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Part I of the present paper contains the definition of the r-hull of a meet-semilattice
& (it is an r-distributive lattice, free generated by & and having some natural pro-
perties with respect to &) and some elementary consequences of this definition.
Part II contains a construction of the r-hull. Part III contains an other construction
of the r-hull (which is similar to the McNeille completization).

This purely algebraic paper is motivated by mzasure theory: the theory developed
so far enables an abstract characterization of semi-rings of sets [2]. On such abstract
semi-rings ‘“‘additive” functions are considered with values from suitable algebraic
structures and their additive extensions are investigated.

The authors wish to thank to Dr. JIRi ADAMEK for helpful discussions and sugges-
tion which made possible to simplificate some of the constructions in part II. They
wish to thank also to Dr. JANA RYSLINKOVA for her translation and useful remarks.

I. THE DEFINITION OF THE r-HULL AND SOME CONSEQUENCES

1. Introductory remarks. a. Conventions. k, r, s are infinite cardinals; we shall
suppose that k is irregular. r* will be the smallest of all regular cardinals s such that
r < s(i.e. r* = rif ris regular and r* = r* if r is irregular). The support of a struc-
ture o/ will be denoted by 4. Our terminology is that one of [1]. If £ is a poset,
then we put, for X, YS P, ze P,

X v Y=Df{peP[(3xeX)(3ye Y)p=xVvy}, zvX=x{z} vX,

if all joins on the right sides of the defining equations exist in 2; X A Y, z A Y will
be defined dually.

*) This paper has originated at the seminar Algebraic Foundations of Quantum Theories
directed by prof. JIRf FABERA.

.
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Throughout this paper we shall suppose that & = (S; <) is a meet-semilattice
IfX < S, put

(X] =orU {res|y <.

b. Definition. Let 2", ¥ be two lattices and let f : K — L. A lattice " is called
join r-complete, if for every X < K, 0 < |X| < r, there exists VX. A map f is called
an r-complete homomorphism from X to &, if A", & are join r-complete lattices,
f is a lattice homomorphism from % to & and if for every X < K, 0 < |X| < r,
there is f(VxX) = V¢ f(X). A join r-complete lattice ¢ is called r-distributive, if
forevery X < K, 0 < [X| < r and for every x € K, there is x A VX = V(x A X).

c. Lemma. Let /', & be two lattices and let f : K — L. Then the following holds:

o) A is join k-complete iff it is join k*-complete.

B) o is k-distributive iff it is k*-distributive.

y¥) fis a join k-complete homomorphism from A" to &L iff it is a join k*-complete

homomorphism from A to L.

The proofs are based on the following consideration: Let X be a set of an irregular
cardinality k. Then there exists a system (X;);; such that |I| < k, (Viel)|X;| < k
and X = Y{X i| iel}. We shall prove the statement o, for example. Let % be
join k-complete. Let X < K with 0 < |X| < k*. If |X| < k, then VX exists by
assumption. If |X| = k, then

_VI(VXz) = V(_UIXs) =VX,

and V (VX;) exists, since 24" is k-complete.
iel

If o is join k¥ -complete, then it is join r-complete for every r < k*; especially,
it is join k-complete.

d. Definition. A subset X of S is called distributive (in &), if the following con-
ditions hold:

o) There exists VX.

B) For every x € S, there is V(x A X) = x A VX.

2. Definition. An ordered pair (', f) is called the r-hull of a semilattice &, if it
satisfies the following conditions:

a) A is an r-distributive lattice.

b) The map f: S — K is injective and satisfies the following conditions:

o) If X = S and if there exists AyX, then f(AsX) = Ax f(X).

B) Let X be a distributive set in & with 0 < |X| < r*. Then f(V#X) = V£ f(X).

