
z € R™ (see [8], proposition 2.10 and lemma 2.7).

Let us denote by B the Banach space of all finite signed Borel measures with
support in B; the norm of an element p € B is its total variation ||u|. Given z e R™, §,
stands for the Dirac measure concentrated at z. With each ue ® we associate its
potential :

U () = j px — 3) du(y)
B
corresponding to the Newtonian kernel p(z) = |z|>*™™/(m — 2).
In view of (3), for any u € B, the distribution I u defined by

T u(o) =J grad ¢(x) grad U p(x) dx

over the class Z of all infinitely differentiable functions with compact support in R™
can be identified with a uniquely determined element  u of ¥ and the operator
T :u > Jp acting on B is a bounded linear operator (see [8], theorem 1.13;
compare also [11], theorem 5 and remark 9).

The results of [11]—[13] will be used on several places in this paper. In fact, only
a special form of those results (corresponding to the case of A = 0) is important for
us here.

It follows from (2), (1) and theorems 20 and 31 in [12] that

sug) [Alds(y) — 3] < 34.
ye
In particular,

@ 0<dg(y)<1l, yeB.
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Put M = R™ — ¢l G and observe that M is a non-void open set and fr M = B
(see (1))- (Note that M is just the set on which the Dirichlet problem will be investi-
gated.) Recalling that the m-dimensional density dj(z) of M at z e R™ is given by
dy(z) = 1 — dg(z) we conclude by (4) that each y € B is a regular point for the
Dirichlet problem (see [6], corollary 10.5).

Denote by n%(y) and n™(y) the exterior normal of G and M at y in the sense of
Federer, respectively, and by B the reduced boundary of G (for definitions see [11],
section 2 or [8], remark 2.11). Note here that B = B and n°(y) = —n™(y) holds for
any y € R™.

It follows from (4) and from lemma 3.7 in [8] that

® HB - B)=0.

Since H(B) < oo (see remark 2.11 in [8]) we have H(B) < oo as well.

One easily verifies that v}(z) = v%(z) provided z € R™ and r > 0 and (1) implies
that both the sets Z — M and Z — G have a positive m-dimensional Lebesgue mea-
sure whenever Z is an arbitrary open set with B n Z + (. Consequently, the proposi-
tion formulated in [10] may be used to assert that G has only a finite number of
components and their closures are mutually disjoint. (Note that the same is true
for M.) We shall denote by g (0 < g < o0) the number of bounded components of G.
The symbol G, will stand for the unbounded component of G (if any); the bounded
components of G will be denoted by G, ..., G,.

Finally, we shall write /" for the null-space 7 _,(0) of the operator 7.

2. Lemma. The dimension of A does not exceed q.

Proof. Notice at (4) guarantees that the m-dimensional Lebesgue measure of B
is zero (compare [13], lemma 25). Employing lemma 24 and theorem 19 in [13]
we get

J‘ |grad Up(x)|?> dx = 0

G

provided p € A". Consequently, Up is constant on each G; and vanishes on G,. The
same arguments as in the proof of theorem 26 in [13] may be used to justify that
(6) Up=0 onGimplies p=0

(compare also [8], lemma 4.8).
If g = 0, the proof is complete. Assume now g > 0 and choose an arbitrary
z;€G; (j = 1,..., q). In view of (6), the mapping

u [Uu(zl), - Uﬂ(zq)]

is an injection of A" into R%. Consequently, dim A4~ < 4.
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3. Notation. Let # denote the Banach space of all bounded Baire functions on B
equipped with the supremum norm ” || % is the subspace of all continuous func-
tions in . We shall often write {f, 1) instead of

deu, feB, ued.
B
For each y € R" define v, € B by
M —_—
(7) dvy(x) = n¥(x). (x = y) dH(x),

[x — y|"

and the operator T acting on 4 is introduced by

(8) Tf(y) = Adg(y)f(y) +<{f,v>, yeB, feA.
If follows from (5) in [12] and proposition 8 in [11] that
©) | {Thwy =<, Tw

provided f € # and p € B (compare also with 3.2 and 3.4 in [8]).

