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/i-CONTINUOUS PARTITIONS OF UNITY ON NORMED SPACES 

MiLos ZAHRADNI'K, Praha 

(Received December 18, 1974) 

If X is a uniform space, denote by ^ = {Uß} a uniform covering of X and by 
-^ = {fa}oceJ a partition of unity on X. A partition of unity s^ is subordinate to ^ 
(we write .P/ < ^) if the supports of/, form a covering which refines ^ . The following 
notion will play the basic role: 

Definition. A partition of unity {f^}^^j is /^-continuous {I ^ p й oo)if the mapping 

is uniformly continuous. 

The simplest assertion of the type studied here is the following (see [2]): 

For every uniform covering % there exists a partition of unity se = {f^^^ei 
subordinate to ^ such that the family {f^}^^j is equiuniformly continuous. {In 
other words, se is I ^-continuous.) 

We will show in section 1 that an analogous result holds for /^-continuity, if 1 < 
< p < CO. This is quite elementary. The case p = 1 is the most important, and it 
seems to be non trivial. Let us notice the assertion: 

A partition of unity {foc}aei '^ li'Continuous if and only if { Х / Л / с / is equi
uniformly continuous (see [1]). ^ 

For p = 1, our preceding result (the existence of /^-continuous partition of unity 
subordinate to the given ^ ) does not hold for any infinite-dimensional normed 
space, and this is the main result. 

To obtain the main result. Theorem 1.4, we have to make a detailed study of parti
tions of unity in Euclidean spaces. 

We define a useful notion, namely the integral partition of unity. This is done in 
Section 2, the main result being Theorem 2.9. 

In Section 3, we refer to 2 and show how "the modulus of continuity" of an 
arbitrary partition of unity in £„ depends on the dimension n. 

319 



Finally, in Section 4, we use the preceding results (Corollary 3.9 and Lemma 3.10). 
This is immediate for Hubert spaces. In the case of an arbitrary normed space, we 
use a theorem of Dvoretzky. 

1. 

In this section we deal with /^-continuity for p > I and state the main theorem for 

1.1. Proposition. Let ^/ be a uniform covering of a uniform spaceX. Then there 
exists an l^-continuous partition of unity subordinate to ^ . 

Proof, see [2], p. 62. 

1.2. Proposition. Let Ш be a uniform covering of X, let 1 < p < oo. Then there 
exists an Ip-continuous partition of unity subordinate to %. 

Proof. By 1.1, there exists a partition of unity se = {f^^^i such that the family 
{/а}яе/ ŝ uniformly cquicontinuous. Define the functions 

It is clear that {Л,„} forms a partition of unity. Finally, define (for some M(n)) 

We shall show that the family {ga,n,\\aei,nsN,i^M is the desired partition of unity, 
if M(n) is suitably chosen. 

For x,y eX put 
^(x,>') = sup{|/ ,(x) -fly%. 

Since {/̂ } satisfies 1.1, ^ is uniformly continuous. We have 

h.^nl^) - ^a,n, / (v) | | / , = ( I |^a, . , . (^) - g.,nXy)\')'^' = 

n a n 

(because /,,„ > 0 for at most n + 1 indices a e / ) . Choose M{n) such that 
2M'-P{n + 1) < 1/2". We get 

l{9.,nj{x) - ga,n,i{y)}\\l, g Q{x,y) 

and the /^-continuity of (é^a,«,/} is proved, q.e.d. 

Now we shall investigate the case p = 1. 
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1.3. Definition. Let se = {/«}«£/ be a partition of unity on a metric space {X, g). 
Define a function ("modulus of continuity") 

(1) я^(0= sup \\{Ш-/Мк^ ' ^ 0 . 
Notice that H^ is monotone, H^ ^ 2. Obviously s/ is /j-continuous if and only 
if Я ^ is continuous at Г = 0. 

1.4. Theorem. Let ^ denote the covering consisting of all open balls with radius 1 
on an infinite dimensional normed space X. Then there is no l^-continuous partition 
of unity subordinate to %. 

Remark. This theorem answers the problem in [1], p. 107. 

P r o o f is contained in Sections 2, 3, 4. Let us sketch the idea of proof. Suppose, 
for simplicity, that X is a Hubert space. Let Z„ be an n-dimensional subspace of Z , 
let .^„ be the restriction to X„ of some partition of unity s/ in X. 