Y) For every x €K, there exists X < S with 0 < [X] < r* and such that x =

= fof(X)-
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c¢) Let & be an r-distributive lattice and let ¢ be a meet-homomorphism from &
to & such that for every distributive subset X of & with 0 < |X [ < r* we have
®(V#X) = Vo @(X). Then there exists at least one join r-complete homomorphism

.5/-——-———, 4
/
4
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7/
/
12 e,
7
’
’
Ve
’
V3
<

Fig. 1.
Y : A — & such that ¢ = Yf. (See the commutative diagram of Fig. 1.)

3. Theorem. Let (A, f) be an r-hull of &. Then the following statements hold.

a) The map f is an isotone monomorphism*) from & into A .

b) Let X = S, |X| < r* and let there exists ae S such that f(a) = V., f(X).
Then X is a distributive set and a = \/ 4z X. (See also Section 23.)

c) The join r-complete homomorphism  of Section 2.c is unique.

d) If a is the greatest or the smallest element of &, then f(a) is the greatest or the
smallest element of A" respectively.

Proof. a) Take x, y € S. Then
x2yex=xAyef(x)=1(xry)=1(x)Af(y)=f(x) 2 ().

(The second equivalence holds, since f is injective.)

b) If X = 0, then the statement holds by d). Suppose then, that 0 < |X| < r*.
Lattice A" is join r-complete, therefore V f(X) exists (see also 1. c. o). Let us suppose
that for some a € S we have f(a) = Vf(X). Then for every xe X, x < a bya). If y
is an upper bound of X in %, then by a), f(¥) is an upper bound of f(X) in #’; from
this fact it follows that f(a) = V/(X) = f(») and therefore, a < y. This proves
that a = VoX.

Take a z € S. It is obvious that z A a is an upper bound of z A X in &. By the
r-distributivity of #" and the assumption 0 < IX | < r¥,

V(e A 3) = V() A f5) = F2) A VI(X) = £(2) A f(a) = Iz 1 @)
(in the case of irregular cardinal r it suffices to consider I. c. ﬁ)-

*) i.e. if we consider & as poset (K; X), then (Vx,y e S) x < ye f) = f).
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Especially: there exists Vf(z A X). Let y be an upper bound of z A X in &.
Then Vf(z A X) Zf(y), i f(z A a) Z f(y). This implies, together with the
statement a), that a A z =y, hence V(z A X) =z Aa=z A VX for every
zeS.

c) For every x e K, there exists X = S with 0 < |X| < r* and such that x =
= Vx/f(X) (see 2.b.y). Then

¥(x) = UV£f(X)) = Ve f(X) = Ve o(X)

since the homomorphism ¥ is r-complete (in the case of an irregular cardinal r, we
can use l.c.y). Hence, such a y is unique.
d) This statement follows immediately from 2.b.o, or, from 2.b.a,, v, respectively.

4. Definition. We put X <'Y for X, Y < S, if for every xe(X] it holds x =

= Vy(x AY).
(The relation <’ plays a key role in part II of this paper.)

5. Lemma. Let X, Y< S, X <’ Y. Then x A Y is a distributive subset of & for
every x € (X].

Proof. Take z € S and x € (X]. Then x A ze(X] and since X <’ Y,thenx A z =
=V((x A z) A Y)and x = V(x A Y). Hence,

VzAr(xaY)=V((zax)aY)=zax=2zna(V(xArY)).

6. Theorem. Let (A, ) be an r-hull of & and let ¢ : S — L satisfying the re-
quirements of Section 2.c), be injective. Then the homomorphism Y (the existence
of which is ensured in 2.c)) is injective as well.

Proof. Let # = (K; <) and # = (L; $). Let x, y € K and let ¥(x) < ¥(y); we
shall show that x < y as well (proving the injectivity of ).

There exist, by 2.b.y, X, Y < S with 0 < [X| < r*, 0 < |Y| < r* and such that
x = Vf(X)and y = Vf(Y). Since  is a join r-complete homomorphism and since
the diagram of Fig. 1 commutes, the following holds:

(1) ¥(x) = WVS(X)) = V¥ f(X) = Vo(X)
¥(y) = WVS(Y)) = V¥ f(Y) = Vo(Y) .