It should be noted that in our case B is a proper closed subspace of the dual space
to 4 so that the traditional form of the Riesz-Schauder theory is not applicable to the
pair of opcrators T, 7. On the other hand, S. SCHWABIK has recently published in
[16] a modification of the above mentioned theory and his variant will be suitable
for our purposes.

Before stating an assertion concerning N = T_,(0) the following lemma is useful.
We agree to denote by f; the characteristic function of fr G; (j = 1, ..., q).

4. Lemma. Let us fixj € {1, cess q}. We have Tf; = 0 on B and
(10) v,(fr G;) = 0
whenever ze M (= R" = clG).

Proof. Choose ze€ M and construct the function ¢;€ 2 in such a way that
@(c1G,) = {1}, ¢,(z) = 0 and ¢,(cl G;) = {0} provided k + j. Making use of the
formula (4) of [12] we obtain for each y € B

Tf(y) = f grad ¢;(x) . grad U 6,(x)dx = 0.
G

The same formula yields

vy = L@js VD =‘[ grad ¢; . grad U6, = 0.

Gj

The proof is complete.
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5. Proposition. The equalities

dim #/ = dim N =g
hold good.

Proof. We first note that the functions f; are linearly independent. It is therefore
sufficient to establish the equality dim /" = dim N. Indeed, lemma 2 says that
dim A4 < g and lemma 4 shows dim N = g.

Before referring to the Schwabik’s result, observe that the bilinear form {f, p)
on # x P separates points both of B and % (compare [16], section 4) and

Kol =71l res, ne®.

Lemma 33 and theorem 31 of [12] may be applied to assert the existence of a com-
pact operator Ty acting on # and a compact operator J ; on 9B such that

(11) Tfywy =<fi Ty, feB, peB

and
|T—34I - Ty| = |7 — 345 — 7,|| < 34,

I and 7 being the identity operator on # and B, respectively. Consequently, the
operator V = T — T, possesses a bounded inverse operator V_,; mapping # onto #
and, similarly, ¥" =  — J, is a linear homeomorphism of ¥ onto itself. Moreover,
by (9), (11) we have

(12) <V—1f’ﬂ>=<f’lV—1ﬂ>’ fegy #E%'

Proposition 4.1 and theorem 4.1 of [16] will be applied in the following context:
X=%,Y=9B,K=—-V_;T;, L = -7 7 _,. One easily verifies that K and L are
compact operators on % and 9B, respectively, and

Kf,p> =<f,Lpy, feAB, ped.
Employing proposition 4.1 in [16] we arrive at
dim (I — K)_, (0) = dim (# — L)_, (0).
Consequently, by the definition of K, L,
dim T_(0) = dim 7 _,(0)
and the proof is complete.
6. Theorem. Let v e B. Then there is a p with I = v if and only if

(13) WfrG) =0, j=1,...q.
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Proof. Let us denote by T the restriction of the operator T to . Then J is the
dual operator to T (see (9)) and it is immediately seen that {f;, ..., f,} is a basis of
T_,(0) (compare with lemma 4). By remark 32 in [12], in particular by the formula
(92), the Riesz-Schauder theory is applicable to the pair of the operators T, 7.
Now the assertions follows from the Fredholm theorem.

7. Notation. For z € R" and f € 4 define

=) 4n(x).

(14) wi(y) =Lfdvy =Lf(x). ﬂ%}iyl—_

It is worth noting that

(15) lim Wf(z) = (Tf(y)

zoy
zeM

provided fe % and y e B. This follows immediately by (7), (8) and theorem 2.15
in [8].

In the rest of the paper, x; € G; will be a fixed point (j = 1, ..., g). We shall write,
for the sake of brevity, ; instead of §, . It is obvious that each Ud; is continuous on
R™ — {x;}.

The basic tool for our investigations is the following theorem.

8. Theorem. Given g € & there are f e % (determined modulo N) and uniquely
determined constants a(g) such that

.
(16) g =T/ + 3 af9) U5,
j=
holds on B.
If, in addition, g € €, then f € € and
.