It is obvious that 

(2) H^{t)^H^„{t) for all r ^ O . 

X„ is a Euclidean space. If ^ -< ^/ we shall show in Section 3 that 

lim H^X^) = 2 for all ^ > 0 . 
П-* 00 

Then we use (2) to show that H^ is not continuous at / = 0. 

In this section we investigate partitions of unity on Euclidean spaces. 

2.1. Denote by £ = £„ the Euclidean space with the Euclidean norm || ||. The 
group G of all isometrics on E has the following properties: 

(3) i) for all X, y e E there exists Те G such that Tx = y. 

ii) for all X, y, z e E satisfying [|y — z|| = ||x — z|| there exists Те G such that 
Tz = z, Tx = y. G is a locally compact group in the topology defined by all the 
pseudometrics of the type 

QF{TU T2) = sup \\T^X - T2x\\ 
xeF 

where F is a finite subset of E. 
On G there exists Haar unimodular (left and right) measure m (see for example [4], 

(2, 7, 16), example 7). For any x E E consider the mapping 

(4) {T-> Tx}:G-^ E, 

321 



Thepreimageof an arbitrary ball {z, Il z - y\\ й 1} equals the set {Т,||Гх - Tyx\\ ^ 1] 
where TyX = y. This is a compact set in G. Thus the image of m with respect to 
{T-^ TX] exists. Denote it by /i. Since m is right-invariant, /i does not depend on 
the choice of x G £. Since m is left-invariant, ^ is invariant with respect to G. Hence fi 
is, up to a constant, the Lebesgue measure. 

2.2. Definition. Let Л be a function on E x E. We say that A is ötfz integral 
partition of unity if the following holds: 

(5) i) A ^ 0; 

ii) A(-, y)e Li{E, jj) for almost all у e E; 

iii) A{X, y) dx{ß) = 1 for almost all у e E. 
JE 

If further ||x — >'|| ^ 1 implies A(x, v) = 0 we say that A is subordinate to ^ (^/ will 
always denote the covering of all open balls with radius 1), and write A ^ ^/. We 
put analogously as in (l) 

(Г) H^{t) = sup f \A{z, x) - A{z, y)\ dz{fi) , 
\\x-y\\ut JE 

Our aim is to restrict ourselves to the partitions of the type (5), which are much 
more convenient for the forthcoming computations. This enables us to estabHsh the 
following lemma which is the main step in the proof of 1.4. 

2.3. Lemma. Let se = {/ajag/ ^^ ^ partition of unity. Then for every e > 0 
there exists an integral partition of unity A such that 

H^{t) ^ (I + г) H^{t) for all t^O. 

Further, if j ^ <<%, then A <^. 

Proof. First we introduce some preliminary definitions and constructions. 

2.4. Definition. If j / = {fa]aei is a partition of unity, Те G, put 

^^ = {fa о T } , , , . 

Analogously, for integral partitions of unity, put 

Л^(х, >̂ ) = A{Tx, Ту) . 

2.5. Put 
G^y = {Те G, Тх = у}, 

G^y equals the preimage of у with respect to the mapping {T-^ Tx}. Using the 
désintégration theorem (see [3], VI, § 3,1) we obtain: 
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There exist Radon measures m^y on G^y such that m^y ^ 0 and {m^y, y e E} 
form a désintégration of m with respect to the mapping {T-> Tx} : (G, m) -> (£, /i). 

2.6. First we describe the construction of Л in a simpler situation, namely when S 
(instead of E) is a sphere S in E„ + i, and G is a compact group of all isometrics on S, 
The measures m,/i, m^y are defined analogously as before. We suppose ||m|| = 1 
and put 

4^^y) = l{ A(r-V)dT(m,J 

where for each a e / we choose x^ e S such that 

(6) II V -- x.jl > 1 implies f^y) = 0 . 

2.7. In the case of E there is a minor technical complication (m is not finite). 
Choose, for each ael, X^E E satisfying (6). Let / be an integer. Put 

K, = {yeE, \\y\\ й / } , 

и = { a e / , х^еК-\ . 