(If r is an irregular cardinal, we can consider, as usually, Section 1.c).) Let us show
that X <’ Y. Take an arbitrary element a € (X |; then a is an upper bound of a A Y
in &. Let b be an arbitrary upper bound of a A Yin &. Then for every ve Y, a A
A v < b, hence ¢(a A v) S ¢(b); therefore Vo(a A Y) < ¢(b). By the assumption,
there is Y(x) < ¥(y), thus Vo(X) < Vo(Y) by (1). Hence we get

o(a) A Vo(X) S o(a) A Vo(Y).
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Since Z is }-distributive, then we also have
V (0(a) ~ o(u)) 5 V (9(a) A o(v)) -
From the properties of ¢ (see Section 2.c)) it follows that

Vo(a A X) S Veo(a A Y).

Further, Vo(a A Y) < @(b), hence Vo(a A X) S ¢(b). Since a e(X], then a is
the greatest element of the set @ A X; this implies that ¢(a) = Vo(a A X), proving
the inequality ¢(a) < ¢(b). The injectivity and some other properties of ¢ (see
Section 2.c)) yields

o(a) =op(a) A o(b) =p(a Ab)=a=anb=>aZ<h.

Thus, for every a € (X], thereis a = V(a A Y),i.e. X <’ Y. Then for every u € (X],
u = V(u A Y); on the other hand, the set u A Y is distributive in & by Lemma 5.
There is 0 < |u A Y| < r*, hence it holds -

X = VW) = VSV (18 ) = V V() A () =

ueX  veY

= (V/X) A (VAY) =x ny

by Section 2.b) (the last but one equality is a consequence of the r-distributivity of #);
thus x < y.

7. Corollary. Let r < s, let (A',, f,) be an r-hull and let (A}, f.) be an s-hull of &.
Then the map  : K, — K the existence of which is given by 2.¢)*) is injective.

Proof. This statement follows immediately from Section 6.

8. Theorem. Let (Xl,fl), (Ji’z,fz) be r-hulls of &. Then there exist two mutually

inverse homomorphisms Wy from A" onto A", and W, from A", onto A, such that
the diagram of Fig. 2 commutes. (Especially, # |, A , are isomorphic.)

f

Bl e

Fig. 2.

*) In this case in Section 2¢), we put X" — ¥, £ = Ao f= frand ¢ = f,.
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Proof. By Sections 3.c) and 7, there exists exactly one join r-complete mono-
morphism V, from #"; to X, and exactly one join r-complete monomorphism ,
from X, to A, such that the diagram of Fig. 2 is commutative. It remains to prove
that ¢, : K, - K, and ¥, : K, — K, are mutually inverse 1 — 1 mappings. Take
an x € K;. (By Section 2.b.y), there exists X < S with 0 < |X| < r* and such that
x = V., f1(X). Then

/5 ‘/’1()‘) =Y, (/’1(\/9{1 f1(X)) = Wz(Vxll/H f1(X)) =
= V2(Vu, (X)) = Vszfz(X) =V, f1(X) = x

(if r is an irregular cardinal, then we have to consider Section 1.c)), i.e. Y, ¥, : K; —
— K, is the identity map on K.
9. Theorem. (A, f) is a k-hull iff it is a k*-hull of &*).

Proof. It follows immediately from Definition 2, considering Lemma 1.c) and
the fact that |X| < k* iff |X| < (k*)* for any set X.

II. A CONSTRUCTION OF THE r-HULL

10. Lemma. Relation <’ is a quasiordering on exp S.

Proof. Let X eexp S and let x € (X]. Then x is the greatest element of x A X,
thus x = V(x A X),ie. X £’ X.

Let us prove the transitivity of <’. Let X, Y, Zeexp S with X <’ Y £’ Z and lef
ue (X] Then there exists x € X such that u < x. Hence we have

W= VW) = V(YA A 2) -
SV(V(@ A2 A )= Vuns)

(the second equality follows from the fact that u A y < y e Y and that Y £’ Z, the
fourth one fromu A z £ u < xeX and X £’ Y). Therefore, we have X <’ Z as
well.