(17) lim (W/(x) + 3, a(9) U 6,(x)) = 4(y)

x=y j= .

xeM

for each y € B.

Proof. We shall adopt the same notation as in the proof of proposition 5. We first
note that the equation

q
(18) Tf=g_zajU5j9 ge‘%’
i=1
has a solution in 4 if and only if the equation

(I—-K)h=V_y(g "__i %; US))
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(for the unknown h e %) has the same property. By theorem 4.1 in [16] the last
equation has a solution in 4 if and only if

q
(19) V-ulg ”‘ZI“J' Us;) uy =0
j=
for any u € 4 satisfying
(20 (F—Lyp=0.

One easily verifies that a u € B fulfils (20) if and only if u € ¥/". Now, the necessary
and sufficient condition (19) for solvability of (18) reads as follows:

V-i(g —'AZII:IOC,- Udj),uy =0, pevyn,
or, equivalently, "
(21) (g —ji“" Us, /> =0
(see (12)). The formula (21) can be written in the form
j\;“i Up(xj) = g, 1>, neA .

If {uy, ..., g} is a basis in 4", then the matrix (U p(x;)) (j, k = 1, ..., q) is regular
(compare with (6)). Consequently, given g e %, there are uniquely determined
a; = aj(g) satisfying

1

(22) Ya ) Umlx;) =<g,my, k=1,....q.

Jj=1

It is obvious that f enjoying (16) is determined modulo N.

As for the second part, let T mean the same as in the proof of theorem 6. The
Riesz-Schauder theory being applicable to the pair of the operators T'and 7, the proof
of the existence of an f e ¥ satisfying (16) follows along the same lines as in [8]
(theorem 4.13). In order to make the proof of our theorem complete it remains to
refer to (15).

9. Remark. The proof of theorems 6 and 8 is patterned after Kral’s proof of the
corresponding theorems of §3 in [8]. A little more restrictive condition on G than (2)
is required in [8] and only g € % are considered. Theorem 6 is related to theorem 28
in [13] where the case of connected G for a more general problem is treated (see also
[10]). Results of this kind has also been obtained in [3] for the situation that both G
and M are connected (see theorems 7, 8). The importance of the theorem 8 lies in the
fact that not only continuous but an arbitrary bounded Baire function on B possesses
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the representation of the form (16). Of course, the proof of this theorem depends on
a previous detailed study of the properties of the operator T acting over # (see [12])
and on Schwabik’s modification of the Riesz-Schauder theory [16].

10. Lemma. Let g, be a uniformly bounded sequence of elements of 4 and sup-
pose that lim g,,(x) = 0 for each x € B. For each n, let f,, € # and aj(g,,) G=1..9)

o
satisfy on B

(23) g = T/, +j§1(1j(g,,) Us,.

If ze M, then

(24) lim (W1,(2) + 3. a(0,) U 5(2) = 0.

Proof. Fix z e M for the time being and observe that

(25) limayfg,) =0, j=1,...q,

follows easily from (22) where we have written g, instead of g.

Referring to (10) and to theorem 6 we may assert the existence of a ye B with
T u = v,. Recalling that

an(Z) = <fn5 vz> = <fn’ g'/vl> = <Tfn9 “>

we arrive at .
$gn iy = Wi(z) + 3. a(9.) U ;) -

Now the Lebesgue dominated convergence theorem together with (25) yields

lim Wf(z) = 0.

Using (25) once more we conclude that (24) holds.

The proof is complete.

The purpose of our further considerations is to establish an integral representation
for the solution (on M) of the generalized Dirichlet problem with boundary conditions
belonging to %. The method of finding such a solution is well-known in the case
that M is bounded (see e.g. [6], chap. 8). Since M has not to be bounded in our case,
some definitions may be useful.