It is easy to show that 

(7) E / . W = 1 for all xeK,_,, 
l i 

X/.(x) = 0 for all хфК,^,. 
l i 

Now we construct analogously as in 2.6 

4^>y) = i:{ UT-\y))dT{m^J. 

Notice that se <1l implies Ai<%. / ; is countable, \Q / i T " ' } ' ) dr(m^^(..) 
is a /i-integrable function (according to the désintégration theorem). Then we can 

write 

(8) X/.(x)dx(A<) = [ X A ( T - V ) d r ( m ) = E I* / . ( r - V ) d r ( m ) = 
i . JG /, / i J G 

= (désintégration theorem) = E ( Л ( Г - * > ' ) ^ Т ( т ^ ^ ) ах{ц) = 

= f ( Z [ /«(T'" V) dT(m,, , ) ) dx(/.) = 1^ A,(x, y) dx{n). 
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Putting Я,- = Jf X/aW dx(/i) (notice that Я̂  g /i(Ki_i)) we conclude: 

(9) —̂  is an integral partition of unity . 
Я,-

Now estimate H^., Write 

(10) {\Alz,x)-Ä,{z,y)\dz{^l)й 

= Z f |A(T-^x ) - / , ( r -V)dT(m) 

according to the désintégration theorem. Put 

Gi = {TeG, T-\xeKi} , 

Suppose 11̂  - 3̂11 й t й ^- 0) implies 

Т-'хфК,^, => Т-'уфК,^, =>UT-'x)=fXT-'y) = 0 . 

Returning to (10), we obtain 

(11) f |/l,(z,x)^^,(z,3;)|dz(Ai)^ 

S l { \L{T-'x)-UT-'y)\dT{m)u 

й { W^r-.(0 àT{m) = H^{t) ^i{K,^,) . 
J Gi + 3 

Combining (U) with (9), we conclude 

Obviously hm (м(К;+з//х(Х,_1) = 1, thus for sufficiently large i, >4̂ /Я̂  is the desired 
i->oo 

integral partition of unity, q.e.d. 

Remark. It is possible to show that the family {̂ /̂Я,} is equicontinuous. Passing 
to limits we can prove the lemma also for e = 0. 
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2.8. Lemma. Ai from ihe preceding lemma satisfies the property Aj = Ai for 
each Te G {Ai is *'Symmetrie'')-

Proof. Remind that 

Consider the diagram 

(G, m) i i (G, m) -̂  ^ (£, /x) i i (£, /i) 

(the mappings will be shortly denoted by cp^, (p2^ Я>з)- Then, if {m^^^} is the désin
tégration of m with respect to срз о (p2 о cp^, then {(Pi{m^^^] is the désintégration of m 
with respect to cp^ о cp2- But {m^^j^ is also the désintégration of m with respect 
to (рз о (p2' Then we have for almost all x e (E, /i) т^^тх = <î i(̂ jc«x) ^^^ 

'iJOx.Tx '>JOx,Tx 

= Z I Л(^^"'v) dU(m,J = Л,(х, у) , q.e.d. 

Summarizing Lemma 2.3 and Lemma 2.8, we obtain 

2.9. Theorem. For every £ > 0 and /or et;ery partition of unity se there exists 
a symmetric integral partition of unity A such that 

H^{t) g (1 + г) H^{t) for all t^O 

and se ^% implies A -K^, 

Remark. Using Remark 2.7, one can prove the theorem also for £ = 0. 

Now we will study the symmetric integral partitions of unity. In virtue of (3) we 
can say that A is symmetric if and only if there exists a locally integrable function 
/ : <0, oo) -• £i such that 

(12) A(X^ y) = /(||x — >'|j) for almost all x, j e (E x E, ;г x /z) . 

3.1. Definition. Let >1 be a symmetric integral partition of unity. Let 1 ^ s > 0. 
Put 

^ix,,)=/(t^y 
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3.2. Lemma. The following holds: 

i) f AXx,y)dx(/i) = .s" 

(then A^js" is an integral partition of unity); 

ii) я^./ДО = "л f']. 

P r o o f is easy (consider the mapping 

{x -^ s . x} : E -* E) . 

3.3. Definition. Let A be an integral symmetric partition of unity. Put 

/(0 = \/Q;J^^ Ä{x,y)=f{\\x-y\\). 