11. Convention. Throughout the following, we shall suppose the infinite cardinal r
to be regular.

12. Construction. We shall use the following notation:"
S, = {X =5[0<|X] <7},
Sy =pe S (S A (2) )N (S, x S).

*) The cardinal & is supposed to be an infinite irregular cardinal — see Section 1a).
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Put ¢ <, n for & neS? if there exist X € ¢ and Yen such that X <’ Y. The well-
known properties of quasiordered sets (see [1], pp. 20—21) imply that

&y = (S5 <)

is a poset, where £ <, 5 (&, ne S?) iff X <’ Y for every X e £ and Yen. The map
g,:S,— S; is the useful canonical surjection, ie. if X €S, then X € g,(X)e S;.
Put h,(x) =p¢ g,({x}) for every x € S; then h, : S — S?. In the following proofs, we
shall often omit the index r of the symbols S¢, &5, g,, h,.

In Section 21 it will be proved that (&7, h,) is an r-hull of &.

13. Lemma. There is X A Ye S, whenever X, Ye S,. If (X,)ir is a system of
elements of S, with 0 < [I| < r, then J X, € S,.

iel
Proof. The statement is obvious and therefore it will be used hereafter without
exact reference.

14. Lemma. If X, Ye S,, then

9{(X A Y) = infy. {g(X), g(Y)} .

Proof. If ze(X A Y], then there exist xe X, ye Y with z < x A y. Since
z £ x A y £ x, then z is the greatest element of z A X, ie. z = Vy(z A X); hence
X A Y<'X,ie g(X A Y)Z,g(X). Similarly can be proved that g(X A Y) <,9(Y).

Let ¢ € S° be such that ¢ <, g(X) and ¢ <, g(Y). Then Z <’ X, Z <’ Y for any
Z € &, and for any z € (Z] it holds

z=V@EAx)=VV((zArx)Ay)=V(EzAr(XArY))
xeX xeX yeY
(the second equality follows from the relations z A x < ze(Z] and Z <’ Y). Thus
Z <’ X A Y which implies ¢ = g(Z) <, 9(X A Y).
15. Lemma. Let (X;);; be a system of elements of S, with 0 < |I| < r. Then

gr(le) = Sup‘?" {gr(Xl) l lGI} .

Proof. Denoting by Y the set U{X, | i e I}, we get
® (1] =y (1],

Then x € (Y] whenever x € (X;] and j € I; further, <’ is reflexive, thus x = V(x A Y).
Hence X; <’ Y for any jel, i.e. g(Y) is an upper bound of {g(X,)|iel} in &#°.

Let { be an upper bound of {g(X;)|iel} in #°. Then X; < Z for each Ze
and each j eI; therefore, x = Vg(x A Z) for any xe (Y] by (2). Hence Y <’ Z,

ie. g(Y) £,9(2) = ¢.
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16. Lemma. Let X < S and let there exists inf, X. Then there exists infy. h/(X)
as well and it holds

h(infy X) = infy._ h(X).

Proof. Denoting by a = A4X, there is a < x for every x € X, hence {a} <’ {x}.
Thus h(a) = g({a}) <, g({x}) = h(x) for every xe X, i.e. h(a) is a lower bound
of h(X) in &°.

Let 1 be a lower bound of h(X) in &°. Then Y <’ {x} whenever Yen and x € X,
thus y = y A x, i.e. y < x for every ye(Y] and every xe X. Hence y < a for
every y € (Y], i.e. Y <’ {a} as well, which implies that

n=g(Y) <, g({a}) = h(a).

17. Lemma. If X €S, is a distributive subset of &, then g(X) = h(V¢X).

Proof. With respect to the assumption of the Lemma, we have to prove that
9(X) = h(VX), ie. that X <'{yX} <’ X. The relation X <’ {VX} follows im-
mediately from the definition of <'. Let z € ({VX}], i.e. let z € S be such that z £ VX.
Following the distributivity of X, thereis V(z A X) = z A VX, thus V(z A X) = z.
Therefore, {VX} <’ X.