11. Definition. (Compare [2] or [7] where the Dirichlet problem in the context of
harmonic spaces is considered.) Let P = R™ be an open set, fr P & 0, and f be an
arbitrary extended real-valued function defined on fr P. We denote by %} the set of
all hyperharmonic functions (for definition see [6]) u on P which are lower bounded
on P, non-negative outside the trace on P of a compact set of R™ and such that for
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any yefr P
lim inf u(x) = f(y) .
x>y
We put %} = —%(_;, and denote HY (resp. HY) the greatest lower (resp. least upper)
bound of %7 (resp. %}).

A function f on fr P is said to be resolutive (relative to P), if H} = H} and
|HY(x)| < oo for any x € P. We set H} = HY, provided f is resolutive. It is worth to
note that any bounded Baire function on fr P is resolutive ([2], Theorem 6 and the
text on p. 94).

In what follows we shall denote by u the harmonic measure relative to P and x.
We know that for any x € P

HI(x) - j Faut

provided f is resolutive (see [7], Satz 1,2). Of course, the above introduced notions
coincide with those given in [6] in the case that P is bounded.

Let us note that we have tacitly used the fact that R™ (m > 2) is a strong harmonic
space in the sense of the theory of harmonic spaces (see [1], p. 61).

Recall also that a superharmonic function s on R™ is said to be a potential, if the
greatest subharmonic minorant of s equals zero. For instance, for any x, the function
US, is a potential ([1], p. 56). It should be remarked here that a (finite) linear com-
bination with non-negative coefficients of potentials is a potential.

In the following lemma, P has the above specified meaning.

12. Lemma. Let p be a potential in R™. Suppose that the function h is continuous
on cl P and harmonic in P and denote by f the restriction of h to fr P. If

|h| <p on P,
then H}’ coincides with h on P.

Proof. It follows immediately from [7] (see definitions 1 and 3 and theorem 1).

13. Proposition. Let g € # and let f be any function satisfying (16). Then HY
admits on M the following representation:

q
(26) HY = wf +.Zlaj(g) Us; ..
I=
Proof. We first assume that g € €. One easily verifies that the estimate
|Wf| < k. US,,

holds on M with k chosen large enough. Hence it follows from theorem 8 (see (17))
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and lemma J2 that the function
q
Wf + Y ajg) Us,
ji=1
coincides (on M) with H)'.
Let us denote by & the class of all g € # for which the assertion of the proposition
is true. We know that ¥ < & and we are going to prove that Z = <.

For this purpose, let {g,} be a uniformly bounded sequence of elements of &,
lim g, = g pointwise on B and let f € 4 satisfy (16). By the hypothesis, we have on M

q
HY = wf, +‘21a,.(g,,) Us; .
i=
Fix z € M and observe that
(27) lim H)!(z) = lim J\gnkdylz” = HY(z)
by the Lebesgue dominated convergence theorem. Lemma 10 gives easily

) m(AE) + %0 (e) UaE) = WIE) + Y afe) U5

and we conclude from (27) and (28) that g € &. Consequently, & = 2 and the proof
is complete.

14. Remark. Recalling the definition of Wf (see (14)), we see that the formula
(26) gives an integral representation of H}' for any g € 4. The results of [11] enable
us to extend this result to the case of bounded functions measurable (H) on B.

15. Notation. The symbol B, will stand for the set of all elements of B which are
absolutely continuous (H). Let us note here that v, € B, for any y € R™. In view of
(4) and (5), proposition 12 of [11] is applicable (with 2 = 0, of course) in our case.
Consequently, it follows immediately that 4" = By,.

16. Lemma. Let for each g € # the constant a(g) (I =1, ..., q) have the same
meaning as in theorem 8. Then there is §; € By such that

(29) —al(g) =<9,B>, geAB.

Proof. Let us keep the notation adopted in the proof of theorem 8. Denoting by
[y, ..., b,] the I-th row of the inverse matrix to the matrix (U p(x;)) we can write

by (22) .
a(g) = (g,.;bjﬂp , gEB.

q
Since 4" < By, we conclude that f, = Y. b;u; € B which completes the proof.
j=1
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17. Proposition. For any z € M, the harmonic measure ™ belongs to By.