It is easy to show that /Î is a symmetric integral partition of unity. 

3.4. Lemma. 

Proof. Put ||x — y\\ = t. Then 

f \Â{z,x)-Â{z,y)\dz^ f ( Г JE J E\J О 
according to 3.2, ii), q.e.d. 

ds 1 dz M ds 

3.5. Lemma. / / 5 a decreasing and differentiable function on <0, oo). 

Proof. Let t' ^ f. Obviously 

Analogously one can compute 

3.6. Definition. Define a function Ф : Ф(х, у) = 0 for each x, у satisfying 
||x — j ; | | ^ 1, Ф(х, у) = 1 for each x, у satisfying ||x — >̂ || < L 
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We suppose that the //-volume of the unit ball equals 1. Then Ф is an integral 
partition of unity. 

ЗЛ. Proposition. Let A be a symmetric integral partition of unity, Л -< ^ . 
Then 

i) 

ii) 

Â{x,y)^ - [ Ф'-\х,у)Г{\ -s) as; 
Jo 

1 = - Г(1 - s ) " / ' ( l -s) As; 
Jo 

Ял(0= - [H^...{l)'n\-s)às. 
Jo 

iii) 

Proof, 

i) Write 11̂^ — JII = i- Then 

/ ( 0 = - r / ' ( s ) d s = - V " Г{\ - s)és ^ - ^ n \ - s)Ф'-ix,y)âs 

ii) follows easily from i). 

iii) f \Â{Z, X) - Â{2, y)\ àz{n) = 

= [ I [\ф'-\г,х) - Ф'-\2,у))}'{1 - s)és\ 
JE IJo I 

dz = 

I - /'(1 - ^)Яф1-.(0^5, q.e.d. 

3.8. Combining ii) with iii) we obtain Hфs|,n{t) й ^^(0 for some s ^ 1. But it is 
obvious that Hф{t) ^ Hфs|,n. Then Нф{{) й ^л(0 ^^Ids for all t ^ 0. Using Lemma 
3.4, we obtain 

! " ' ( ; ) * 
(13) Hjl) s 

An application of Theorem 2.9 yields 

3.9. Corollary. Let se he a partition of unity, let s/ < ^, Then 

holds for all t ^ 0. 
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In order to emphasize the dimension of E = £„. write 

(14) H^S.t)uCH^,ß]ds. 

ЗЛО. Lemma. Lim ЯФ„(0 = 2 for all t > 0. 
«-»00 

Proof. Denote 

K"o = {xeE„, \\x\\ й 1} , 

X; = { X G £ „ , | |x-(f ,0, . . . ,0) | i й 1}, 

Xf = {x e £„, Ijx - (ir, 0,..., 0)11 й VU - i^')) • 

It is easy to check KlnK" a KI'.WQ obtain 

(15) Я ^ О = ^{КАЦ) = 2 - fi{Kl n K:) > 2 - / I (KO = 

= 2 - (1 - -i-f̂ )"/̂  , q.e.d. 

4. 

In this section we prove 1.4 using the following theorem of Dvoretzky: 
Let (Xy I II) be an infinite dimensional normed space, let n be an integer, let г > 0. 

There exists an n-dimensional subspace X„ of X and a Euclidean norm [| \\^ on X„ 
such that 

(16) II !|̂  ^ II II ^ (1 + e) II p holds on X„ 

(see [5], p. 123). 
Now we can complete the proof of 1.4. Let ^ be a partition of unity on X, let 

se <%. Denote by sé^ and ^„ respectively the restriction of se and 41 to X„. Ob
viously s^n < ^„. Each element of ^„ has the || || diameter less or equal to 2. Using 
(16), we obtain that ^„ refines the covering of all i|| p open balls with radius 1. 
We use (14) and (15) for X^ provided with | | | p and obtain 

where Я^ denotes the modulus of continuity in (X„, ||j ||^). (16) implies Я^(г) ^ 
g Я(2(1 + г) t). Thus 
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In virtue of (2), 

for all n. 
This implies j ^ Я^([2(1 4- e) r]/s) ds = 2, then ЯДг) = 2 for all Г > 0, q.e.d. 

I thank to Dr. LUDEK ZAJIÖEK for his valuable suggestions which contributed 
essentially to the simplification and correctness of the present paper. 
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