18. Corollary. If X € S, is distributive, then

h,(VyX) = Vg h(X).
Proof. There is, by Lemma 15

3) Vg h(X) = Vo{g({x}) | xe X} = g(X),

hence if we suppose X € S, then there exists Vg h(X). The assertion of this Section
follows then from (3) and Section 17.

19. Lemma. Let (X;);; be a system of elements of S, with 0 < |I| < r. Then
(Y A UX))eS, for any Ye S, where
iel
YAUX:=U(YAX).

iel iel

The proof is easy. (See also Section 13.)

20. Lemma. The following statements hold:

a) &7 is an r-distributive lattice.

b) h, is an isotonic monomorphism of & to &2.(Especially: h, : S — S; is injec-
tive.)

c) For every £ S¢, there exists X € S, such that ¢ = V., h(X).
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Proof. a) Let ¢, e S°; take Xe & and Yen. Then &€ A n = g(X A Y) in &°
by Section 14. Let I = S°, 0 < |I'| < r. Taking a representative v(y) of each ye I,
it holds in &° (by Lemma 15)

VI = V{y|yerl} =9(lE)rv(v))2

especially, &° is a join r-complete lattice. Let # € S°. Take an arbitrary Ye 5. Then,
by Sections 14, 15 and 19, the following holds in &#°:

V(A T)=V{g(Y A vy)]|rel} =g(U(YAy) =

yel

=g(Y A Uo(y) = g(Y) A g(y\eJrv(v)) =nAVI.

yel

b) If x, ye S, then x £ y iff {x} <’ {y}, i.e. iff h(x) £, h().
c) Take a set X e £&. Then X € S, and

€ = o) = (U {x) = V0g((x) | xeX) = Vi)
holds in &° by Section 15.

21. Theorem. (&5, h,) is an r-hull of .

Proof. Requirement 2.a) is satisfied following Section 20.a), themap h : S — S°
is injective by Section 20.b), requirements 2.b.a), 2.b.B) and 2.b.y) are satisfied
following Section 16, Section 17 and Section 20.0), respectively (by assumption, r
is regular, hence r* = r).

Suppose the assumptions of Section 2.c) concerning # and ¢ to be true. Let
¢ e S°. First of all, we shall prove that V¢ ¢(X) = V¢ ¢(Y) for any two sets X, Ye &
(the joins V¢ ¢(X) and V¢ ¢(Y) exist since X, Ye S,). Then we shall show that the
map ¥ : S° = L defined by

(4) (&) = Vo(X) (Xeles)

is a join r-complete homomorphism of &° to & satisfying the equality ¢ = Yh.

Thereis X ="' Y<'Xforany X, Ye (e S°. Thesetsx A Y,y A X are distributive
for every x € X, y € Yfollowing Lemma 5. Further, x A Ye S,aswellasy A X € S,;
from this fact together with the properties of ¢ we get

9(x) = o(Vo(x A Y)) = Ve o(x A Y) = Ve{o(x) A ¢(0) | ve Y}

and similarly

@(y) = Velo(w) A ¢(y) |ueX}.
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This implies immediately the following:
Vo(X) = \4<p(X) =V Vy(lo(X) A o(v)) >
Vo(Y) =V o(y) =V V(e(y) A o).
yeY yeY ueX
Since the lattice 2 is join r-complete, then all the above mentioned joins exist. Hence

Vo(X) = V{o(x) A o(y) | xeX, ye Y} = Vo(Y),

showing that (4) is a correct definition of .
Let &, neS° Xe& Yen; then Y(&) = Vo(X), ¥(n) = Vo(Y). Section 14, the
definition of ¥ and the properties of ¢ imply that

W(E AN =WgX) A g(Y) =¥ g(X A Y)=VoX A Y)=
=V{p(x) A o(y)| xeX, yeY}.