Proof. For fixed z € M, choose x, such that 7, = v,. (Lemma 4 and theorem 6
guarantee the existence of such a measure.) Applying proposition 12 in [11] we arrive
at %, € By.

Let us evaluate (g, %,) for g € #. By (16) we have

g%y = (Tfm> + X afg) Unilx)) = <fivd + . =

= WIE) + Y, al0) U (2) + 2.5 0 o)
where we have put b; = U x,(x;) — U 6,(z). By virtue of (26) and (29) we get
Hy'(2) = <g, %>
with %, = », — -ilbjﬁ ; € By. Consequently, ulf = %, € By.
=

18. Corollary. If f is a bounded function measurable (H) on B, then f is resolutive
relative to M.

Proof. For each z € M, the function f being measurable (H), is measurable (u;").
Since B is compact, f is integrable (12'). Now it is possible to refer to [7], Satz 2.

19. Proposition. Let Ny, consist of all functions on B which are equivalent (H)
to a function of N.

Suppose that g€ # and g = 0 almost everywhere (H). Then there is an f€
such that

(30) Tf=g.
If f € 2 satisfies (30), then f € Ny.

Proof. We shall apply theorem 8. Observe that by lemma 11 a(g) = 0,1 =1, ...
... g, so that the existence of f € # fulfilling (30) follows from theorem 8.

Suppose now that f € & is a solution of (30). Choose an arbitrary v € By such that
v(fr G;) = 0,j = 1, ..., g. By theorem 6 and by proposition 12 in [11] we may assert
the existence of a 1 € By with T u = v. Consequently, |

(31) 0={g, 1> =<Tf, = <f, Ty = {fiv>.

Define on the linear space By the linear functionals as follows:
<pj(%) = <fj’ %>, Q(%) = <f, %>7 KE$H‘
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If %, € By satisfies <I>j(%0) = 0 for all j, then {f, o) = 0 by (31), or, which is the
same, @(x,) = 0. Consequently, as well-known from the linear algebra, there are
numbers c; such that
q
D =Y c;P;.
i=1
Now we arrive at

q
<f—‘Zlc,<fp%> =0, xeBy,
f=

q
which implies f = ) ¢;f; H-almost everywhere.
ji=1
20. Notation. For Q = R", y € R™, let us call the contingent of Q at y and denote
by contg (Q, y) the system of all half-lines {y + r0; r > 0}, 6 € I', for which there
is a sequence of points y, € Q with y, + y, lim y, = y and

lim 2~ _ 9,
n=a yn—y|

It is easy to see that

contg (cl Q, y) = contg (Q, y).
In particular,
contg (B, y) = contg(B,y), yeB.

Indeed, ¢l B = B by (4) and by lemma 3.7 in [8].
Suppose that F is a function defined on M. The number k is termed the nontangen-
tial limit of F at z € B (relative to M) provided

lim F(x) = k
Tes

for any set S = M, for which zecl S and
contg (S, z) N contg (B, z) = 0.

21. Proposition. If f € %, then the nontangential limit of Wf at z relative to M
equals Tf(z) at each z € B except for a set of H-measure zero.

Proof. Before applying lemma 2.1 of [4] observe that

(2 [yor L2

- A any) < 1] o) < o0

for each z € B (compare [8], lemma 2.12) and

(33) sup —_H(Q,(y—) n B) < o0

r>0 r"
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provided y e B (see [8], corollary 2.14). Note also that H(2,(z) n B) > 0 whenever
ze B, r > 0. This is a consequence of (4), (5) and of lemma 3.7 in [8].
Denote by B the set of all z € B for which
1
lim — . fdH = f(2).
A8 H@E A B) Jia :

The results of A. S. BesicovitcH and A. P. Morsk show that H(B — B) = 0 (see [5],
section 8.7).
Fix now z€ B and S = M such that z € cl S and

contg (S, z) N contg (B, z) = 0

and consider first the function f; = f — f(z), Since (32) and (33) hold, lemma 2.1
in [4] may be applied and one esily derives

(34) lim Wfi(x) = {f1, v.)

x>z
xeS

The formula (2.19) of theorem 2.15 in [8] (with C = M and f as the constant function
f(z)) together with (34) and (8) yields

lim Wf(z) = {f,v.) + Adg(2) f(2) = Tf(z),

x—z
xeS

which concludes the proof.

22. Theorem. Given a bounded function g on B measurable (H) there are uniquely
determined constants a; and a bounded function f on B measurable (H) (determined
modulo Ny) such that

q
(35) HY = Wf+_zlaj Us; on M.
=

Moreover, the nontangential limit of Hf," equals g at each point of B except for
a set of H-measure zero.

Proof. Choose § € # to be equivalent (H) to g and note that
(36) HY = HY
by proposition 17. According to theorem 8 there are f € # and numbers a; such that
q
(37) §g=Tf+) a;Us;.
ji=1

Coming back to proposition 13 and to (36) we conclude that (35) holds.

Referring to proposition 21 the assertion concerning nontangential limits follows
immediately by (35) and (37).
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It remains only to investigate the question of uniqueness. Suppose that f1, f, are
bounded functions on B measurable (H) and a}, a} constants such that

q q
W, + Y a; Us; = Wf, + Y a; Us;
i=1 j=1

holds on M. Choosing first f; € # in such a way that f; = f; H-almost everywhere and
recalling that Wf; = WJ; (i = 1, 2) we easily obtain by proposition 21 that the equality

T(fl — 1) =j§1(a12‘ - ajl') Us;

holds on B except for a set of H-measure zero. If pe A" (i.e. 7 = 0), then ue By,
and

<T(f1 _fz):ll> = <i1 —f~2’ Tuy =0

and we conclude that a} = a} for each j = 1, ..., ¢ (compare with (22)).

We have, a fortiori, that T(f; — f,) is equivalent (H) to zero. According to
proposition 19, f; — f, € N. Consequently, f; — f, € Ny.

The proof is complete. '

23. Remark. It is natural that the exceptional set in theorem 22 be one of H-
measure zero. Indeed, if E is any set of H-measure zero and y its characteristic
function, then H;{ vanishes identically (proposition 17) and limits of Hff do not
coincide with y just on E.

The problem arises whether one could improve the assertion concerning the
boundary behaviour of H;” . More specifically, whether it is possible to state that the
ordinary limit (i.e. with respect to M) of Hy' equals g on B except for a set of H-
measure zero. It is not too surprising that the answer is negative.

24. Example. (m = 3) Let G = R® — 0, 1) (the complement of the unit cube).
Note that in this case
lim supol(y) =n=144.
r—=0+ yeB
Let R = (0, 1) be chosen such that, for any interval J < <0, 1), both the sets J n R
and J — R have a positive linear measure (for a construction of such a set see [17],
excersise 5 on p. 244). Put
1 .
Q=.U0[(R><Rx{j})u(Rx{j}xR)u({j}xRxR)] '
j=
and observe that H(2,(y) n Q) > 0and H(?,(y) — Q) > 0 provided y € Band r > 0.
Let g stand for the function which equals 1 on Q and zero elsewhere in B. Given an
arbitrary set Z = B of H-measure zero, then there is always a point y € B — Z such
that the ordinary limit of Hf," does not exist at y.

25. Proposition. Let z € M and let M, be the component of M containing z. Then
the restriction of H to the boundary of M, is absolutely continuous (,uf .
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Proof. Fix z € M. Choose an arbitrary Q < fr M, such that x}(Q) = 0 and denote
by g the characteristic function of Q. The non-negative function Hf," (being harmonic
and vanishing at z) is equal to zero on M,. It follows by theorem 22 that g = 0 at
each point of B except for a set of H-measure zero. In other words, H(Q) = 0.

The proof is complete.

Propositions 17, 25 show, that, for connected M, the measures H, u)' (z € M) have
the same class of zero sets. This fact together with Satz 2 in [7] implies the validity of
the corollary given below which clears up the reason why we have limited ourselves
in theorem 22 to the case of functions measurable (H).

26. Corollary. A bounded function on B is resolutive (relative to M) if and only if
it is measurable (H).
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