Following the r-distributivity of the lattice &, there is
U(E A m) =Viex) A o(y)|xeX, yeY} = V(V(<P(X) A o(y) =
=V, (0() A V o(x)) = (V o(x)) A (V <p(y)) = ¥(&) A Y(n).

Hence, ¥ is a meet-homomorphism from S to Z.

Let I' = 8°, 0 < |I'| < r. Let us take a representative v(y) of y for each yeI.
Then v(y) € S, and, by Section 15, the equality VI" = g( U (7)) holds in &°. Further,
considering that . is join r-complete, we get

V.?‘//(F) = Vg{‘ﬁ('}’) I VEF} = Vz{Vz"PU(Y)IYGF} =
=Ve(U{p(y)|7€T}) = Ve ””(Er”(y» =

=¥ g(U ) = v(Vel) -

(The third equality: there is @(v(yo)) = U{e(v(y)) |y €T} for every yoel; if <
denotes the ordering of the lattice %, then this inclusion implies the inequality

Vy{Vf ] ”(V) l VAS F} < VS!(U{(P("(Y)) | YE T}) .

The other inequality follows from the fact that V (V¢ @(v(y)) | y € I') is an upper
bound of N{e(v(y)) | yeI'} in £.)

We have proved that ¢ : S° —> L is a join r-complete homomorphism from &°
to #. Following the definition of i, the following holds for every x € S:

o(x) = Vo({x}) = v(9({x})) = ¥ h(x) ,

hence ¢ = yh.
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This proves the theorem.

22. Corollary. For every infinite cardinal s, there exists an s-hull of & .
The proof follows immediately from Theorems 21 and 9.

23. Theorem. Let (X', f) be an s-hull of &. Then f(V4X) = V5 f(X) for every
distributive subset X of &.

Proof. Let < bethe ordering of the lattice #". If 0< ]X| < s¥*, then the theorem holds
by Section 2.b.p). Let |X| = s*. Then the cardinal t = |X|* is infinite and regular
and such that |X| < . (&7, h,)is a t-hull of & by Theorem 21, hence X is distributive
iff Vo, h{(X) = h(V¢X). Following Corollary 7, there exists an injective join
s-complete homomorphism y from % to &; such that h, = yf.

Let b be an upper bound of f(X) in . Then y(b) is an upper bound of ¥ f(X) =
= h(X) in &7, hence

hx(Vy’X) = Vg, h,(X) = '/’(b) .

Further, h(VX) = Y(f(VX)); hence, f(VX) <X b, since ¥ is injective.
(Would not be f(VX) < b satisfied then f(VX) A b < f(VX). This fact together
with the injectivity of the isotonic homomorphism ¢ implies

Y(b) A h(VX) = Y(b) A Y(f(VX)) =
= Y(b A f(VX)) < U(F(VX)) = h(VX).

A contradiction with the proved relation h(VX) <, y(b).)
Since f(VX) is an upper bound of f(X) in #" as well, then f(V4X) = V. f(X).
The statement is obvious for X = 0 :  is distributive iff there exists A,S; for the
following — see Section 3.d).

24. Example. We shall show that the converse statement to Theorem 23 need not
be true in general. Let A be an infinite set, o, j ¢ A. Put S = 4 U {o, j}. Let id denote

J.
o

Fig. 3.
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the identity relation. Put
& = ({o}; id) ® (4; id) @ ({j}; id),

where @ denotes the ordinal sum; see also Fig. 3, where A = {a, b, c, } Let
X < S. Then X is distributive in & iff either jeX or 4 = X or [X n 4| £ 1. An
No-distributive hull of & is for example the system

o ={XeexpA|X =4 or |X]| <N},
ordered by inclusion, together with the map f : S — A, defined by
floy=0, f(j)=4, f(x)={x} for xe4d.

((«, f) is an R,-hull following Definition 2 or Theorem 21; see also Section 31.) If
a€ A, then 4 — {a} is not a distributive subset of &, but

S(V(A = {a})) = 1) = 4 = sup f(4 — {a}).

1II. AN OTHER CONSTRUCTION OF THE r-HULL

25. Definition. If X < S, then

X~ =p {VoY| Y = (X], Yis distributive} .

26. Lemma. Let X e exp S. Then
X" ={yes[{y} = x}.

Proof. Let ye S, {y} <’ X. Then y A X is distributive by Section 5. Further,
y A X = (X], and {y} <’ X, hence y = V(y A X). This implies that y e X~.

Let y € X ™. Then there exists a distributive set ¥ with y = VY and Y < (X]. Let
ze({y}] i-e. let z < y. Then

z=zAYy=zAVY=VzAY)SVEAX)=1z.

Hence z = V(z A X) for every z < y, ie. {y} £’ X.

27. Lemma. X~ <’X for each X eexp S.

Proof. Let y (X~ ]. Then there exists ze X~ such that y < z. Further, there
exists a distributive set Z < (X] with z = VZ. Then it holds

y=yAaz=yAVZ=VpAZ)SVOrX)=y,
ie. X~ <'X.
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28. Theorem. The map ~: exp S — exp S is a closure operator on the complete
lattice (exp S; S).

Proof. Let X, Yeexp S, X € Y. From the definition of X it follows immediately
that X < X~ (any one-point set is distributive and X < (X]). Let xe X, then
{x} <’ X by Section 26. There is X = Y and immediately from the definition of the
relation <’ we get X <’ Y, in this case. Relation <’ is transitive (see Section 10),
hence {x} <’ Y. Then x€ Y~ by Lemma 26. Thus X~ < Y.

We have X < X, hence X~ < X~ as well. Let xe X~ ~. Then {x} <’ X~ by
Section 26; further X~ <’ X by Section 27. Hence {x} <'X by Lemma 10; following
Section 26, x € X, proving the inclusion X~ ~ < X .

29. Remark. For some semilattices &, the closure operator X +» X~ is neither
topologic (see [1], p. 116) nor algebraic (see [3], Section 1.b.)).

30. Lemma. If X, Yeexp S, then X <'Yiff X~ < Y.

Proof. Let X <’ Y. If xe X, then {x} <’ X (Section 26), hence {x} <’ Y as well
(s'is transitive by Section 10). Then x € Y~ by Lemma 26.

Suppose now X~ < Y~ and let x € (X]. Since {x} is distributive, then x € X~ as it
follows from the definition of X ~. Then x € Y~ as well and there exists a distributive
set Z such that Z < (Y] and x = VZ. Then

x=xAVZ=V(xAZ)SV(xAY)<x,
thus, X <’ Y by the definition of <.

31. Theorem. Let r be an infinite regular cardinal. Then the system {X~ | X € S,},
ordered by inclusion together with the map x> {x}~ = ({x}] (for x€S) is an
r-hull of &.

Proof. It follows immediately from the construction of &° (see Section 12) and
from Lemma 30: if £ # € S°, then & <, 7 iff for some (hence for all) representatives X
of & Y of nthere is X~ < Y. The remaining follows from the fact that X~ = {x}~
for all X € h(x); the equality {x}~ = ({x}] is obvious.

32. Remark. Let us define categories SL, and DL in the following way. Objects
of SL, are all meet semilattices. If o7, # are SL-objects then ¢ : A — B is an SL-
morphism if it satisfies the following conditions:

(5) ¢ is a meet-homomorphism from &/ to % .
(6) If X is a distributive subset of & with 0 < (X) < s*, then ¢(X)

is distributive in & and ¢(V4X) = Vg o(X) .
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Objects of category DL, are all s-distributive lattices, DL,-morphisms are all
join s-complete homomorphisms between DL -objects. It can be easily seen ‘that DL,
is a full subcategory of SL,. The following statement holds by Sections 2 and 22:

DL, is a full reflexive subcategory of SL;.
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